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The Anomalous Magneti Moments of the Eletron and the MuonMar KnehtCentre de Physique Th�eoriqueCNRS-Luminy, Case 907F-13288 Marseille Cedex 9, Frane1 IntrodutionIn February 2001, the Muon (g-2) Collaboration of the E821 experiment at the Brookhaven AGSreleased a new value of the anomalous magneti moment of the muon, measured with an unpree-dented auray of 1.3 ppm. This announement has aused quite some exitement in the partilephysis ommunity. Indeed, this experimental value was laimed to show a deviation of 2.6 � withone of the most aurate evaluation of the anomalous magneti moment of the muon within thestandard model. It was subsequently shown that a sign error in one of the theoretial ontributionswas responsible for a sizable part of this disrepany, whih eventually only amounted to 1.6 �.However, this event had the merit to draw the attention to the fat that low energy but highpreision experiments represent real potentialities, omplementary to the high energy aeleratorprograms, for evidening possible new degrees of freedom, supersymmetry or whatever else, beyondthose desribed by the standard model of eletromagneti, weak, and strong interations.Clearly, in order for theory to math suh an aurate measurement [in the meantime, the relativeerror has even been further redued, to 0.7 ppm℄, alulations in the standard model have to bepushed to their very limits. The diÆulty is not only one of having to ompute higher ordersin perturbation theory, but also to orretly take into aount strong interation ontributionsinvolving low-energy sales, where non perturbative e�ets are important, and whih thereforerepresent a real theoretial hallenge.The purpose of this aount is to give an overview of the main features of the theoretial alulationsthat have been done in order to obtain aurate preditions for the anomalous magneti moments ofthe eletron and of the muon within the standard model. There exist several exellent reviews of thesubjet, whih the interested reader may onsult. As far as the situation up to 1990 is onerned,the olletion of artiles published in Ref. [1℄ o�ers a wealth of information, on both theory andexperiment. A very useful aount of earlier theoretial work is presented in Ref. [2℄. Among themore reent reviews, Refs. [3, 4, 5, 6℄ are most informative. I shall not touh on the subjet of thestudy of new physis senarios whih might o�er an explanation for a possible deviation betweenthe standard model predition of the magneti moment of the muon and its experimental value.For this aspet, I refer the reader to [7℄ and to the artiles quoted therein, or to [8℄.2 General onsiderationsIn the ontext of relativisti quantum mehanis, the interation of a pointlike spin one-half partileof harge e` and mass m` with an external eletromagneti �eld A�(x) is desribed by the Diraequation with the minimal oupling presription,i�h � �t = h� � ��i�hr� è A�+ �m`2 + e`A0i : (2.1)



94 M. Kneht S�eminaire Poinar�eIn the non relativisti limit, this redues to the Pauli equation for the two-omponent spinor 'desribing the large omponents of the Dira spinor  ,i�h �'�t = � (�i�hr� (e`=)A)22m` � e`�h2m` � � B + e`A0�' : (2.2)As is well known, this equation amounts to assoiate with the partile's spin a magneti momentMs = g` � e`2m`� S ; S = �h �2 ; (2.3)with a gyromagneti ratio predited to be g` = 2.In the ontext of quantum �eld theory, the response to an external eletromagneti �eld is desribedby the matrix element of the eletromagneti urrent 1J � [spin projetions and Dira indies arenot written expliitly℄ h`�(p 0)jJ �(0)j`�(p)i = �u(p 0)��(p 0; p)u(p) ; (2.4)with [k� � p0� � p�℄��(p 0; p) = F1(k2)� + i2m` F2(k2)���k� � F3(k2)5���k� : (2.5)This expression of the matrix element h`�(p 0)jJ �(0)j`�(p)i is the most general that follows fromLorentz invariane, the Dira equation for the two spinors, (6 p �m)u(p) = 0, �u(p 0)( 6 p 0 �m) = 0,and the onservation of the eletromagneti urrent, (� � J ) (x) = 0. The two �rst form fators,F1(k2) and F2(k2), are known as the Dira (or eletri) form fator and the Pauli (or magneti)form fator, respetively. Sine the eletri harge operator Q is given, in units of the harge e`, byQ = Z dxJ0(x0; x) ; (2.6)the form fator F1(k2) satis�es the normalization ondition F1(0) = 1. The presene of the formfator F3(k2) requires both parity and time reversal invariane to be broken. It is therefore absentif only eletromagneti interations are onsidered. On the other hand, in the standard model, theweak interations violate both parity and time reversal symmetry, so that they may indue suh aform fator.The analyti struture of these form fators is ditated by general properties of quantum �eld theory[ausality, analytiity, and rossing symmetry℄. They are real funtions of k2 in the spaelike regionk2 < 0. In the timelike region, they beome omplex, with a ut starting at k2 > 4m2̀. At k2 = 0,they desribe the residue of the s-hannel pole in the S-matrix element for elasti `+`� sattering.At tree level, i.e. in the lassial limit, one �ndsF tree1 (k2) = 1 ; F tree2 (k2) = 0 ; F tree3 (k2) = 0 : (2.7)In order to obtain non zero values for F2(k2) and F3(k2) already at tree level, the interation of theDira �eld with the photon �eld A� would have to depart from the minimal oupling presription.For instane, the modi�ation [F�� = ��A� � ��A�, J � =  � ℄Z d4xLint = �è Z d4xJ �A� !! Z d4x bLint = �è Z �J �A� + �h4m` a` ��� F�� + �h2e` d` i5��� F���= �è Z d4x bJ �A� ; (2.8)1In the standard model, J � denotes the total eletromagneti urrent, with the ontributions of all the hargedelementary �elds in presene, leptons, quarks, eletroweak gauge bosons,...



Vol. 2, 2002 The Anomalous Magneti Moments of the Eletron and the Muon 95with 2 bJ� = J� � �h2m`a`��� ��� �� �hd` e`��� i5��� � ; (2.9)leads to bF tree1 (k2) = 1 ; bF tree2 (k2) = a` ; bF tree3 (k2) = d`=e` : (2.10)The equation satis�ed by the Dira spinor  then readsi�h � �t = �� � ��i�hr� è A�+ �m`2 + e`A0+ e`�h2m` a`� (i� � E�� � B)� �hd`� (� � E+ i� � B) � ; (2.11)and the orresponding non relativisti limit beomes 3i�h �'�t = � (�i�hr� (e`=)A)22m` � e`�h2m` (1 + a`)� � B � E + e`A0 + � � ��' : (2.12)Thus the oupling onstant a` indues a shift in the gyromagneti fator, g` = 2(1 + a`), while d`gives rise to an eletri dipole moment. The modi�ation (2.8) of the interation with the photon�eld introdues two arbitrary onstants, and both terms produes a non renormalizable interation.Non onstant values of the form fators ould be generated at tree level upon introduing [9℄additional non renormalizable ouplings, involving derivatives of the external �eld of the type2nA�, whih preserve the gauge invariane of the orresponding �eld equation satis�ed by  . Ina renormalizable framework, like QED or the standard model, alulable non vanishing values forF2(k2) and F3(k2) are generated by the loop orretions. In partiular, the latter will likewiseindue an anomalous magneti momenta` = 12(g` � 2) = F2(0) (2.13)and an eletri dipole moment d` = e`F3(0).If we onsider only the eletromagneti and the strong interations, the urrent J � is gauge invari-ant, and the two form fators symmetry F1(k2) and F2(k2) do not depend on the gauges hosen inorder to quantize the photon and the gluon gauge �elds. This is no longer the ase if the weak inter-ations are inluded as well, sine J � now transforms under a weak gauge transformation, and theorresponding form fators in general depend on the gauge hoies. As we have already mentionedabove, the zero momentum transfer values Fi(0), i = 1; 2; 3 desribe a physial S-matrix element.To the extent that the perturbative S-matrix of the standard model does not depend on the gauge�xing parameters to any order of the renormalized perturbation expansion, the quantities Fi(0)should de�ne bona �de gauge-�xing independent observables.The omputation of ��(p 0; p) is often a tedious task, espeially if higher loop ontributions areonsidered. It is therefore useful to onentrate the e�orts on omputing the form fator of interest,e.g. F2(k2) in the ase of the anomalous magneti moment. This an be ahieved upon projetingout the di�erent form fators [10, 11℄ using the following general expression 4Fi(k2) = tr [��i (p 0; p)( 6p 0 +m`)��(p 0; p)( 6p+m`)℄ ; (2.14)with ��1(p 0; p) = 14 1k2 � 4m2̀ � + 3m`2 1(k2 � 4m2̀)2 (p 0 + p)�2The urrent bJ � is still a onserved four-vetor, therefore the matrix element h`�(p 0)j bJ �(0)j`�(p)i also takesthe form (2.4), (2.5), with appropriate form fators bFi(k2).3Terms involving the gradients of the external �elds E and B or terms nonlinear in these �elds are not shown.4From now on, I most of the time use the system of units where �h = 1,  = 1.



