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Abstract. During the last cen tury , in t w o apparen tly distinct domains of ph ysics, the theory of funda-

men tal in teractions and the theory of phase transitions in condensed matter ph ysics, one of the most

basic ideas in ph ysics, the decoupling of ph ysics on di�eren t length scales, has b een c hallenged. T o deal

with suc h a new situation, a new strategy w as in v en ted, kno wn under the name of renormalization

group. It has allo w ed not only explaining the surviv al of univ ersal long distance prop erties in a situa-

tion of coupling b et w een microscopic and macroscopic scales, but also calculating precisely univ ersal

quan tities.

W e here brie
y recall the origin of renormalization group ideas; w e describ e the general renormal-

ization group framew ork and its implemen tation in quan tum �eld theory . It has b een then p ossible to

emplo y quan tum �eld theory metho ds to determine man y univ ersal prop erties concerning the singular

b eha viour of thermo dynamical quan tities near a con tin uous phase transition. Results tak e the form

of div ergen t p erturbativ e series, to whic h summation metho ds ha v e to b e applied. The large order

b eha viour analysis and the Borel transformation ha v e b een esp ecially useful in this resp ect.

As an illustration, w e review here the calculation of the simplest quan tities, critical exp onen ts.

More details can b e found in the w ork

J. Zinn-Justin, Quantum Field The ory and Critic al Phenomena , Clarendon Press 1989, (Oxford

4th ed. 2002).

1 Renormalization group: Motiv ation and basic ideas

During the last cen tury , in t w o apparen tly distinct domains of ph ysics, the theory of fundamen tal

in teractions and the theory of phase transitions in condensed matter ph ysics, one of the most basic

ideas in ph ysics has b een c hallenged:

W e ha v e all b een taugh t that ph ysical phenomena should b e describ ed in terms of degrees of

freedom adapted to their t ypical scale. F or instance, w e conclude from dimensional considerations

that the p erio d of the p endulum scales lik e the square ro ot of its length. This result implicitly

assumes that other lengths in the problem, lik e the size of constituen t atoms or the radius of the

earth, are not relev an t b ecause they are m uc h to o small or m uc h to o large. In the same w a y , in

newtonian mec hanics the motion of planets around the sun can b e determined, to a v ery go o d

appro ximation, b y considering planets and sun as p oin t-lik e, b ecause their sizes are v ery small

compared with the size of the orbits.

It is clear that if this prop ert y also called the de c oupling of di�er ent sc ales of physics , w ould

not generally hold, progress in ph ysics w ould ha v e b een v ery slo w, ma yb e ev en imp ossible.

Ho w ev er, starting from ab out 1930, it w as disco v ered that the quan tum extension of Electro-

dynamics w as plagued with in�nities due to the p oin t-lik e nature of the electron. The basic reason

for this disease, the non-decoupling of scales, w as understo o d only m uc h later, but in the mean

time ph ysicists had disco v ered empirically a recip e to do �nite calculations, called r enormalization .

Sup er�cially , the renormalization idea is con v en tional: to describ e ph ysics, use parameters adapted

to the scale of observ ation, lik e the observ ed strength of the electromagnetic in teraction and the ob-

serv ed mass of the electron, rather than the initial parameters of the quan tum lagrangian. Ho w ev er,
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Figure 1: Initial lattice and lattice with double spacing.

there remained t w o p eculiarities, the relation b et w een initial parameters and so-called renormal-

ized parameters in v olv ed in�nities and the v alues of the renormalized parameters v aried with the

length or energy scale at whic h they w ere de�ned. This e�ect w as ev en tually observ ed v ery directly

in exp erimen ts; for example, the �ne structure constan t � = e

2

= 4 � ~ c is ab out 1 = 137 at the scale

giv en b y the electron mass, but increases to 1 = 128 at the scale of Z v ector b oson mass (one of

the particles mediating w eak in teractions). The relation b et w een the strength of in teractions at

di�eren t scales w as called renormalization group (R G).

Later, similar di�culties w ere disco v ered in another branc h of ph ysics, in the study of con tin-

uous phase transitions (liquid{v ap our, ferromagnetic, sup er
uid helium). Near a con tin uous phase

transition a length, called the c orr elation length , b ecomes v ery large. This means that dynamically

a length scale is generated, whic h is m uc h larger than the scale c haracterizing the microscopic

in teractions. In suc h a situation, some non-trivial macroscopic ph ysics is generated and it could

ha v e b een exp ected that phenomena at the scale of the correlation length could b e describ ed b y a

small n um b er of degrees of freedom adapted to this scale. Suc h an assumption leads to univ ersal

quasi-gaussian or mean �eld critical b eha viour, but it b ecame slo wly apparen t that critical phe-

nomena could not b e describ ed b y mean �eld theory . Again the deep reason for this failure is the

non-decoupling of scales, that is the initial microscopic scale is nev er completely forgotten.

Both in the theory of fundamen tal in teractions and in statistical ph ysics, this coupling of

v ery di�eren t scales is the sign that an in�nite n um b er of \sto c hastic" (i.e. sub ject to quan tum or

statistical 
uctuations) degrees of freedom are in v olv ed.

One could then ha v e feared that ev en at large scales ph ysics remained completely dep enden t

on the initial microscopic in teractions, rendering a predictiv e theory imp ossible. Ho w ev er, this is

not what empirically w as disco v ered. Instead, phenomena could b e gathered in universality classes

that shared a n um b er of univ ersal prop erties, a situation that indicated that only a limited n um b er

of qualitativ e prop erties of the initial microscopic in teractions w ere imp ortan t.

Remark. W e ha v e already referred to the correlation length without de�ning it. In statistical

systems, the correlation length � describ es the exp onen tial deca y of correlation functions in the

disordered phase. F or instance, for a system where the degrees of freedom are spins S ( x ) at space

p osition x , the t w o-p oin t correlation function h S ( x ) S ( y ) i deca ys exp onen tially at large distance

lik e

ln h S ( x ) S ( y ) i

j x � y j

�

j x � y j!1

�

1

�

:

The r enormalization gr oup ide a. T o explain this puzzling situation a new concept had to b e in-

v en ted, whic h w as giv en again the name of R G. The idea that w e will shortly describ e, in v olv ed

determining inductiv ely the e�ectiv e in teractions at a giv en scale. The relation b et w een e�ectiv e

in teractions at neigh b ouring scales is called a R G transformation. A w a y to construct suc h a R G

w as prop osed initially b y Kadano�. One considers a statistical mo del initially de�ned in terms of

classical spin v ariables on some lattice of spacing a and con�guration energy H

a

( S ). The partition

function is obtained b y summing o v er all spin con�gurations with a Boltzmann w eigh t

e

�H

a

( S ) =T

.