96 M. Kneht S�eminaire Poinar�e��2(p 0; p) = � m2̀k2 1k2 � 4m2̀ � � m`k2 k2 + 2m2̀(k2 � 4m2̀)2 (p 0 + p) rho��3(p 0; p) = � i2k2 1k2 � 4m2̀ 5(p 0 + p)� : (2.15)For k ! 0, one has ��2(p; p 0) = 14k2 h� � 1m` �1 + k2m2̀�(p+ 12k)� + � � � i ; (2.16)and (6p+m`)��2(p; p 0)( 6p 0 +m`) = 14 (6p+m`) h� k�k2 + (� � p�m` ) 6kk2 + � � � i : (2.17)The last expression behaves as � 1=k as the external photon four momentum k� vanishes, so thatone may worry about the �niteness of F2(0) obtained upon using Eq. (2.14). This problem is solvedby the fat that ��(p 0; p) satis�es the Ward identity(p 0 � p)���(p 0; p) = 0 ; (2.18)following from the onservation of the eletromagneti urrent. Therefore, the identity��(p 0; p) = �k� ��k� ��(p 0; p) (2.19)provides the additional power of k whih ensures a �nite result as k� ! 0.The presene of three di�erent interations in the standard model naturally leads one to onsiderthe following deomposition of the anomalous magneti moment a`:a` = aQED` + ahad` + aweak` : (2.20)By aQED` , I denote all the ontributions whih arise from loops involving only virtual photons andleptons. Among these, it is useful to distinguish those whih involve only the same lepton avour` for whih we wish to ompute the anomalous magneti moment, and those whih involve loopswith leptons of di�erent avours, denoted olletively as ` 0 [� � e2=4�℄,aQED` = Xn�1An ����n + Xn�2Bn(`; `0) ��� �n : (2.21)The seond type of ontribution, ahad` involves also quark loops. Their ontribution is far from beinglimited to the short distane sales, and ahad` is an intrinsially non perturbative quantity. From atheoretial point of view, this represents a serious diÆulty. Finally, at some level of preision, theweak interations an no longer be ignored, and ontributions of virtual Higgs or massive gaugeboson degrees of freedom indue the third omponent aweak` . Of ourse, starting from the two looplevel, a hadroni ontribution to aweak` will also be present. The remaining of this presentation isdevoted to a detailed disussion of these various ontributions.Before starting this guided tour of the anomalous magneti moments of the massive harged leptonsof the standard model, it is useful to keep in mind a few simple and elementary onsiderations:� The anomalous magneti moment is a dimensionless quantity. Therefore, the oeÆients Anabove are universal, i.e. they do not depend on the avour of the lepton whose anomalous magnetimoment we wish to evaluate.



Vol. 2, 2002 The Anomalous Magneti Moments of the Eletron and the Muon 97� The ontributions to a` of degrees of freedom orresponding to a typial saleM � m` deouple[12℄, i.e. they are suppressed by powers of m`=M .5� The ontributions to a` originating from light degrees of freedom, haraterized by a typial salem� m` are enhaned by powers of ln(m`=m). At a given order, the logarithmi terms that do notvanish as m`=m ! 0 an often be omputed from the knowledge of the lesser order terms and ofthe � funtion through the renormalization group equations [15, 16, 17, 18℄.These general properties already allow to draw a few elementary onlusions. The eletron beingthe lightest harged lepton, its anomalous magneti moment is dominantly determined by thevalues of the oeÆients An. The �rst ontribution of other degrees of freedom omes from graphsinvolving, say, at least one muon loop, whih ours �rst at the two-loop level, and is of the orderof (m2e=m�)2(�=�)2 � 10�10. The hadroni e�ets, i.e. \quark and gluon loops", haraterized bya sale of � 1 GeV, or e�ets of degrees of freedom beyond the standard model, whih may appearat some high sale M , will be felt more strongly, by a onsiderable fator (m�=me)2 � 40 000, ina� than in ae. Thus, ae is well suited for testing the validity of QED at higher orders, whereas a�is more appropriate for deteting new physis. If we follow this line reasoning, a� would even bebetter suited for �nding evidene of degrees of freedom beyond the standard model. Unfortunately,the very short lifetime of the � lepton [�� � 3�10�13s℄ makes a suÆiently aurate measurementof a� impossible at present.3 Brief overview of the experimental situation3.1 Measurements of the magneti moment of the eletronThe �rst indiation that the gyromagneti fator of the eletron is di�erent from the value ge = 2predited by the Dira theory ame from the preision measurement of hyper�ne splitting inhydrogen and deuterium [19℄. The �rst measurement of the gyromagneti fator of free eletronswas performed in 1958 [20℄, with a preision of 3.6%. The situation began to improve with theintrodution of experimental setups based on the Penning trap. Some of the suessive valuesobtained over a period of forty years are shown in Table 1. Tehnial improvements, eventuallyallowing for the trapping of a single eletron or positron, produed, in the ourse of time, anenormous inrease in preision whih, starting from a few perents, went through the ppm [partsper million℄ levels, before ulminating at 4 ppb [parts per billion℄ [21℄ in the last of a series ofexperiments performed at the University of Washington in Seattle. The same experiment has alsoprodued a measurement of the magneti moment of the positron with the same auray, thusproviding a test of CPT invariane at the level of 10�12,ge�=ge+ = 1 + (0:5� 2:1)� 10�12 : (3.1)An extensive survey of the literature and a detailed desription of the various experimental aspetsan be found in [22℄. The earlier experiments are reviewed in [23℄.3.2 Measurements of the magneti moment of the muonThe anomalous magneti moment of the muon has also been the subjet of quite a few experiments.The very short lifetime of the muon, �� = (2:19703�0:00004)�10�6s, makes it neessary to proeedin a ompletely di�erent way in order to attain a high preision. The experiments onduted atCERN during the years 1968-1977 used a muon storage ring [for details, see [31℄ and referenesquoted therein℄. The more reent experiments at the AGS in Brookhaven are based on the same5In the presene of the weak interations, this statement has to be reonsidered, sine the neessity for theanellation of the SU(2) � U(1) gauge anomalies transforms the deoupling of, say, a single heavy fermion in agiven generation, into a somewhat subtle issue [13, 14℄.



98 M. Kneht S�eminaire Poinar�eTable 1: Some experimental determinations of the eletron's anomalous magneti moment ae withthe orresponding relative preision.0.00119(5) 4.2% [24℄0.001165(11) 1% [25℄0.001116(40) 3.6% [20℄0.0011609(2 4) 2 100 ppm [26℄0.001159622(27) 23 ppm [27℄0.001159660(300) 258 ppm [28℄0.0011596577(3 5) 3 ppm [29℄0.00115965241(20) 172 ppb [30℄0.001159652188 4(4 3) 4 ppb [21℄onept. Pions are produed by sending a proton beam on a target. The pions subsequently deayinto longitudinally polarized muons, whih are aptured inside a storage ring, where they follow airular orbit in the presene of both a uniform magneti �eld and a quadrupole eletri �eld, thelatter serving the purpose of fousing the muon beam. The di�erene between the spin preessionfrequeny and the orbit, or synhrotron, frequeny is given by!s � ! = em� �a�B � �a� � 11� 2 �� ^ E� : (3.2)Therefore, if the Lorentz fator  is tuned to its \magi" value  = p1 + 1=a� = 29:3, themeasurement of !s � ! and of the magneti �eld B allows to determine a�. The spin diretionof the muon is determined by deteting the eletrons or positrons produed in the deay of themuons with an energy greater than some threshold energy Et. The number of eletrons deteteddereases exponentially in time, with a time onstant set by the muon's lifetime, and is modulatedby the frequeny !s � !,Ne(t) = N0e�t=��f1 +A os[(!s � !)t+ �℄g : (3.3)Table 2: Determinations of the anomalous magneti moment of the positively harged muon fromthe storage ring experiments onduted at the CERN PS and at the BNL AGS.0.001166 16(31) 265 ppm [32℄0.001165 895(27) 23 ppm [33℄0.001165 911(11) 10 ppm [34℄0.001165 925(15) 13 ppm [35℄0.001165 9191(59) 5 ppm [36℄0.001165 9202(16) 1.3 ppm [37℄0.001165 9203(8) 0.7 ppm [38℄Several experimental results for the anomalous magneti moment of the positively harged muon,obtained at the CERN PS or, more reently, at the BNL AGS, are reorded in Table 2. Notiethat the relative errors are measured in ppm units, to be ontrasted with the ppb level of aurayahieved in the eletron ase. The four last values in Table 2 were obtained by the E821 experimentat BNL. They show a remarkable stability and a steady inrease in preision, and now ompletely