The idea then is to sum o v er the initial spins, k eeping their a v erage on the coarser lattice of spac-

ing 2 a �xed (�gure 1). After this summation, the partition function is giv en b y summing o v er the
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a v erage spins on a lattice of spacing 2 a with an e�e ctive con�guration energy H

2 a

( S ). It is clear

that this transformation can b e iterated as long as the lattice spacing remains m uc h smaller than

the correlation length � that describ es the deca y of correlation functions. This de�nes e�ectiv e

hamiltonians H

2

n

a

( S ) on lattices of spacing 2

n

a . The recursion relation

H

2

n

a

( S ) = T [ H

2

n � 1

a

( S )] ;

is a renormalization group transformation. If the transformation T has �xed p oin ts:

H

2

n

a

( S ) !

n !1

H

�

( S ) ;

or �xed surfaces, then b oth the non-gaussian b eha viour and univ ersalit y can b e understo o d. Wilson

transformed this idea based on an iterativ e summation of short distance degree of freedom, whose

initial form ulation w as somewhat v ague, in to a more precise framew ork, replacing, in particular,

R G in space b y in tegration o v er large momen ta in the F ourier represen tation. W egner, Wilson and

others then disco v ered exact functional R G equations in the con tin uum with �xed p oin ts.

Ho w ev er, these general equations do not pro vide a v ery e�cien t framew ork for �nding �xed

p oin ts and calculating explicitly univ ersal quan tities. On the other hand, it can b e argued that

the simplest univ ersalit y classes con tain some standard quan tum �eld theories. Moreo v er, the �eld

theory R G that had b een iden ti�ed previously , app eared as an asymptotic R G in the more general

framew ork. Therefore, previously dev elop ed quan tum �eld theory (QFT) tec hniques could b e used

to pro v e univ ersalit y and devise e�cien t metho ds of calculation, a domain in whic h the Sacla y

group has b een esp ecially activ e.

A strong limitation of this strategy is that the construction is p ossible only when �xed p oin ts

are gaussian or, in the sense of some external parameter, close to a gaussian �xed p oin t. This

explains the role of Wilson{Fisher's " -expansion, where " is the deviation from the dimension 4:

in dimension 4, non-trivial IR �xed p oin ts relev an t for man y simple phase transitions merge with

the gaussian �xed p oin t.

Note, ho w ev er, that a com bination of clev er tric ks has allo w ed doing calculations also at �xed

dimensions, lik e the ph ysical dimension 3.

Finally , let me notice that the understanding of non-decoupling of scales and univ ersalit y

resulting from R G �xed p oin ts, has also led to an understanding of the renormalization pro cedure

in the theory of fundamen tal in teractions. The quan tum �eld theory that describ es almost all

kno wn phenomena in particle ph ysics except gra vitation (the Standard Mo del) is no w view ed as

an e�e ctive lo w energy theory in the R G sense, and the cut-o� as the remnan t of some initial still

unkno wn microscopic ph ysics.

2 Renormalization Group: The General Idea

Ev en, if initially a statistical mo del is de�ned in terms of lattice v ariables taking a discrete set

of v alues, asymptotically after R G transformations, the a v eraged v ariables will ha v e a con tin uous

distribution, and space will also b e con tin uous. Therefore, R G �xed p oin ts b elong to the class of

statistical �eld theories in the con tin uum.

W e th us consider a general statistical mo del de�ned in terms of some, translation in v arian t,

hamiltonian H ( � ), function of a �eld � ( x ) ( x 2 R

d

), whic h is assumed to b e expandable in p o w ers

of � :

H ( � ) =

X

n =0

1

n !

Z

d

d

x

1

d

d

x

2

: : : d

d

x

n

H

n

( x

1

; x

2

; : : : ; x

n

) � ( x

1

) : : : � ( x

n

) ; (2.1)

and has all the prop erties of the thermo dynamic p oten tial of Landau's theory . F or example, the

F ourier transforms of the functions H

n

, after factorization of a � function of momen tum conserv a-

tion, are regular at lo w momen ta (assumption of short-range forces or lo calit y). In this framew ork,

the space of all p ossible hamiltonians is in�nite dimensional.
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T o a hamiltonian H ( � ) (really a con�guration energy), corresp onds a set of connected corre-

lation functions W

( n )

( x

1

; : : : ; x

n

):

W

( n )

( x

1

; x

2

; : : : ; x

n

) =

�

Z

[d � ] � ( x

1

) : : : � ( x

n

)

e

� � H ( � )

�

connect :

: (2.2)

Connected correlation functions deca y at large distance. One of the cen tral problems is the de-

termination of the long distance b eha viour of correlation functions, that is the b eha viour of

W

( n )

( �x

1

; : : : ; �x

n

) when the dilatation parameter � b ecomes large, near a con tin uous phase

transition. In what follo ws w e will only discuss critical correlation functions, that is correlation

functions at the critical temp erature where the correlation length is in�nite ( T = T

c

, � = 1 ),

although univ ersal b eha viour extends to the neigh b ourho o d of the critical temp erature where the

correlation length is large.

2.1 The renormalization group idea. Fixed p oin ts

The R G idea is to trade the initial problem, studying the b eha viour of correlation functions as

a function of dilatation parameter � acting on space v ariables, for the study of the 
o w of a

scale-dep enden t hamiltonian H

�

( � ) whic h has essen tially the same correlation functions at �xed

space p ositions. More precisely , one w an ts to construct a hamiltonian H

�

( � ) whic h has correlation

functions W

( n )

�

( x

i

) satisfying

W

( n )

�

( x

1

; : : : ; x

n

) = Z

� n= 2

( � ) W

( n )

( �x

1

; : : : ; �x

n

) : (2.3)

The mapping H ( � ) 7! H

�

( � ) is called a R G transformation. W e de�ne the transformation suc h

that H

� =1

( � ) � H ( � ). The c hoice of the function Z ( � ) dep ends on R G transformations.

In the case of mo dels in v arian t under space translations, equation (2.3) after a F ourier trans-

formation reads

f

W

( n )

�

( p

1

; : : : ; p

n

) = Z

� n= 2

( � ) �

(1 � n ) d

f

W

( n )

( p

1

=�; : : : ; p

n

=� ) : (2.4)

The simplest suc h R G transformation corresp onds to rescalings of space and �eld. Ho w ev er, this

transformation has a �xed p oin t only in exceptional cases (gaussian mo dels) and th us more general

transformations ha v e to b e considered.

The �xe d p oint hamiltonian. Let us assume that a R G transformation has b een found suc h that,

when � b ecomes large, the hamiltonian H

�

( � ) has a limit H

�

( � ), the �xed p oin t hamiltonian. If suc h

a �xed p oin t exists in hamiltonian space, then the correlation functions W

( n )

�

ha v e corresp onding

limits W

( n )

�

and equation (2.3) b ecomes

W

( n )

( �x

1

; : : : ; �x

n

) �

� !1

Z

n= 2

( � ) W

( n )

�

( x

1

; : : : ; x

n

) : (2.5)

W e no w in tro duce a second scale parameter � and calculating W

( n )

( ��x

i

) from equation (2.5) in

t w o di�eren t w a ys, w e obtain a relation in v olving only W

( n )

�

:

W

( n )

�

( �x

1

; : : : ; �x

n

) = Z

n= 2

�

( � ) W

( n )

�

( x

1

; : : : ; x

n

) (2.6)

with

Z

�

( � ) = lim

� !1

Z ( �� ) = Z ( � ) : (2.7)

Equation (2.6) b eing v alid for arbitrary � immediately implies that Z

�

forms a represen tation of

the dilatation semi-group. Th us, under reasonable assumptions,

Z

�

( � ) = �

� 2 d

�

: (2.8)

The �xed p oin t correlation functions ha v e a p o w er la w b eha viour c haracterized b y a p ositiv e

n um b er d

�

whic h is called the dimension of the �eld or order parameter � ( x ).
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Returning no w to equation (2.7), w e conclude that Z ( � ) also has asymptotically a p o w er la w

b eha viour. Equation (2.5) then sho ws that the correlation functions W

( n )

ha v e a scaling b eha viour

at large distances:

W

( n )

( �x

1

; : : : ; �x

n

) �

� !1

�

� nd

�

W

( n )

�

( x

1

; : : : ; x

n

) (2.9)

with a p o w er d

�

whic h is a prop ert y of the �xed p oin t. The r.h.s. of the equation, whic h determines

the critical b eha viour of correlation functions, therefore, dep ends only on the �xed p oin t hamilto-

nian. In other w ords, the correlation functions corresp onding to all hamiltonians whic h 
o w after

R G transformations in to the same �xed p oin t, ha v e the same critical b eha viour. This prop ert y

is an example of universality . The space of hamiltonians is th us divided in to universality classes .

Univ ersalit y , b ey ond the gaussian theory , relies up on the existence of IR �xed p oin ts in the space

of hamiltonians.

2.2 Hamiltonian 
o ws. Scaling op erators

Let us consider an in�nitesimal dilatation whic h leads from the scale � to the scale � (1 + d �=� ).

The v ariation of the hamiltonian H

�

, consisten t with equation (2.5), tak es the form of a di�eren tial

equation whic h in v olv es a mapping T of the space of hamiltonians in to itself and a real function �

de�ned on the space of hamiltonians:

�

d

d �

H

�

= T [ H

�

] ; (2.10)

�

d

d �

ln Z ( � ) = � 2 d

�

[ H

�

] : (2.11)

Equation (2.10) is a R G transformation in di�eren tial form. Moreo v er, w e lo ok only for mark o vian


o ws as a function of the \time" ln � , that is suc h that T do es not dep end on � .

A �xed p oin t hamiltonian H

�

is then a solution of the �xed p oin t equation

T [ H

�

] = 0 : (2.12)

The dimension d

�

of the �eld � follo ws

d

�

= d

�

[ H

�

] : (2.13)

Line arize d 
ow e quations. T o study the lo cal stabilit y of �xed p oin ts, w e apply the R G transfor-

mation (2.10) to a hamiltonian H

�

= H

�

+ � H

�

close to the �xed p oin t H

�

. The linearized R G

equation tak es the form

�

d

d �

� H

�

= L

�

(� H

�

) ; (2.14)

where L

�

is a linear op erator, also indep enden t of � , acting on hamiltonian space. Let us assume

that L

�

has a discrete set of eigen v alues l

i

corresp onding to a set of eigenop erators O

i

. Then, � H

�

can b e expanded on the O

i

's:

� H

�

=

X

h

i

( � ) O

i

; (2.15)

and the transformation (2.14) b ecomes

�

d

d �

h

i

( � ) = l

i

h

i

( � ) ) h

i

( � ) = �

l

i

h

i

(1) : (2.16)

Classi�c ation of eigenve ctors or sc aling �elds . The eigen v ectors O

i

can b e classi�ed in to four

families dep ending on the corresp onding eigen v alues l

i

:

(i) Eigen v alues with a p ositiv e real part. The corresp onding eigenop erators are called r elevant .

If H

�

has a comp onen t on one of these op erators, this comp onen t will gro w with � , and H

�

will

mo v e a w a y from the neigh b ourho o d of H

�

. Op erators asso ciated with a deviation from criticalit y

are clearly relev an t since a dilatation decreases the e�ectiv e correlation length.
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(ii) Eigen v alues with Re( l

i

) = 0. Then, t w o situations can arise: either Im( l

i

) do es not v anish,

and the corresp onding comp onen t has a p erio dic b eha viour, or l

i

= 0. Eigenop erators corresp onding

to a v anishing eigen v alue are called mar ginal . T o determine the b eha viour of the corresp onding

comp onen t h

i

, it is necessary to expand b ey ond the linear appro ximation. Generically , one �nds

�

d

d �

h

i

( � ) � B h

2

i

: (2.17)

Dep ending on the sign of the constan t B and the initial sign of h

i

, the �xed p oin t then is marginally

unstable or stable. In the latter case, the solution tak es for � large the form

h

i

( � ) � � 1 = ( B ln � ) : (2.18)

A marginal op erator generally leads to a logarithmic approac h to a �xed p oin t. In section 3.2, w e

sho w that in the �

4

�eld theory , the op erator �

4

( x ) is marginally irrelev an t in four dimensions.

An exceptional example is pro vided b y the XY mo del in t w o dimensions ( O (2) symmetric

non-linear � -mo del) whic h instead of an isolated �xed p oin t, has a line of �xed p oin ts. The op erator

whic h corresp onds to a motion along the line is ob viously marginal.

(iii) Eigen v alues with a negativ e real part. The corresp onding op erators are called irr elevant .