Vol. 2, 2002 The Anomalous Magneti Moments of the Eletron and the Muon 99dominate the world average value. Further data, for negatively harged muons 6 are presently beinganalyzed. The aim of the Brookhaven Muon (g - 2) Collaboration is to reah a preision of 0.35ppm, but this will depend on whether the experiment will reeive �nanial support to ollet moredata or not.3.3 Experimental bounds on the anomalous magneti moment of the � leptonAs already mentioned, the very short lifetime of the � preludes a measurement of its anomalousmagneti moment following any of the tehniques desribed above. Indiret aess to a� is providedby the reation e+e� ! �+��. The results obtained by OPAL [39℄ and L3 [40℄ at LEP only providevery loose bounds, �0:052 < a� < 0:058 (95%C:L:)�0:068 < a� < 0:065 (95%C:L:) ; (3.4)respetively.We shall now turn towards theory, in order to see how the standard model preditions omparewith these experimental values. Only the ases of the eletron and of the muon will be treatedin some detail. The theoretial aspets as far as the anomalous magneti moment of the � areonerned are disussed in [41℄.4 The anomalous magneti moment of the eletronWe start with the anomalous magneti moment of the lightest harged lepton, the eletron. Sinethe eletron mass me is muh smaller than any other mass sale present in the standard model,the mass independent part of aQEDe dominates its value. As mentioned before, non vanishingontributions appear at the level of the loop diagrams shown in Fig. 1.
= + + + ...
QEDFigure 1: The perturbative expansion of ��(p 0; p) in single avour QED. The tree graph givesF1 = 1, F2 = F3 = 0. The one loop vertex orretion graph gives the oeÆient A1 in Eq. (2.21).The ross denotes the insertion of the external �eld.4.1 The lowest order ontributionThe one loop diagram gives��(p 0; p)��1 loop = (�ie)2 Z d4q(2�)4 �(6p 0+ 6q +me)�(6p+ 6q +me)�� i(p 0 + q)2 �m2e i(p+ q)2 �m2e (�i)q2 : (4.1)6The CERN experiment had also measured a�� = 0:001 165 937(12) with a 10 ppm auray, giving the averagevalue a� = 0:001 165 924(8:5), with an auray of 7 ppm.



100 M. Kneht S�eminaire Poinar�eThe form fator F2(k2) is obtained by using Eqs. (2.14) and (2.15) and, upon evaluating theorresponding trae of Dira matries, one �ndsF2(k2)��1 loop = ie2 32m2ek2(k2 � 4m2e)2 Z d4q(2�)4 1(p 0 + q)2 �m2e 1(p+ q)2 �m2e 1q2� ��3k2(p � q)2 + 2k2m2e(p � q) + k2m2eq2 � m2e(k � q)2� : (4.2)Then follow the usual steps of introduing two Feynman parameters, of performing a trivial hangeof variables and a symmetri integration over the loop momentum q, so that one arrives atF2(k2)��1 loop = ie2 64m2e(k2 � 4m2e)2 Z 10 dxx Z 10 dy Z d4q(2�)4 1(q2 �R2)3� �2x(1� x)m4e � 34x2y2(k2)2 + m2ek2x�3xy � y + 12x��= e2�2 2m2e(k2 � 4m2e)2 Z 10 dxx Z 10 dy 1R2� �2x(1� x)m4e � 34x2y2(k2)2 + m2ek2x�3xy � y + 12x�� ; (4.3)with R2 = x2y(1� y)(2m2e � k2) + x2y2m2e + x2(1� y)2m2e : (4.4)As expeted, the limit k2 ! 0 an be taken without problem, and givesaej1 loop � F2(0)��1 loop = 12 �� : (4.5)Let us stress that although the integral (4.1) diverges, we have obtained a �nite result for F2(k2),and hene for ae, without introduing any regularization. This is of ourse expeted, sine a di-vergene in, say, F2(0) would require that a ounterterm of the form given by the seond term inbLint, see Eq. (2.8), be introdued. This would in turn spoil the renormalizability of the theory. Infat, as is well known, the divergene lies in F1(0), and is absorbed into the renormalization of theeletron's harge.
+ sym

+ symFigure 2: The Feynman diagrams whih ontribute to the oeÆient A2 in Eq. (2.21).4.2 Higher order mass independent orretionsThe previous alulation is rather straightforward and amounts to the resultA1 = 12 (4.6)�rst obtained by Shwinger [42℄. Shwinger's alulation was soon followed by a omputation ofA2 [43℄, whih requires the evaluation of 7 graphs, representing �ve distint topologies, and shownin Fig. 2. Historially, the result of Ref. [43℄ was important, beause it provided the �rst expliitexample of the realization of the renormalization program of QED at two loops. However, the



Vol. 2, 2002 The Anomalous Magneti Moments of the Eletron and the Muon 101value for A2 was not given orretly. The orret expression of the seond order mass independentontribution was derived in [44, 45, 46℄ (see also [47, 48℄) and reads 7A2 = 197144 +�12 � 3 ln 2� �(2) + 34�(3)= �0:328 478 965::: (4.7)with �(p) = 1Xn=1 1=np, �(2) = �2=6. The ourrene of transendental numbers like zeta funtionsor polylogarithms is a general feature of higher order alulations in perturbative quantum �eldtheory. The pattern of these transendentals in perturbation theory has also been put in relationshipwith other mathematial strutures, like knot theory.The analyti evaluation of the three-loop mass independent ontribution to the anomalous magnetimoment required quite some time, and is mainly due to the dediation of E. Remiddi and hisoworkers during the period 1969-1996. There are now 72 diagrams to onsider, involving manydi�erent topologies, see Fig. 3.
6 20

12

24

4 6Figure 3: The 72 Feynman diagrams whih make up the oeÆient A3 in Eq. (2.21).The alulation was ompleted [49℄ in 1996, with the analytial evaluation of a last lass of diagrams,the non planar \triple ross" topologies. The result reads 8A3 = 8772�2�(3)� 21524 �(5) + 1003 ��a4 + 124 ln4 2�� 124�2 ln2 2�� 2392160�4 + 13918 �(3)� 2989 �2 ln 2 + 17101810 �2 + 282595184= 1:181 241 456::: (4.8)7Atually, the experimental result of Ref. [25℄ disagreed with the value A2 = �2:973 obtained in [43℄, andprompted theoretiians to reonsider the alulation. The result obtained by the authors of Refs. [44, 45, 46℄reoniled theory with experiment.8The ompletion of this three-loop program an be followed through Refs. [50℄-[55℄ and [49℄. A desription of thetehnial aspets related to this work and an aount of its status up to 1990, with referenes to the orrespondingliterature, are given in Ref. [56℄.



102 M. Kneht S�eminaire Poinar�ewhere 9 ap = 1Xn=1 12nnp . The numerial value extrated from the exat analytial expression givenabove an be improved to any desired order of preision.In parallel to these analytial alulations, numerial methods for the evaluation of the higher orderontributions were also developed, in partiular by Kinoshita and his ollaborators (for details, see[57℄). The numerial evaluation of the full set of three loop diagrams was ahieved in several steps[58℄-[64℄. The value quoted in [64℄ is A3 = 1:195(26), where the error omes from the numerialproedure. In omparison, let us quote the value [65, 57℄ A3 = 1:176 11 (42) obtained if only asubset of 21 three loop diagrams out of the original set of 72 is evaluated numerially, relying onthe analytial results for the remaining 51 ones, and reall the value A3 = 1:181 241 456::: obtainedfrom the full analytial evaluation. The error indued on ae due to the numerial unertainty inthe seond, more aurate, value is still �(ae) = 5:3 � 10�12, whereas the experimental error isonly �(ae)jexp = 4:3� 10�12. This disussion shows that the analytial evaluations of higher loopontributions to the anomalous magneti moment of the eletron have a strong pratial interestas far as the preision of the theoretial predition is onerned, and whih goes well beyond themere intelletual satisfation and tehnial skills involved in these alulations. 10At the four loop level, there are 891 diagrams to onsider. Clearly, only a few of them havebeen evaluated analytially [66, 67℄. The omplete numerial evaluation of the whole set gave[65℄ A4 = �1:434(138). The development of omputers allowed subsequent reanalyzes to be moreaurate, i.e. A4 = �1:557(70) [68℄, while the \latest of [these℄ onstantly improving values" is [4℄A4 = �1:509 8(38 4) : (4.9)Needless to say, so far the �ve loop ontribution A5 is unknown territory. On the other hand,(�=�)5 � 7� 10�14, so that one may reasonably expet that, in view of the present experimentalsituation, its knowledge is not yet required.4.3 Mass dependent QED orretionsWe now turn to the QED loop ontributions to the eletron's anomalous magneti moment in-volving the heavier leptons, � and � . The lowest order ontribution of this type ours at the twoloop level, O(�2), and orresponds to a heavy lepton vauum polarization insertion in the one loopvertex graph, f. Fig. 4. Quite generally, the ontribution to a` arising from the insertion, into theone loop vertex orretion, of a vauum polarization graph due to a loop of lepton ` 0, reads [69, 70℄11 B2(`; ` 0) = 13 Z 14m2̀ 0 dtr1� 4m2̀ 0t t+ 2m2̀0t2 Z 10 dx x2(1� x)x2 + (1� x) tm2̀ : (4.10)If m` 0 � m`, the seond integrand an be approximated by x2m2̀=t, and one obtains [72℄B2(`; ` 0) = 145 � m`m` 0 �2 + O "� m`m` 0 �3# ; m` 0 � m` : (4.11)9The �rst three values are known to be a1 = ln 2, a2 = Li2(1=2) = (�(2)�ln2 2)=2, a3 = 78 �(3)� 12 �(2) ln 2+ 16 ln3 2[56℄.10It is only fair to point out that the numerial values that are quoted here orrespond to those given in theoriginal referenes. It is to be expeted that they would improve if today's numerial possibilities were used.11A trivial hange of variable on t brings the expression (4.10) into the form given in [69, 70℄. Furthermore, theanalytial result obtained upon performing the double integration is available in [71℄.
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e eµ e µµFigure 4: The insertion of a muon vauum polarization loop into the eletron vertex orretion(left) or of an eletron vauum polarization loop into the muon vertex orretion (right).Numerially, this translates into [3℄ [me = 0:51099907(15) MeV, m�=me = 206:768273(24), m� =1777:05(26)℄ B2(e; �) = 5:197� 10�7B2(e; �) = 1:838� 10�9 : (4.12)For later use, it is interesting to briey disuss the struture of Eq. (4.10). The quantity whihappears under the integral is related to the ross setion for the sattering of a `+`� pair into apair (` 0)+(` 0)� at lowest order in QED,�(`+`�!(` 0)+(` 0)�)QED (s) = 4��23s2 r1� 4m2̀ 0s (s+ 2m2̀0) ; (4.13)so that B2(`; ` 0) = 13 Z 14m2̀ 0 dtK(t)R(` 0)(t) ; (4.14)where K(t) = Z 10 dx x2(1� x)x2 + (1� x) tm2̀ ; (4.15)and R(` 0)(t) is the lowest order QED ross setion �(`+`�!(` 0)+(` 0)�)QED (s) divided by the asymptotiform of the ross setion of the reation e+e� ! �+�� for s� m2�, �(e+e�!�+��)1 (s) = 4��23s .The three loop ontributions with di�erent lepton avours in the loops are also known analytially[73, 74℄. It is onvenient to distinguish three lasses of diagrams. The �rst group ontains all thediagrams with one or two vauum polarization insertion involving the same lepton, � or � , of thetype shown in Fig. 5. The seond group onsists of the leptoni light-by-light sattering insertiondiagrams, Fig. 6. Finally, sine there are three avours of massive leptons in the standard model,one has also the possibility of having graphs with two heavy lepton vauum polarization insertions,one made of a muon loop, the other of a � loop. This givesB3(e; `) = B(v.p.)3 (e;�) + B(v.p.)3 (e; �) + B(L�L)3 (e;�) + B(L�L)3 (e; �) + B(v.p.)3 (e;�; �) : (4.16)The analytial expression for B(v.p.)3 (e;�) an be found in Ref. [73℄, whereas [74℄ gives the orre-sponding result for B(L�L)3 (e;�). For pratial purposes, it is both suÆient and more onvenientto use their expansions in powers of me=m�,B(v.p.)3 (e;�) = �mem��2 �� 23135 ln�m�me �� 245�2 + 1011724300�



104 M. Kneht S�eminaire Poinar�e+ �mem��4 � 192520 ln2�m�me �� 14233132300 ln�m�me �+ 49768�(3)� 11945�2 + 2976691296352000�+ O "�mem��6#= �0:000 021 768::: (4.17)
12 6Figure 5: Three loop QED orretions with insertion of a heavy lepton vauum polarization whihmake up the oeÆient B(v.p.)3 (e;�).and [74℄B(L�L)3 (e;�) = �mem��2 �32�(3)� 1916�+ �mem��4 ��161810 ln2�m�me �� 1618948600 ln�m�me �+ 1318�(3)� 1619720�2 � 831931972000�+ O "�mem��6#= 0:000 014 394 5::: (4.18)

6Figure 6: The three loop QED orretion with the insertion of a heavy lepton light-by-light sat-tering subgraph, orresponding to the oeÆient B(L�L)3 (e;�).The expressions for B(v.p.)3 (e; �) and B(L�L)3 (e; �) follow upon replaing the muon mass m� by m� .This again gives a suppression fator (m�=m� )2, whih makes these ontributions negligible at thepresent level of preision. For the same reason, B(v.p.)3 (e;�; �) an also be disarded.



Vol. 2, 2002 The Anomalous Magneti Moments of the Eletron and the Muon 1054.4 Other ontributions to aeIn order to make the disussion of the standard model ontributions to ae omplete, there remainsto mention the hadroni and weak omponents, ahade and aweake , respetively. Their features willbe disussed in detail below, in the ontext of the anomalous magneti moment of the muon. Itherefore only quote the numerial values 12ahade = 1:67(3)� 10�12 ; (4.19)and [75℄ aweake = 0:030� 10�12 (4.20)4.5 Comparison with experiment and determination of �Summing up the various ontributions disussed so far gives the standard model predition [3, 4, 7℄aSMe = 0:5 �� � 0:328 478 444 00��� �2 + 1:181 234 017��� �3 � 1:509 8(38 4)����4+1:70�10�12 :(4.21)In order to obtain a number that an be ompared to the experimental result, a suÆiently auratedetermination of the �ne struture onstant � is required. The best available measurement of thelatter omes from the quantum Hall e�et [76℄,��1(qH) = 137:036 003 00(2 70) (4.22)and leads to aSMe (qH) = 0:001 159 652 153 5(24 0) ; (4.23)about six times less aurate than the latest experimental value [21℄aexpe = 0:001 159 652 188 4(4 3) : (4.24)On the other hand, if one exludes other ontributions to ae than those from the standard modelonsidered so far, and believes that all theoretial errors are under ontrol, then the above valueof aexpe provides the best determination of � to date,��1(ae) = 137:035 999 58(52) : (4.25)
5 The anomalous magneti moment of the muonIn this setion, we disuss the theoretial aspets onerning the anomalous magneti moment ofthe muon. Sine the muon is muh heavier than the eletron, a� will be more sensitive to highermass sales. In partiular, it is a better probe for possible degrees of freedom beyond the standardmodel, like supersymmetry. The drawbak, however, is that a� will also be more sensitive to thenon perturbative strong interation dynamis at the � 1 GeV sale.12I reprodue here the values given in [3, 4℄, exept for the fat that I have taken into aount the hanges in thevalue of the hadroni light-by-light ontribution to a�, see below, for whih I take a(L�L)� = +8(4) � 10�10, andwhih translates into a(L�L)e � a(L�L)� (me=m�)2 = 0:02 � 10�12.



106 M. Kneht S�eminaire Poinar�e5.1 QED ontributions to a�As already mentioned before, the mass independent QED ontributions to a� are desribed by thesame oeÆients An as in the ase of the eletron. We therefore need only to disuss the oeÆientsBn(�; ` 0) assoiated with the mass dependent orretions.For m` 0 � m`, Eq. (4.10) gives [69, 70, 71℄B2(`; ` 0) = 13 ln�m`m`0� � 2536 + 32 m`m`0 �(2) � 4�m`m`0�2 ln�m`m`0� + 3�m`m`0�2 + O "� m`m`0�3# ;(5.1)whih translates into the numerial values [3℄B2(�; e) = 1:094 258 294(37) (5.2)B2(�; �) = 0:00 078 059(23) : (5.3)Although these numbers follow from an analytial expression, there are unertainties attahed tothem, indued by those on the orresponding values of the ratios of the lepton masses.The three loop QED orretions deompose asB3(�; `) = B(v.p.)3 (�; e) + B(v.p.)3 (�; �) + B(L�L)3 (�; e) + B(L�L)3 (�; �) + B(v.p.)3 (�; e; �) : (5.4)with [73, 74℄B(v.p.)3 (�; e) = 29 ln2�m�me � + ��(3)� 23�2 ln 2 + 19�2 + 3127� ln�m�me �+ 11216�4 � 29�2 ln2 2 � 83a4 � 19 ln4 2 � 3�(3) + 53�2 ln 2 � 2518�2 + 1075216+ mem� ��1318�3 � 169 �2 ln 2 + 31991080�2�+ �mem��2 �103 ln2�m�me �� 119 ln�m�me �� 143 �2 ln 2� 2�(3) + 4912�2 � 13154 �+ �mem��3 �43�2 ln�m�me �+ 3512�3 � 163 �2 ln 2� 57711080�2�+ �mem��4 �� 259 ln3�m�me �� 1369180 ln2�m�me �+[�2�(3) + 4�2 ln 2� 269144�2 � 7496675 ℄ ln�m�me �� 43108�4 + 89�2 ln2 2 + 803 a4 + 109 ln4 2 � 41132 �(3) + 8948�2 ln 2 � 1061864 �2 � 27451154000 �+O��mem��5 � ; (5.5)B(L�L)3 (�; e) = 23 �2 ln�m�me � + 59270 �4 � 3�(3) � 103 �2 + 23+ mem� �43�2 ln�m�me �� 1963 �2 ln 2 + 4249 �2�+ �mem��2 �� 23 ln3 �m�me �+ (�29 � 203 ) ln2�m�me �� [ 16135�4 + 4�(3)� 329 �2 + 613 ℄ ln�m�me �



Vol. 2, 2002 The Anomalous Magneti Moments of the Eletron and the Muon 107+43�(3)�2 � 61270�4 + 3�(3) + 2518�2 � 28312 �+ �mem��3 �109 �2 ln�m�me � � 119 �2�+ �mem��4 �79 ln3�m�me �+ 4118 ln2�m�me �+ 139 �2 ln�m�me �+ 517108 ln�m�me �+12�(3) + 191216�2 + 132832592 � + O��mem��5 � ; (5.6)while B(v.p.)3 (�; �) and B(L�L)3 (�; �) are derived from B(v.p.)3 (�; �) and from B(L�L)3 (�; �), respe-tively, by trivial substitutions of the masses. Furthermore, the graphs with mixed vauum polar-ization insertions, one eletron loop, and one � loop, are evaluated numerially using a dispersiveintegral [51, 73, 77℄.Numerially, one obtains (we quote here the numerial values updated in [3℄)B(v.p.)3 (�; e) = 1:920 455 1(2)B(L�L)3 (�; e) = 20:947 924 6(7)B(v.p.)3 (�; �) = �0:001 782 2(4)B(L�L)3 (�; �) = 0:002 142 8(7)B(v.p.)3 (�; e; �) = 0:000 527 6(2) : (5.7)Notie the large value of B(L�L)3 (�; e), due to the ourrene of terms involving fators likeln(m�=me) � 5 and powers of �.5.2 Hadroni ontributions to a�On the level of Feynman diagrams, hadroni ontributions arise through loops of virtual quarksand gluons. These loops also involve the soft sales, and therefore annot be omputed reliablyin perturbative QCD. We shall deompose the hadroni ontributions into three subsets: hadronivauum polarization insertions at order �2, at order �3, and hadroni light-by-light sattering,ahad� = a(h.v.p. 1)� + a(h.v.p. 2)� + a(h. L�L)� (5.8)5.2.1 Hadroni vauum polarizationWe �rst disuss a(h.v.p. 1)� , whih arises at order O(�2) from the insertion of a single hadronivauum polarization into the lowest order vertex orretion graph, see Fig. 7. The importane ofthis ontribution to a� is known sine long time [78, 79℄.There is a very onvenient dispersive representation of this diagram, similar to Eq. (4.10)a(h.v.p. 1)� = �� Z 14M2� dtt K(t) 1� Im�(t)= 13 ����2 Z 14M2� dtt K(t)Rhad(t) ; (5.9)Here, �(t) denotes the hadroni omponent of the vauum polarization funtion, de�ned as 13(q�q� � q2���)�(Q2) = i Z d4xeiq�x h
jTfj�(x)j� (0)gj
i ; (5.10)13Atually, �(t) de�ned this way has an ultraviolet divergene, produed by the QCD short distane singularityof the hronologial produt of the two urrents. However, it only a�ets the real part of �(t). A renormalized, �nitequantity is obtained by a single subtration, �(t) � �(0).
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HFigure 7: The insertion of the hadroni vauum polarization into the one loop vertex orretion,orresponding to a(h.v.p. 1)� .with j� the hadroni omponent of the eletromagneti urrent, Q2 = �q2 � 0 for q� spaelike, andj
i the QCD vauum. The funtion K(t) was de�ned in Eq. (4.15), and Rhad(t) stands now for theross setion of e+e� ! hadrons, at lowest order in �, divided by �(e+e�!�+��)1 (s) = 4��23s . A �rstpriniple omputation of this strong interation ontribution is far beyond our present abilities todeal with the non perturbative aspets of on�ning gauge theories. This last relation is however veryinteresting beause it expresses a(h.v.p. 1)� through a quantity that an be measured experimentally.In this respet, two important properties of the funtion K(t) deserve to be mentioned. First,it appears from the integral representation (4.15) that K(t) is positive de�nite. Sine Re+e� isalso positive, one dedues that a(h.v.p. 1)� itself is positive. Seond, the funtion K(t) dereases asm2�=3t as t grows, so that it is indeed the low energy region whih dominates the integral. Expliitevaluation of a(h.v.p. 1)� using available data atually reveals that more than 80% of its value omesfrom energies below 1.4 GeV. Finally, the values obtained this way for a(h.v.p. 1)� have evolved intime, as shown in Table 3. This evolution is mainly driven by the availability of more data, andis still going on, as the last entries of Table 3 show. In order to math the preision reahed bythe latest experimental measurement of a�, a(h.v.p. 1)� needs to be known at � 1%. Besides thevery reent high quality e+e� data obtained by the BES Collaboration [80℄ in the region between2 to 5 GeV, and by the CMD-2 ollaboration [81℄ in the region dominated by the � resonane,the latest analyses sometimes also inlude or use, in the low-energy region, data obtained fromhadroni deays of the � by ALEPH [82℄, and, more reently, by CLEO [83℄. We may notie fromTable 3 that the preision obtained by using e+e� data alone has beome omparable to theone ahieved upon inluding the � data. However, one of the latest analyses reveals a troublingdisrepany between the e+e� and � evaluations. Additional work is ertainly needed in order toresolve these problems. Further data are also expeted in the future, from the KLOE experiment atthe DAPHNE e+e� mahine, or from the B fatories BaBar and Belle. For additional omparativedisussions and details of the various analyses, we refer the reader to the literature quoted in Table3.Let us briey mention here that it is quite easy to estimate the order of magnitude of a(h.v.p. 1)� . Forthis purpose, it is onvenient to introdue still another representation [93℄, whih relates a(h.v.p. 1)�to the hadroni Adler funtion A(Q2), de�ned as 14A(Q2) = �Q2 ��(Q2)�Q2 = Z 10 dt Q2(t+Q2)2 1� Im�(t) ; (5.11)by a(h.v.p. 1)� = 2�2 ����2 Z 10 dxx (1� x)(2� x)A� x21� x m2�� : (5.12)14Unlike �(t) itself, A(Q2) if free from ultraviolet divergenes.



Vol. 2, 2002 The Anomalous Magneti Moments of the Eletron and the Muon 109Table 3: Some of the reent evaluations of a(h.v.p. 1)� � 10�11 from e+e� and/or � -deay data.7024(153) [84℄ e+e�7026(160) [85℄ e+e�6950(150) [86℄ e+e�7011(94) [86℄ � , e+e�,6951(75) [87℄ � , e+e�, QCD6924(62) [88℄ � , e+e�, QCD[89℄ QCD sum rules7036(76) [41℄ � , e+e�, QCD7002(73) [90℄ e+e�, F�6974(105) [91℄ e+e�, inl. BES-II data6847(70) [92℄ e+e�, inl. BES-II and CMD-2 data7019(62) [92℄ � , e+e�6831(62) [94℄ e+e�A simple representation of the hadroni Adler funtion an be obtained if one assumes that Im�(t)is given by a single, zero width, vetor meson pole, and, above a ertain threshold s0, by the QCDperturbative ontinuum ontribution,1� Im�(t) = 23 f2VM2V Æ(t�M2V ) + 23 NC12�2 [1 +O(�s)℄ �(t� s0) (5.13)The justi�ation [95℄ for this type of minimal hadroni ansatz an be found within the frameworkof the large-NC limit [96, 97℄ of QCD, see Ref. [95℄ for a general disussion and a detailed studyof this representation of the Adler funtion. The threshold s0 for the onset of the ontinuum anbe �xed from the property that there is no ontribution in 1=Q2 in the short distane expansionof A(Q2), whih requires [95℄2f2VM2V = NC12�2 s0 �1 + 38 �s(s0)� + O(�2s)� : (5.14)This then gives [98℄ a(h.v.p. 1)� � (570�170)�10�10, whih ompares well with the more elaboratedata based evaluations in Table 3, even though this simple estimate annot laim to provide therequired auray of about 1%.
H HH

+...+

Figure 8: Higher order orretions ontaining the hadroni vauum polarization ontribution, or-responding to a(h.v.p. 2)� .



110 M. Kneht S�eminaire Poinar�eWe now ome to the O(�3) orretions involving hadroni vauum polarization subgraphs. Besidesthe ontributions shown in Fig. 8, another one is obtained upon inserting a lepton loop in one ofthe two photon lines of the graph shown in Fig. 7. These an again be expressed in terms of Rhad[99, 2, 77℄ a(h.v.p. 2)� = 13 ����3 Z 14M2� dtt K(2)(t)Rhad(t) : (5.15)UnlikeK(t), the funtionK(2)(t) is not positive de�nite, so that the sign of a(h.v.p. 2)� is not �xed onthe basis of general onsiderations. The value obtained for this quantity is [77℄ a(h.v.p. 2)� � 1011 =�101� 6.5.2.2 Hadroni light-by-light satteringWe now disuss the so alled hadroni light-by-light sattering graphs of Fig. 9. Atually, there isanother O(�3) orretion involving the amplitude for virtual light-by-light sattering, namely theone obtained by adding an additional photon line attahed to the hadroni blob in Fig. 7. Thisontribution is usually inluded in the evaluations reported on in Table 3 [see the disussion in[92℄℄, otherwise, it has been added. The reason for that is due to the fat that the measured e+e�data ontain QED e�ets, and do not orrespond to the ross setion of e+e� ! hadrons restritedto the lowest order in �. It is possible to ompute and subtrat away QED orretions involvingthe leptoni vertex, but there still remain radiative orretions between the �nal state hadrons, orwhih a�et both the initial and the �nal states. These annot be evaluated in a model independentway, and are not ompletely desribed by attahing a photon loop to the hadroni blob in Fig. 7.
H