The e�ectiv e comp onen ts on these op erators go to zero for large dilatations.

(iv) Finally , some op erators do not a�ect the ph ysics. An example is pro vided b y the op erator

realizing a constan t m ultiplicativ e renormalization of the dynamical v ariables � ( x ). These op erators

are called r e dundant . In QFT, quan tum equation of motions corresp ond to redundan t op erators

with v anishing eigen v alue.

Classi�c ation of �xe d p oints . Fixed p oin ts can b e classi�ed according to their lo cal stabilit y prop-

erties, that is, to the n um b er of relev an t op erators. This n um b er is also the n um b er of conditions

a general hamiltonian m ust satisfy to b elong to the surface whic h 
o ws in to the �xed p oin t.

The critic al domain. Univ ersalit y is not limited to the critical theory . F or temp eratures close to T

c

,

and more generally for theories in whic h the hamiltonian is the sum of a critical hamiltonian and

a linear com bination of relev an t op erators with v ery small amplitudes, univ ersal prop erties can b e

deriv ed. Indeed, for small dilatations, the R G 
o w is hardly a�ected. After some large dilatation,

the 
o w starts deviating substan tially from the 
o w of the critical hamiltonian. But at this p oin t

the comp onen ts of the hamiltonian on all irrelev an t op erators are already small.

This argumen t indicates that the b eha viour of correlation functions as a function of amplitudes

of relev an t op erators is univ ersal in the limit of asymptotically small amplitudes. One calls critic al

domain the domain of parameters in whic h univ ersalit y can b e exp ected.

3 Critical b eha viour: The e�ectiv e �

4

�eld theory

In the discussion, w e restrict ourselv es to Ising-lik e systems, the �eld � ha ving only one comp onen t.

A generalization to the N -v ector mo del with O ( N ) symmetry is straigh tforw ard.

The main di�cult y with the general R G approac h is that it requires an explicit construction

of R G transformations for hamiltonians, whic h ha v e a c hance to p ossess �xed p oin ts. The general

idea is to in tegrate o v er the large momen tum mo des of the dynamical v ariables, but its practical

implemen tation is far from b eing straigh tforw ard. In the con tin uum, R G equations, kno wn under

the name of Exact or F unctional R G, ha v e b een disco v ered, whic h in simple examples ha v e indeed

�xed p oin ts. They can b e written

�

d

d �

H ( �; � ) = �

Z

d

d

x

� H ( �; � )

� � ( x )

"

d

�

( H ) +

X

�

x

�

@

@ x

�

#

� ( x )

�

1

2

Z

d

d

x d

d

y D ( x � y )

�

�

2

H

� � ( x ) � � ( y )

�

� H

� � ( x )

� H

� � ( y )

�

�

Z

d

d

x d

d

y L ( x � y )

� H

� � ( x )

� ( y ) ; (3.1)
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where the functions D and L are de�ned in terms of a propagator �, whose F ourier transform

~

�( k ) can b e written

~

�( k ) = C ( k

2

) =k

2

; C (0) = 1 ;

the regular function C ( k

2

) decreasing faster than an y p o w er for j k j ! 1 . Then, the F ourier

transform of the function D is

~

D ( k

2

) = 2 C

0

( k

2

) ;

and

L ( x ) =

1

(2 � )

d

Z

d

d

k

e

ik x

~

D ( k )

~

�

� 1

( k ) ;

V arious appro ximation sc hemes lik e deriv ativ e expansions reduce these equations to partial dif-

feren tial equations, whic h can b e studied n umerically . They are quite useful for exploring general

prop erties, b ey ond p erturbativ e expansions, but are somewhat complicated for precise calculations

of univ ersal quan tities.

Another strategy is to start from the only �xed p oin t that can b e analyzed completely , the

gaussian �xed p oin t, the statistical analogue of free QFT. It corresp onds to the hamiltonian

H

G

( � ) =

1

2

Z

d

d

x

X

�

�

@

�

� ( x )

�

2

:

An analysis of lo cal p erturbations, ev en functions of � , sho ws that �

2

( x ), whic h a�ects the corre-

lation length, is alw a ys relev an t. F or d > 4, all other p erturbations are irrelev an t. F or d = 4, �

4

( x )

b ecomes marginal and relev an t for d < 4. F or lo w er dimensions ev en tually other terms b ecome

relev an t to o. The idea then is to w ork in dimension d = 4 or in the neigh b ourho o d of dimension

4 (the famous " = 4 � d expansion) and try to write an asymptotic R G (in a sense that will b e

explained in next section) for the simpli�ed e�ectiv e lo cal hamiltonian

H ( � ) =

Z

d

d

x

�

1

2

r � ( x ) K ( �r

2

= �

2

) r � ( x ) +

1

2

r �

2

( x ) +

1

4!

g �

4 � d

�

4

( x )

�

; (3.2)

where K is a p ositiv e di�eren tial op erator, K ( z ) = 1 + O ( z ), r and g are r e gular functions of

the temp erature for T close to T

c

and � is a large momen tum analogous to the cut-o� used to

regularize QFT, that is 1 = � represen ts the scale of distance at whic h this e�ectiv e hamiltonian is

no longer generally v alid. The parameter g is c hosen here dimensionless.

The hamiltonian (3.2) generates a p erturbativ e expansion of �eld theory t yp e, whic h can

b e describ ed in terms of F eynman, diagrams. The quadratic term in (3.2) con tains additional

higher order deriv ativ es, corresp onding to irrelev an t op erators, re
exion of the initial microscopic

structure. They are needed to render p erturbation theory �nite and this is another manifestation

of the non-decoupling of scales.

A t g �xed, the correlation length � div erges at a v alue r = r

c

, whic h th us corresp onds to the

critical temp erature T

c

. In terms of the scale �, the critical domain, where univ ersalit y is exp ected,

is then de�ned b y j r � r

c

j � �

2

, distances large compared to 1 = � or momen ta m uc h smaller than

�, and magnetization M � h � ( x ) i � �

( d= 2) � 1

. These conditions are met if � is iden ti�ed with

the cut-o� of a usual QFT. Ho w ev er, an insp ection of the action (3.2) also sho ws that, in con trast

with con v en tional QFT, the �

4

coupling constan t has a dep endence in � giv en a priori . This

follo ws from the assumption that the e�ectiv e hamiltonian is deriv ed from some initial microscopic

mo del, and, th us, all op erators ha v e co e�cien ts prop ortional to p o w ers of the cut-o� giv en b y their

dimension at the gaussian �xed p oin t. F or d < 4, the �

4

coupling is th us v ery large in terms of the

scale relev an t for the critical domain. In the usual form ulation of QFT, b y con trast, the coupling

constan t is also an adjustable parameter and the resulting QFT th us is less generic.

3.1 Renormalization group equations near dimension 4

The hamiltonian (3.2) can b e studied b y QFT metho ds. Rather than writing R G equations for

the hamiltonian, it app ears that it is simpler to �rst deriv e R G equations for correlation or v ertex
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functions directly , as w e no w explain. Using a p o w er coun ting argumen t, one v eri�es that the critical

theory do es not exist in p erturbation theory for an y dimension smaller than 4. If one de�nes, b y

dimensional con tin uation, a critical theory in dimension d = 4 � " , ev en for arbitrarily small "

there alw a ys exists an order in p erturbation ( � 2 / " ) at whic h infrared (IR, i.e. zero momen tum)

div ergences app ear. Therefore, the idea, originally due to Wilson and Fisher, is to p erform a double

series expansion in p o w ers of the coupling constan t g and " . Order b y order in this expansion, the

critical b eha viour di�ers from the gaussian b eha viour only b y p o w ers of logarithm, and one can

construct a p erturbativ e critical theory b y adjusting r to its critical v alue r

c

( T = T

c

).

In the critical theory , correlation functions ha v e the form

W

( n )

( x

i

; g ; �) = �

n ( d � 2) = 2

W

( n )

(� x

i

; g ; 1) :

Therefore, studying the large distance b eha viour is equiv alen t to studying the large cut-o� b e-

ha viour. One then can use metho ds dev elop ed for the construction of the renormalized massless �

4

�eld theory . One considers correlation functions of the F ourier comp onen ts of the �eld, after factor-

ization of the � function of momen tum conserv ation due to translation in v ariance. F urthermore, it

is more con v enien t to w ork with algebraic com binations of correlation functions called v ertex func-

tions, denoted b elo w b y �

( n )

, and deriv ed from the Legendre transform of the generating functional

of connected correlation functions. F or example,

f

W

(2)

( p ; g ; �)�

(2)

( p ; g ; �) = 1 :

One then in tro duces rescaled (or renormalized) v ertex functions c haracterized b y a new scale � � �

at whic h univ ersal b eha viour is exp ected,

�

( n )

r

( p

i

; g

r

; �; �) = Z

n= 2

( g ; � =� )�

( n )

( p

i

; g ; �) ; (3.3)

where Z ( g ; � =� ) is a �eld renormalization constan t and g

r

a renormalized coupling constan t, whic h

c haracterizes the strength of the �

4

in teraction at scale � . A t criticalit y

�

(2)

( p = 0; g ; �) = �

(2)

r

(0; g

r

; �; �) = 0 :

The renormalization factor Z ( g ; � =� ) and the renormalized coupling constan t g

r

are then deter-

mined b y additional conditions, for example, b y renormalization conditions of the form

@

@ p

2

�

(2)

r

( p ; g

r

; �; �) j

p

2

= �

2

= 1 ;

�

(4)

r

( p

i

= ��

i

; g

r

; �; �) = �

"

g

r

; (3.4)

in whic h �

i

is a n umerical v ector ( �

i

6= 0).

F rom renormalization theory (more precisely a sligh tly extended v ersion adapted to the " -

expansion), one then infers that the functions �

( n )

r

( p

i

; g

r

; �; �) of equation (3.3) ha v e at p

i

, g

r

and � �xed, large cut-o� limits whic h are the renormalized v ertex functions �

( n )

r

( p

i

; g

r

; � ). More-

o v er, renormalized functions �

( n )

r

do not dep end on the sp eci�c cut-o� pro cedure and, giv en the

normalization conditions (3.4), are univ ersal. Since the renormalized functions �

( n )

r

and the ini-

tial ones �

( n )

are asymptotically prop ortional, b oth functions ha v e the same small momen tum or

large distance b eha viour. The renormalized functions th us con tain the whole information ab out the

asymptotic univ ersal critical b eha viour. One could, therefore, study only renormalized correlation

functions, whic h indeed are the ones useful for man y explicit calculations of univ ersal quan tities.

Ho w ev er, univ ersalit y is not limited to the asymptotic critical b eha viour; leading corrections ha v e

also some in teresting univ ersal prop erties. Moreo v er, renormalized quan tities are not directly ob-

tained in non-p erturbativ e calculations. F or these v arious reasons, it is also useful to study the

implications of equation (3.3) directly for the initial correlation functions.

R G e quations. Di�eren tiating equation (3.3) with resp ect to � at g

r

and � �xed, one obtains

�

@

@ �

�

�

�

�

g

r

;� �xed

Z

n= 2

( g ; � =� )�

( n )

( p

i

; g ; �) = O (�

� 2

(ln �)

L

) : (3.5)
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W e no w neglect corrections subleading b y p o w ers of � order b y order in the double series expansion

of g and " . W e assume that these corrections, generated b y op erators irrelev an t from the p oin t

of view of the gaussian �xed p oin t, remain, after summation, corrections, that is that irrelev an t

op erators are con tin uously deformed in to irrelev an t op erators for the non-trivial �xed p oin ts.

Then, using c hain rule, one infers from equation (3.5):

�

�

@

@ �

+ � ( g ; � =� )

@

@ g

�

n

2

� ( g ; � =� )

�

�

( n )

( p

i

; g ; �) = 0 : (3.6)

The functions � and � , whic h are dimensionless and ma y th us dep end only on the dimensionless

quan tities g and � =� , are de�ned b y

� ( g ; � =� ) = �

@

@ �

�

�

�

�

g

r

;�

g ; (3.7)

� ( g ; � =� ) = � �

@

@ �

�

�

�

�

g

r

;�

ln Z ( g ; � =� ) : (3.8)

Ho w ev er, the functions � and � can also b e directly calculated from equation (3.6) in terms of

functions �

( n )

whic h do not dep end on � . Therefore, the functions � and � cannot dep end on the

ratio � =� and equation (3.6) simpli�es as

�

�

@

@ �

+ � ( g )

@

@ g

�

n

2

� ( g )

�

�

( n )

( p

i

; g ; �) = 0 : (3.9)

Equation (3.9), consequence of the existence of a renormalized theory , is satis�ed, when the cut-o�

is large, b y the ph ysical v ertex functions of statistical mec hanics whic h are also the b ar e v ertex

functions of QFT. It follo ws implicitly from the solution of equation (3.9) (see section 3.2) that,

con v ersely , the equation implies the existence of a renormalized theory .