+ permutations

Figure 9: The hadroni light-by-light sattering graphs ontributing to a(h. L�L)� .Coming bak to the diagram of Fig. 9, the ontribution to ��(p 0; p) of relevane here is the ma-trix element, at lowest nonvanishing order in the �ne struture onstant �, of the light quarkeletromagneti urrent j�(x) = 23(�u�u)(x) � 13( �d�d)(x) � 13(�s�s)(x) (5.16)between �� states,(�ie)�u(p 0)�(h. L�L)� (p 0; p)u(p) � h��(p 0)j(ie)j�(0)j��(p)i= Z d4q1(2�)4 Z d4q2(2�)4 (�i)3q21 q22 (q1 + q2 � k)2� i(p 0 � q1)2 �m2 i(p 0 � q1 � q2)2 �m2� (�ie)3u(p 0)�(6p 0� 6q1 +m)�(6p 0� 6q1� 6q2 +m)�u(p)� (ie)4�����(q1; q2; k � q1 � q2) ; (5.17)



Vol. 2, 2002 The Anomalous Magneti Moments of the Eletron and the Muon 111with k� = (p 0 � p)� and�����(q1; q2; q3) = Z d4x1 Z d4x2 Z d4x3 ei(q1�x1+q2�x2+q3�x3)�h
 jTfj�(x1)j�(x2)j�(x3)j�(0)g j
 i (5.18)the fourth-rank light quark hadroni vauum-polarization tensor, j
 i denoting the QCD vauum.Sine the avour diagonal urrent j�(x) is onserved, the tensor �����(q1; q2; q3) satis�es the Wardidentities fq�1 ; q�2 ; q�3 ; (q1 + q2 + q3)�g�����(q1; q2; q3) = 0 : (5.19)This entails that 15�u(p 0)�(h. L�L)� (p 0; p)u(p) = �u(p 0)��F (h. L�L)1 (k2) + i2m ���k�F (h. L�L)2 (k2)�u(p) ; (5.20)as well as �(h. L�L)� (p 0; p) = k��(h. L�L)�� (p 0; p) with�u(p 0)�(h. L�L)�� (p 0; p)u(p) = �ie6 Z d4q1(2�)4 Z d4q2(2�)4 1q21 q22 (q1 + q2 � k)2� 1(p 0 � q1)2 �m2 1(p 0 � q1 � q2)2 �m2��u(p 0)�(6p 0� 6q1 +m)�(6p 0� 6q1� 6q2 +m)�u(p)� ��k� �����(q1; q2; k � q1 � q2) : (5.21)Following Ref. [58℄ and using the property k�k��u(p 0)�(h. L�L)�� (p 0; p)u(p) = 0, one dedues thatF (h. L�L)1 (0) = 0 and that the hadroni light-by-light ontribution to the muon anomalous magnetimoment is equal toa(h. L�L)� � F (h. L�L)2 (0) = 148m trn(6p+m)[�; �℄(6p+m)�(h. L�L)�� (p; p)o : (5.22)This is about all we an say about the QCD four-point funtion �����(q1; q2; q3). Unlike thehadroni vauum polarization funtion, there is no experimental data whih would allow for anevaluation of a(h. L�L)� . The existing estimates regarding this quantity therefore rely on spei�models in order to aount for the non perturbative QCD aspets. A few partiular ontributionsan be identi�ed, see Fig. 10. For instane, there is a ontribution where the four photon linesare attahed to a losed loop of harged mesons. The ase of the harged pion loop with pointlikeouplings is atually �nite and ontributes � 4�10�10 to a� [100℄. If the oupling of harged pionsto photons is modi�ed by taking into aount the e�ets of resonanes like the �, this ontributionis redued by a fator varying between 3 [100, 102℄ and 10 [101℄, depending on the resonane modelused. Another lass of ontributions onsists of those involving resonane exhanges between photonpairs [100, 101, 102, 103℄. Although here also the results depend on the models used, there is aonstant feature that emerges from all the analyses that have been done: the ontribution omingfrom the exhange of the pseudosalars, �0, � and � 0 gives pratially the �nal result. Otherontributions [harged pion loops, vetor, salar, and axial resonanes,...℄ tend to anel amongthemselves.Some of the results obtained for a(h. L�L)� �10�11 have been gathered in Table 4. Leaving aside the�rst result [99, 2℄ shown there, whih is a�eted by a bad numerial onvergene [100℄, one notiesthat the sign of this ontribution has hanged twie. The �rst hange resulted from a mistake15We use the following onventions for Dira's -matries: f�; �g = 2��� , with ��� the at Minkowski spaemetri of signature (+���), ��� = (i=2)[� ; � ℄, 5 = i0123, whereas the totally antisymmetri tensor "����is hosen suh that "0123 = +1.
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Figure 10: Some individual ontributions to hadroni light-by-light sattering: the neutral pionpole and the harged pion loop. There are other ontributions, not shown here.in Ref. [100℄, that was orreted for in [101℄. The minus sign that resulted was on�rmed by anindependent alulation, using the ENJL model, in Ref. [102℄. A subsequent reanalysis [103℄ gaveadditional support to a negative result, while also getting better agreement with the value of Ref.[102℄.Table 4: Various evaluations of a(h. L�L)� � 10�11 and of the pion pole ontributiona(h. L�L;�0)� � 10�11.{260(100) onstituent quark loop [99, 2℄+60(4) onstituent quark loop [100℄+49(5) ��loop, �0 and resonane poles, a(h. L�L;�0)� = 65(6) [100℄{52(18) �� loop, �0 and resonane poles,and quark loop a(h. L�L;�0)� = �55:60(3) [101℄{92(32) ENJL, a(h. L�L;�0+�+� 0)� = �85(13) [102℄{79.2(15.4) �� loop, �0 pole and quark loop, a(h. L�L;�0)� = �55:60(3) [103℄+83(12) �0, � and � 0 poles only [104℄+89.6(15.4) �� loop, �0 pole and quark loop, a(h. L�L;�0)� = +55:60(3) [105℄+83(32) ENJL, a(h. L�L;�0+�+� 0)� = 85(13) [106℄Needless to say, these evaluations are based on heavy numerial work, whih has the drawbakof making the �nal results rather opaque to an intuitive understanding of the physis behindthem. We 16 therefore deided to improve things on the analytial side, in order to ahieve abetter understanding of the relevant features that led to the previous results. Taking advantageof the observation that the pion pole ontribution a(h. L�L;�0)� was found to dominate the �nalvalues obtained for a(h. L�L)� , we onentrated our e�orts on that part, that I shall now desribein greater detail. For a detailed aount on how the other ontributions to a(h. L�L)� arise, I referthe reader to the original works [100℄-[103℄.The ontributions to �����(q1; q2; q3) arising from single neutral pion exhanges, see Fig. 11, read�(�0)����(q1; q2; q3) = i F�0��(q21 ; q22) F�0��(q23 ; (q1 + q2 + q3)2)(q1 + q2)2 �M2� "���� q�1 q�2 "���� q�3 (q1 + q2)�+i F�0��(q21 ; (q1 + q2 + q3)2) F�0��(q22 ; q23)(q2 + q3)2 �M2� "���� q�1 (q2 + q3)� "���� q�2 q�316A. Ny�eler and myself, in Ref. [104℄.
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Figure 11: The pion-pole ontributions to light-by-light sattering. The shaded blobs represent theform fator F�0�� . The �rst and seond graphs give rise to idential ontributions, involvingthe funtion T1(q1; q2; p) in Eq. (5.25), whereas the third graph gives the ontribution involvingT2(q1; q2; p).The form fator F�0��(q21 ; q22), whih orresponds to the shaded blobs in Fig. 11, is de�nedas i Z d4xeiq�xh
jTfj�(x)j�(0)gj�0(p)i = "���� q�p� F�0��(q2; (p� q)2) ; (5.24)with F�0��(q21 ; q22) = F�0��(q22 ; q21). Inserting the expression (5.23) into (5.21) and omputingthe orresponding Dira traes in Eq. (5.22), we obtaina(h. L�L;�0)� = e6 Z d4q1(2�)4 Z d4q2(2�)4 1q21q22(q1 + q2)2[(p+ q1)2 �m2℄[(p� q2)2 �m2℄� �F�0��(q21 ; (q1 + q2)2) F�0��(q22 ; 0)q22 �M2� T1(q1; q2; p)+ F�0��(q21 ; q22) F�0��((q1 + q2)2; 0)(q1 + q2)2 �M2� T2(q1; q2; p)� ; (5.25)where T1(q1; q2; p) and T2(q1; q2; p) denote two polynomials in the invariants p�q1, p�q2, q1 �q2. Theirexpressions an be found in Ref. [104℄. The former arises from the two �rst diagrams shown in Fig.11, whih give idential ontributions, while the latter orresponds to the third diagram on thissame �gure. At this stage, it should also be pointed out that the expression (5.23) does not, stritlyspeaking, represent the ontribution arising from the pion pole only. The latter would require thatthe numerators in (5.23) be evaluated at the values of the momenta that orrespond to the poleindiated by the orresponding denominators. For instane, the numerator of the term proportionalto T1(q1; q2; p) in Eq. (5.25) should rather read F�0��(q21 ; (q21 + 2q1 � q2 +M2�) F�0��(M2� ; 0)with q22 =M2� . However, Eq. (5.25) orresponds to what previous authors have alled the pion poleontribution, and for the sake of omparison I shall adopt the same de�nition.From here on, information on the form fator F�0��(q21 ; q22) is required in order to proeed. Thesimplest model for the form fator follows from the Wess-Zumino-Witten (WZW) term [107, 108℄that desribes the Adler-Bell-Jakiw anomaly [109, 110℄ in hiral perturbation theory. Sine in thisase the form fator is onstant, one needs an ultraviolet uto�, at least in the ontribution toEq. (5.25) involving T1, the one involving T2 gives a �nite result even for a onstant form fa-tor [100℄. Therefore, this model annot be used for a reliable estimate, but at best serves only