This R G is only asymptotic b ecause the r.s.h. of equation (3.5) and th us (3.6) ha v e b een

neglected.

3.2 Solution of the R G equations: The " -expansion

Equation (3.9) can b e solv ed b y the metho d of c haracteristics. One in tro duces a dilatation param-

eter � and lo oks for functions g ( � ) and Z ( � ) suc h that

�

d

d �

h

Z

� n= 2

( � )�

( n )

�

p

i

; g ( � ) ; � �

�

i

= 0 : (3.10)

Consistency with equation '3.9) implies

�

d

d �

g ( � ) = �

�

g ( � )

�

; g (1) = g ; (3.11)

�

d

d �

ln Z ( � ) = �

�

g ( � )

�

) ; Z (1) = 1 : (3.12)

The function g ( � ) is the e�ectiv e coupling at the scale � , and is go v erned b y the 
o w equation

(3.11). Equation (3.10) implies

�

( n )

( p

i

; g ; �) = Z

� n= 2

( � )�

( n )

�

p

i

; g ( � ) ; � �

�

:

It is actually con v enien t to rescale � b y a factor 1 =� and write the equation

�

( n )

( p

i

; g ; � =� ) = Z

� n= 2

( � )�

( n )

�

p

i

; g ( � ) ; �

�

: (3.13)

Equations (3.11)-(3.12) and (3.13) implemen t appro ximately (b ecause terms subleading b y p o w ers

of � ha v e b een neglected) the R G ideas as presen ted in section 2: since the coupling constan t g ( � )
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c haracterizes the hamiltonian H

�

, equation (3.11) is the equiv alen t of equation (2.10) (up to the

c hange � 7! 1 =� ); equations (2.11) and (3.12) di�er only b y the de�nition of Z ( � ).

The solutions of equations (3.11)-(3.12) can b e written as

Z

g ( � )

g

d g

0

� ( g

0

)

= ln � ; (3.14)

Z

�

1

d �

�

�

�

g ( � )

�

= ln Z ( � ) : (3.15)

Equation (3.9) is the R G equation in di�eren tial form. Equations (3.13) and (3.14)-(3.15) are

the in tegrated R G equations. In equation (3.13), w e see that it is equiv alen t to increase � or to

decrease � . T o in v estigate the large � limit w e, therefore, study the b eha viour of the e�ectiv e

coupling constan t g ( � ) when � go es to zero. Equation (3.14) sho ws that g ( � ) increases if the

function � is negativ e, or decreases in the opp osite case. Fixed p oin ts corresp ond to zeros of the

� -function whic h, therefore, pla y an essen tial role in the analysis of critical b eha viour. Those where

the � -function has a negativ e slop e are IR repulsiv e: the e�ectiv e coupling mo v es a w a y from suc h

zeros, except if the initial coupling has exactly a �xed p oin t v alue. Con v ersely , those where the

slop e is p ositiv e are IR attractiv e.

The R G functions ha v e b een calculated in p erturbation theory and one �nds

� ( g ; " ) = � "g +

3 g

2

16 �

2

+ O ( g

3

; g

2

" ) : (3.16)

The explicit expression (3.16) of the � -function sho ws that ab o v e dimension 4, that is, " < 0, if

initially g is small, g ( � ) decreases approac hing the origin g = 0. W e reco v er that the gaussian �xed

p oin t is IR stable.

By con trast, b elo w four dimensions, if initially g is v ery small, g ( � ) �rst increases, a b eha viour

re
ecting the instabilit y of the gaussian �xed p oin t.

Ho w ev er, the explicit expression (3.16) sho ws that, in the sense of an expansion in p o w ers of

" , � ( g ) has another zero

g

�

= 16 �

2

"= 3 + O ( "

2

) ) � ( g

�

) = 0 ; (3.17)

with a p ositiv e slop e for " in�nitesimal:

! � �

0

( g

�

) = " + O ( "

2

) > 0 : (3.18)

Then, equation (3.14) sho ws that g ( � ) has g

�

as an asymptotic limit. Belo w dimension 4, at least

for " in�nitesimal, this non-gaussian �xed p oin t is IR stable. In dimension 4, it merges with the

gaussian �xed p oin t and the eigen v alue ! v anishes indicating the app earance of the marginal

op erator.

F rom equation (3.15), w e then deriv e the b eha viour of Z ( � ) for � small. The in tegral in the

l.h.s. is dominated b y small v alues of � . It follo ws that

ln Z ( � ) �

� ! 0

� ln � ; (3.19)

where w e ha v e set

� = � ( g

�

) :

Equation (3.13) then determines the b eha viour of �

( n )

( p

i

; g ; �) for � large:

�

( n )

( p

i

; g ; � =� ) � �

� n� = 2

�

( n )

( p

i

; g

�

; �) : (3.20)

On the other hand, from simple dimensional considerations, w e kno w that

�

( n )

( p

i

; g ; � =� ) = �

� d +( n= 2)( d � 2)

�

( n )

( �p

i

; g ; �) : (3.21)

Com bining this equation with equation (3.20), w e obtain

�

( n )

( �p

i

; g ; �) �

� ! 0

�

d � ( n= 2)( d � 2+ � )

�

( n )

( p

i

; g

�

; �) : (3.22)
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This equation sho ws that critical v ertex functions ha v e a p o w er la w b eha viour for small momen ta,

indep enden t of the initial v alue of the �

4

coupling constan t g , at least if g initially is small enough

for p erturbation theory to b e meaningful, or if the � -function has no other zero.

Equation (3.22) yields for n = 2 the small momen tum b eha viour of the v ertex t w o-p oin t

function, and th us of the t w o-p oin t correlation function

f

W

(2)

( p ) =

h

�

(2)

( p )

i

� 1

�

j p j! 0

1

�

p

2 � �

: (3.23)

The sp ectral represen tation of the t w o-p oin t function implies � > 0. A short calculation yields

� =

"

2

54

+ O ( "

3

) : (3.24)

Finally , w e note that equation (3.22) can b e in terpreted b y sa ying that the �eld � ( x ), whic h had at

the gaussian �xed p oin t a canonical dimension ( d � 2) = 2, has no w acquired an anomalous dimension

(equation (2.13))

d

�

=

1

2

( d � 2 + � ) :

Universality. Within the framew ork of the " -expansion, all correlation functions ha v e, for d < 4, a

long distance b eha viour di�eren t from the one predicted b y a quasi-gaussian or mean �eld theory .