114 M. Kneht S�eminaire Poinar�eillustrative purposes in the present ontext.17 Previous alulations [100, 101, 103℄ have also usedthe usual vetor meson dominane form fator [see also Ref. [111℄℄. The expressions for the formfator F�0�� based on the ENJL model that have been used in Ref. [102℄ do not allow a straight-forward analytial alulation of the loop integrals. However, ompared with the results obtainedin Refs. [100, 101, 103℄, the orresponding numerial estimates are rather lose to the VMD ase[within the error attributed to the model dependene℄. Finally, representations of the form fatorF�0�� , based on the large-NC approximation to QCD and that takes into aount onstraintsfrom hiral symmetry at low energies, and from the operator produt expansion at short distanes,have been disussed in Ref. [112℄ . They involve either one vetor resonane [lowest meson dom-inane, LMD℄ or two vetor resonanes (LMD+V), see [112℄ for details. The four types of formfators just mentioned an be written in the form [F� is the pion deay onstant℄F�0��(q21 ; q22) = F�3 �f(q21) � XMVi 1q22 �M2Vi gMVi (q21)� : (5.26)For the VMD and LMD form fators, the sum in Eq. (5.26) redues to a single term, and theorresponding funtion is denoted gMV (q2). It depends on the mass MV of the vetor resonane,whih will be identi�ed with the mass of the � meson. For our present purposes, it is enough toonsider only these two last ases, along with the onstant WZW form fator. The orrespondingfuntions f(q2) and gMV (q2) are displayed in Table 5.Table 5: The funtions f(q2) and gMV (q2) of Eq. (5.26) for the di�erent form fators. NC is thenumber of olors, taken equal to 3, and F� = 92:4 MeV is the pion deay onstant. Furthermore,V = NC4�2 M4VF 2� . f(q2) gMV (q2)WZW � NC4�2F 2� 0VMD 0 NC4�2F 2� M4Vq2 �M2VLMD 1q2 �M2V � q2 +M2V � Vq2 �M2VWe may now ome bak to Eq. (5.25). With a representation of the form (5.26), the angularintegrations an be performed, using for instane standard Gegenbauer polynomial tehniques(hyperspherial approah), see Refs. [113, 114, 56℄. This leads to a two-dimensional integral repre-sentation:a(h. L�L;�0)� = ����3 ha(�0;1)� + a(�0;2)� i ; (5.27)a(�0;1)� = Z 10 dQ1 Z 10 dQ2 "wf1(Q1; Q2) f (1)(Q21; Q22)+ wg1(MV ; Q1; Q2) g(1)MV (Q21; Q22)# ; (5.28)17In the ontext of an e�etive �eld theory approah, the pion pole with WZW verties represents a hirallysuppressed, but large-NC dominant ontribution, whereas the harged pion loop is dominant in the hiral expansion,but suppressed in the large-NC limit.



Vol. 2, 2002 The Anomalous Magneti Moments of the Eletron and the Muon 115a(�0;2)� = Z 10 dQ1 Z 10 dQ2 " XM=M�;MV wg2 (M;Q1; Q2) g(2)M (Q21; Q22)# : (5.29)The funtions f (1)(Q21; Q22), g(1)MV (Q21; Q22), g(2)M�(Q21; Q22) and g(2)MV (Q21; Q22) are expressed in termsof the funtions given in Table 5, see Ref. [104℄, where the universal [for the lass of form fatorsthat have a representation of the type shown in Eq. (5.26)℄ weight funtions w in Eqs. (5.28) and(5.29) an also be found. The latter are plotted in Fig. 12.
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116 M. Kneht S�eminaire Poinar�eQ1 diretion for Q2 � 0:2 GeV. On the other hand, the funtion wg2 has positive and negativeontributions in that region, whih will lead to a strong anellation in the orresponding integrals,provided they are multiplied by a positive funtion omposed of the form fators [see the numerialresults below℄. As an be seen from the plots, and heked analytially, the weight funtions vanishfor small momenta. Therefore, the integrals are infrared �nite. The behaviors of the weight funtionsfor large values of Q1 and/or Q2 an also be worked out analytially. From these, one an deduethat in the ase of the WZW form fator, the orresponding, divergent, integral for a(�0;1)� behaves,as a funtion of the ultraviolet ut o� �, as a(�0;1)� � C ln2 �, with [104℄C = 3�NC12��2�m�F� �2 = 0:0248 : (5.30)The log-squared behavior follows from the general struture of the integral (5.28) for a(�0;1)� inthe ase of a onstant form fator, as pointed out in [5℄. The expression (5.30) of the oeÆientC has been derived independently, in Ref. [115℄, through a renormalization group argument in thee�etive theory framework.Table 6: Results for the terms a(�0;1)� , a(�0;2)� and for the pion exhange ontribution to the anoma-lous magneti moment ah. L�L;�0� aording to Eq. (5.27) for the di�erent form fators onsidered.In the WZW model we used a uto� of 1 GeV in the �rst ontribution, whereas the seond termis ultraviolet �nite. Form fator a(�0;1)� a(�0;2)� ah. L�L;�0� � 1010WZW 0.095 0.0020 12.2VMD 0.044 0.0013 5.6LMD 0.057 0.0014 7.3In the ase of the other form fators, the integration over Q1 and Q2 is �nite and an now beperformed numerially. 18 Furthermore, sine both the VMD and LMD model tend to the WZWonstant form fator as MV !1, the results for a(�0;1)� in these models should sale as C ln2M2Vfor a large resonane mass. This has been heked numerially, and the value of the oeÆientC obtained that way was in perfet agreement with the value given in Eq. (5.30). The results ofthe integration over Q1 and Q2 are displayed in Table 6. They de�nitely show a sign di�erenewhen ompared to those obtained in Refs. [100, 101, 103, 111℄, although in absolute value thenumbers agree perfetly. After the results of Table 6 were made publi [104℄, previous authorsheked their alulations and soon disovered that they had made a sign mistake at some stage[105, 106℄. Almost simultaneously, the results presented in Table 6 and in Refs. [104, 115℄ alsoreeived independent on�rmations [117, 116℄.The analysis of [104℄ leads to the following estimatesah. L�L;�0� = 5:8(1:0)� 10�10 ; (5.31)and ah. L�L;�0e = 5:1� 10�14 : (5.32)Taking into aount the other ontributions omputed by previous authors, and adopting a onser-vative attitude towards the error to be asribed to their model dependenes, the total ontributionto a� oming from the hadroni light-by-light sattering diagrams amounts toah. L�L� = 8(4)� 10�10 : (5.33)18In the ase of the VMD form fator, an analytial result is now also available [116℄.



Vol. 2, 2002 The Anomalous Magneti Moments of the Eletron and the Muon 1175.3 Eletroweak ontributions to a�Eletroweak orretions to a� have been onsidered at the one and two loop levels. The one loopontributions, shown in Fig. 13, have been worked out some time ago, and read [118℄-[122℄aW(1)� = GFp2 m2�8�2 "53 + 13 �1� 4 sin2 �W �2 +O m2�M2Z logM2Zm2� !+O m2�M2H logM2Hm2� !# ; (5.34)where the weak mixing angle is de�ned by sin2 �W = 1�M2W =M2Z .
νν H

WW W

Z
0 µFigure 13: One loop weak interation ontributions to the anomalous magneti moment.Numerially, with GF = 1:16639(1)� 10�5GeV�2 and sin2 �W = 0:224,aW(1)� = 19:48� 10�10 ; (5.35)It is onvenient to separate the two{loop eletroweak ontributions into two sets of Feynman graphs:those whih ontain losed fermion loops, whih are denoted by aEW(2);f� , and the others, aEW(2);b� .In this notation, the eletroweak ontribution to the muon anomalous magneti moment isaEW� = aW(1)� + aEW(2);f� + aEW(2);b� : (5.36)I shall review the alulation of the two{loop ontributions separately.5.3.1 Two loop bosoni ontributionsThe leading logarithmi terms of the two{loop eletroweak bosoni orretions have been extratedusing asymptoti expansion tehniques, see e.g. Ref. [123℄. In the approximation where sin2 �W ! 0and MH �MW these alulations simplify onsiderably and one obtainsaEW(2);b� = GFp2 m2�8�2 �� � ��659 lnM2Wm2� +O�sin2 �W lnM2Wm2� �� : (5.37)In fat, these ontributions have now been evaluated analytially, in a systemati expansion inpowers of sin2 �W , up to O[(sin2 �W )3℄ ; where ln M2Wm2� terms, ln M2HM2W terms, M2WM2H ln M2HM2W terms, M2WM2Hterms and onstant terms are kept [75℄. Using sin2 �W = 0:224 and MH = 250GeV ; the authorsof Ref. [75℄ �ndaEW(2);b� = GFp2 m2�8�2 �� � ��5:96 lnM2Wm2� + 0:19� = GFp2 m2�8�2 ����� (�79:3) ; (5.38)showing, in retrospet, that the simple approximation in Eq. (5.37) is rather good.