In addition, the critical b eha viour do es not dep end on the initial v alue of the �

4

coupling constan t

g . Therefore, the critical b eha viour is universal , although less univ ersal than in the quasi-gaussian

theory , in the sense that it dep ends only on some small n um b er of qualitativ e prop erties of the

ph ysical system under study .

4 Calculation of univ ersal quan tities

W e presen t here some explicit results obtained within the framew ork of the O ( N ) symmetric ( �

2

)

2

statistical �eld theory . The results of the ( �

2

)

2

�eld theory , or N -v ector mo del do not apply only

to ferromagnetic systems. The sup er
uid helium transition corresp onds to N = 2, the N = 0 limit

is related to the statistical prop erties of p olymers and the Ising-lik e N = 1 mo del also describ es

the ph ysics of the liquid{v ap our transition.

W e discuss only critical exp onen ts, although a n um b er of other univ ersal quan tities ha v e b een

calculated lik e the scaling equation of state or ratios of critical amplitudes.

4.1 The " -expansion

Critical exp onen ts in the N -v ector mo del are kno wn up to order "

5

. The higher order calculations

ha v e b een done using dimensional regularization and a minimal subtraction sc heme. The equation

of state is kno wn up to order "

2

for arbitrary N and to order "

3

for N = 1. A n um b er of results

ha v e also b een obtained for the t w o-p oin t correlation function.

4.2 Critical exp onen ts

Although the R G functions of the ( �

2

)

2

theory and, therefore, the critical exp onen ts are kno wn up

to �v e-lo op order, w e giv e here only t w o successiv e terms in the expansion for illustration purp ose,

referring to the literature for higher order results. In terms of the v ariable

~g = N

d

g ; N

d

=

2

(4 � )

d= 2

�( d= 2)

; (4.1)

the R G functions � ( ~ g ) and �

2

( ~ g ) at t w o-lo op order, � ( ~ g ) at three-lo op order are

� ( ~ g ) = � " ~g +

( N + 8)

6

~g

2

�

(3 N + 14)

12

~g

3

+ O

�

~g

4

�

; (4.2)

� ( ~ g ) =

( N + 2)

72

~g

2

�

1 �

( N + 8)

24

~g

�

+ O

�

~g

4

�

; (4.3)

�

2

( ~ g ) = �

( N + 2)

6

~g

�

1 �

5

12

~g

�

+ O

�

~g

3

�

; (4.4)
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k 0 1 2 3 4 5


 1 : 000 1 : 1667 1 : 2438 1 : 1948 1 : 3384 0 : 8918

� 0 : 0 : : : 0 : 0 : : : 0 : 0185 0 : 0372 0 : 0289 0 : 0545

T able 1: Sum of the successiv e terms of the " -expansion of 
 and � for " = 1 and N = 1

The zero ~g

�

( " ) of the � -function then is ~g

�

( " ) = 6 "= ( N + 8) + O ( "

2

). The v alues of the critical

exp onen ts � , 
 and the correction exp onen t ! ,

� = � ( ~ g

�

) ; 
 =

2 � �

2 + �

2

( ~ g

�

)

; ! = �

0

( ~ g

�

) ;

follo w

� =

"

2

( N + 2)

2( N + 8)

2

�

1 +

( � N

2

+ 56 N + 272)

4( N + 8)

2

"

�

+ O

�

"

4

�

; (4.5)


 = 1 +

( N + 2)

2( N + 8)

" +

( N + 2)

4( N + 8)

3

�

N

2

+ 22 N + 52

�

"

2

+ O

�

"

3

�

; (4.6)

! = " �

3(3 N + 14)

( N + 8)

2

"

2

+ O

�

"

3

�

: (4.7)

Other exp onen ts can b e obtained from scaling relations. Note that the results at next order in v olv e

� (3). A t higher orders � (5) and � (7) successiv ely app ear. In table 1, w e giv e the v alues of the

critical exp onen ts 
 and � obtained b y simply adding the successiv e terms of the " -expansion for

" = 1 and N = 1.

One immediately observ es a striking phenomenon: the sums �rst seem to settle near some

reasonable v alue and then b egin to div erge with increasing oscillations. This is an indication that

the " -expansion is div ergen t for all v alues of " . Div ergen t series can b e used for small v alues of the

argumen t. Ho w ev er, only a limited n um b er of terms of the series can then b e tak en in to accoun t.

The last term added giv es an indication of the size of the irreducible error. F or the exp onen ts 


and � w e roughly conclude from the series


 = 1 : 244 � 0 : 050 ; � = 0 : 037 � 0 : 008 ;

where the errors are only indicativ e.

4.3 The p erturbativ e expansion at �xed dimension

Critical exp onen ts and v arious univ ersal quan tities ha v e also b een calculated within the framew ork

of the massiv e ( �

2

)

2

�eld theory , as p erturbativ e series at �xed dimension 3. The basic reason

is that in dimension 3 one-lo op diagrams ha v e simple analytic expressions that can b e used to

simplify most higher order diagrams. It has, therefore, b een p ossible to calculate the R G functions

of the N -v ector mo del up to six- and partially sev en-lo op order.

Note that this massiv e �

4

�eld theory is a somewhat arti�cial construction: when the correla-

tion length increases, sim ultaneously the co e�cien t of the relev an t �

4

op erator is tuned to decrease

lik e g / (� � )

d � 4

. Then, all correlation functions ha v e a limit for � ! 1 , order b y order in an

expansion in p o w ers of g at �xed dimension d < 4. Ho w ev er, the usual critical theory corresp onds

in this framew ork to an in�nite coupling constan t. Therefore, correlation functions renormalized at

zero momen tum are in tro duced, and corresp ondingly a renormalized coupling constan t g

r

, whic h

is a univ ersal function of g . Within the framew ork of the " -expansion, one pro v es that g

r

has a
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�nite limit g

�

r

when g ! 1 . T o the mapping g 7! g

r

is asso ciated a function � ( g

r

). F or example,

the R G � -function in three dimensions, for N = 1, has the expansion

� ( ~ g ) = � ~g + ~g

2

�

308

729

~g

3

+ 0 : 3510695978 ~ g

4

� 0 : 3765268283 ~ g

5

+0 : 49554751 ~ g

6

� 0 : 749689 ~ g

7

+ O

�

~g

8

�

(4.8)

with the normalization

~g = 3 g

r

= (16 � ) : (4.9)

T o calculate exp onen ts or other univ ersal quan tities, one has �rst to �nd the IR stable zero g

�

r

of

the function � ( g

r

), whic h is giv en b y a few terms of a div ergen t expansion. An ob vious problem is

the absence of an y small parameter: g

�

is a n um b er of order 1. Already at this stage a summation

metho d is required. Estimates of critical exp onen ts are displa y ed in table 3. In recen t y ears univ ersal

ratios of critical amplitudes as w ell as the equation of state for Ising-lik e systems ( N = 1) ha v e also

b een calculated. Note, ho w ev er, that in this framew ork, the calculation of ph ysical quan tities in the

ordered phase leads to additional tec hnical problems b ecause the theory is parametrized in terms

of the disordered phase correlation length m

� 1

whic h is singular at T

c

. Also, the normalization of

correlation functions is singular at T

c

. This required dev eloping a com bination of tec hniques based

on series summation, parametric represen tation and a metho d of order-dep enden t mapping.