118 M. Kneht S�eminaire Poinar�e5.3.2 Two loop fermioni ontributionsThe disussion of the two{loop eletroweak fermioni orretions is more deliate. First, it ontainsa hadroni ontribution. Next, beause of the anellation between lepton loops and quark loops inthe eletroweakU(1) anomaly, one annot separate hadroni e�ets from leptoni e�ets any longer.In fat, as disussed in Refs. [124, 125℄, it is this anellation whih eliminates some of the largelogarithms whih, inorretly were kept in Ref. [126℄. It is therefore appropriate to separate thetwo{loop eletroweak fermioni orretions into two lasses: One is the lass arising from Feynmandiagrams ontaining a lepton or a quark loop, with the external photon, a virtual photon and avirtual Z0 attahed to it, see Fig. 14.19 The quark loop of ourse again represents non perturbativehadroni ontributions whih have to be evaluated using some model. This �rst lass is denotedby aEW(2);f� (`; q). It involves the QCD orrelation funtionW���(q; k) = Z d4x eiq�x Z d4y ei(k�q)�yh
 jTfj�(x)A(Z)� (y)j�(0)gj
i ; (5.39)with k the inoming external photon four-momentum assoiated with the lassial external mag-neti �eld. As previously, j� denotes the hadroni part of the eletromagneti urrent, and A(Z)�is the axial omponent of the urrent whih ouples the quarks to the Z0 gauge boson. The otherlass is de�ned by the rest of the diagrams, where quark loops and lepton loops an be treatedseparately, and is alled aEW(2);f� (residual).
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µµFigure 14: Graphs with hadroni ontributions to aEW(2);f� (`; q) and involving the QCD three pointfuntion W���(q; k).The ontribution from aEW(2);f� (residual) brings in fators of the ratio m2t=M2W . It has been esti-mated, to a very good approximation, in Ref. [125℄, with the resultaEW(2);f� (residual) = GFp2 m2�8�2 �� � � 12 sin2 �W ��58 m2tM2W � log m2tM2W � 73�+�Higgs� ; (5.40)where �Higgs denotes the ontribution from diagrams with Higgs lines, whih the authors ofRef. [125℄ estimate to be �Higgs = �5:5� 3:7 ; (5.41)and therefore, aEW(2);f� (residual) = GFp2 m2�8�2 �� � [�21(4)℄ : (5.42)19If one works in a renormalizable gauge, the ontributions where the Z0 is replaed by the neutral unphysialHiggs should also be inluded. The �nal result does not depend on the gauge �xing parameter �Z , if one works inthe lass of 't Hooft gauges.



Vol. 2, 2002 The Anomalous Magneti Moments of the Eletron and the Muon 119Let us �nally disuss the ontributions to aEW(2);f� (`; q). Here, it is onvenient to treat the ontri-butions from the three generations separately. The ontribution from the third generation an bealulated in a straightforward way, with the result [124, 125℄aEW(2);f� (� ; t; b) = GFp2 m2�8�2 �� � ��3 lnM2Zm2� � lnM2Zm2b � 83 ln m2tM2Z + 83 +O�M2Zm2t ln m2tM2Z��= GFp2 m2�8�2 �� � (�30:6) : (5.43)In fat the terms of O �M2Zm2t ln m2tM2Z � and O �M2Zm2t � have also been alulated in Ref. [125℄. There arein priniple QCD perturbative orretions to this estimate, whih have not been alulated, butthe result in Eq. (5.43) is good enough for the auray required at present. The ontributions ofthe remaining harged standard model fermions involve the light quarks u and d, as well as theseond generation s quark, for whih non perturbative e�ets tied to the spontaneous breaking ofhiral symmetry are important [124, 127℄. The ontributions from the �rst and seond generationare thus most onveniently taken together, with the resultaEW(2);f� (e; �;u; d; s; ) = GFp2 m2�8�2 �� ���3 lnM2Zm2� � 52�3 lnM2Zm2� + 4 lnM2Zm2 � 116 + 89�2 � 8+ "43 lnM2Zm2� +23+O m2�M2Z lnM2Zm2� !#�1:38(35) + 0:06(2)) (5.44)= GFp2 m2�8�2 �� � [�34:5(4)℄ ; (5.45)where the �rst line shows the result from the e loop and the seond line the result from the � loopand the  quark, whih is treated as a heavy quark. The term between brakets in the third line isthe one indued by the anomalous term in the hadroni three point funtion W���(q; k) The otherontributions have been estimated on the basis of an approximation to the large-NC limit of QCD,similar to the one disussed for the two-point funtion �(Q2) after Eq. (5.12), see Ref. [127℄ fordetails.The result in Eq. (5.44) for the ontribution from the �rst and seond generations of quarks andleptons is oneptually very di�erent to the orresponding one proposed in Ref. [125℄,aEW(2);f� (`; q)(e; �;u; d; s; ) = GFp2 m2�8�2 �� ��3 lnM2Zm2� + 4 lnM2Zm2u � lnM2Zm2d � 52 � 6�o �3 lnM2Zm2� + 4 lnM2Zm2 � lnM2Zm2s � 116 + 89�2 � 6�(5.46)= GFp2 m2�8�2 �� � (�31:9) : (5.47)where the light quarks are, arbitrarily, treated the same way as heavy quarks, with mu = md =0:3GeV ; and ms = 0:5GeV : Although, numerially, the two results turn out not to be too dif-ferent, the result in Eq. (5.46) follows from an hadroni model whih is in ontradition withbasi properties of QCD. This is at the origin of the spurious anellation of the lnMZ terms inEq. (5.46).



120 M. Kneht S�eminaire Poinar�ePutting together the numerial results in Eqs. (5.38), (5.42), (5.43) with the new result in Eq. (5.44),we �nally obtain the valueaEW� = GFp2 m2�8�2 �53 + 13 �1� 4 sin2 �W �2 � ���� (165:4(4:0)� = 15:0(1)� 10�10 ; (5.48)whih shows that the two{loop orretion represents indeed a redution of the one{loop result byan amount of 23%. The �nal error here does not inlude higher order eletroweak e�ets [128℄.5.4 Comparison with experimentWe may now put all the piees together and obtain the value for a� predited by the standardmodel. We have seen that in the ase of the hadroni vauum polarization ontributions, the latestevaluation [92℄ shows a disrepany between the value obtained exlusively from e+e� data andthe value that arises if � data are also inluded. This gives us the two possibilitiesaSM� (e+e�) = (11 659 169:1� 7:5� 4:0� 0:3)� 10�10aSM� (�) = (11 659 186:3� 6:2� 4:0� 0:3)� 10�10 ; (5.49)where the �rst error omes from hadroni vauum polarization, the seond from hadroni light-by-light sattering, and the last from the QED and weak orretions. When ompared to the presentexperimental average aexp� = (11 659 203� 8)� 10�10 (5.50)there results a di�erene, aexp� � aSM� (e+e�) = 33:9(11:2)� 10�10 ;aexp� � aSM� (�) = 16:7(10:7)� 10�10 ;whih represents 3.0 and 1.6 standard deviations, respetively.Although experiment and theory have now both reahed the same level of auray, � �8 �10�10 or 0:7 ppm, the present disrepany between the e+e� and � based evaluations makes theinterpretation of the above results a deliate issue as far as evidene for new physis is onerned.Other evaluations of omparable auray [88, 90, 41℄ over a similar range of variation in thedi�erene between experiment and theory. One possibility to ome to a onlusion would be tohave the experimental result still more aurate, so that even the di�erene aexp� � aSM� (�) wouldbeome suÆiently signi�ant. In this respet, it is ertainly very important that the Brookhavenexperiment is given the means to improve on the value of aexp� , bringing its error down to ��4 � 10�10 or 0:35 ppm. Furthermore, the value obtained for aSM� (e+e�) relies strongly on thelow-energy data obtained by the CMD-2 experiment, with none of the older data able to hekthem at the same level of preision. In this respet, the prospets for additional high statistisdata in the future, either from KLOE or from BaBar, are most welome. On the other hand, if thepresent disrepany in the evaluations of the hadroni vauum polarization �nds a solution in thefuture, and if the experimental error is further redued, by, say, a fator of two, then the theoretialunertainty on the hadroni light-by-light sattering will onstitute the next serious limitation onthe theoretial side. It is ertainly worthwhile to devote further e�orts to a better understanding ofthis ontribution, for instane by �nding ways to feed more onstraints with a diret link to QCDinto the desriptions of the four-point funtion �����(q1; q2; q3).6 Conluding remarksWith this review, I hope to have onvined the reader that the subjet of the anomalous magnetimoments of the eletron and of the muon is an exiting and fasinating topi. It provides a goodexample of mutual stimulation and strong interplay between experiment and theory.
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