4.4 Series summation

Because all series, " -expansion or p erturbativ e expansions at �xed dimension, are div ergen t, sum-

mation metho ds had to b e dev elop ed. W e describ e here metho ds based on generalized Borel trans-

formations. The necessary analytic con tin uation of the Borel transform outside its circle of con v er-

gence is then ac hiev ed b y a conformal mapping.

The metho d. Sev eral di�eren t v arian ts based on the Borel{Lero y transformation ha v e b een imple-

men ted and tested. Let R ( z ) b e the function whose expansion has to b e summed ( z here stands

for " or the coupling constan t ~g ):

R ( z ) =

X

k =0

R

k

z

k

: (4.10)

A plausible assumption is that the Borel transform is analytic in a cut-plane. One th us transforms

the series in to

R ( z ) =

1

X

k =0

B

k

( � )

Z

1

0

t

�

e

� t

[ u ( z t )]

k

d t ; (4.11)

u ( z ) =

p

1 + az � 1

p

1 + z a + 1

: (4.12)

The co e�cien ts B

k

are calculated b y iden tifying the expansion of the r.h.s. of equation (4.11) in

p o w ers of z with the expansion (4.10). The constan t a is kno wn from the large order b eha viour

analysis in QFT based on instan tons,

a ( d = 3) = 0 : 147774232 �

�

9 = ( N + 8)

�

; (4.13)

and � is a free parameter, adjusted empirically to impro v e the con v ergence of the transformed

series b y w eak ening the singularities of the Borel transform near z = � a . Ev en tually , the metho d

has b een re�ned, whic h in v olv ed also in tro ducing t w o additional free parameters.

Needless to sa y , with three parameters and short initial series it b ecomes p ossible to �nd o c-

casionally some transformed series whose apparen t con v ergence is deceptiv ely go o d. It is, therefore,

essen tial to v ary the parameters in some range around the optimal v alues to examine the sensitivit y

of the results up on their v ariations. Finally , it is useful to sum indep enden tly series for exp onen ts

related b y scaling relations. An underestimation of the apparen t errors leads to inconsisten t results.

It is clear from these remarks that the errors quoted in the �nal results are educated guesses based

on a large n um b er of consistency c hec ks.



68 J. Zinn-Justin S � eminaire P oincar � e

k 2 3 4 5 6 7

~g

�

1 : 8774 1 : 5135 1 : 4149 1 : 4107 1 : 4103 1 : 4105

� 0 : 6338 0 : 6328 0 : 62966 0 : 6302 0 : 6302 0 : 6302


 1 : 2257 1 : 2370 1 : 2386 1 : 2398 1 : 2398 1 : 2398

T able 2: Series summed b y the metho d based on Borel transformation and mapping for the zero

~g

�

of the � ( g ) function and the exp onen ts 
 and � in the �

4

3

�eld theory

A few examples of transformed series are displa y ed in table 2 to illustrate the con v ergence.

The ( �

2

)

2

�eld the ory at �xe d dimensions. The R G � -function has b een determined up to six-lo op

order in three dimensions, while the series for the dimensions of the �elds � and �

2

ha v e recen tly

b een extended to sev en lo ops. The series of the R G � -function has b een �rst summed and its zero

~g

�

determined ( ~ g = g

r

( N + 8) = (48 � ) for d = 3. The series of the other R G functions ha v e then

b een summed for ~g = ~g

�

. Examples of con v ergence are giv en in table 2.

The " -exp ansion. The " -expansion has one adv an tage: it allo ws connecting the results in three

and t w o dimensions. In particular, in the cases N = 1 and N = 0, it is p ossible to compare the

�

4

results with exact results coming from lattice mo dels and to test b oth univ ersalit y and the

reliabilit y of the summation pro cedure. Moreo v er, it is p ossible to impro v e the three-dimensional

results b y imp osing the exact t w o-dimensional v alues or the b eha viour near t w o dimensions for

N > 1. Ho w ev er, since the series in " are shorter than the series at �xed dimension 3, the apparen t

errors are larger. Finally , as already emphasized, the comparison b et w een the di�eren t results is a

c hec k of the consistency of QFT metho ds com bined with the summation pro cedures.

4.5 Numerical estimates of critical exp onen ts

Fixe d dimension 3. T able 3 displa ys the results obtained from summed p erturbation series at �xed

dimension 3. The last exp onen t � = ! � c haracterizes corrections to scaling in the temp erature

v ariable.

Note that shorter series ha v e b een generated in dimension 2 (�v e lo ops). Because the series

are short and the �xed coupling constan t larger, the apparen t errors are large, but the results are

consisten t with exact N = 1 results.

The " -exp ansion. In table 4, w e giv e the results coming from the summed " -expansion for " = 2

and compare them with exact results.

W e see in this table that the agreemen t for N = 0 and N = 1 QFT and lattice mo dels

is satisfactory . W e feel justi�ed, therefore, in using a summation pro cedure of the " -expansion

whic h automatically incorp orates the d = 2, " = 2 v alues. Note, ho w ev er, that in b oth cases, the

iden ti�cation of ! remains a problem.

T able 5 then displa ys the results for " = 1, b oth for the " series (free) and a mo di�ed " series

where the d = 2 results are imp osed (b c).

Discussion. One can no w compare the t w o sets of results coming from the p erturbation series at

�xed dimension, and the " -expansion. First let us emphasize that the agreemen t is quite sp ectacular,

although the apparen t errors of the " -expansion are in general larger b ecause the series are shorter.

Moreo v er, the agreemen t has impro v ed with longer series.
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N 0 1 2 3

~g

�

1 : 413 � 0 : 006 1 : 411 � 0 : 004 1 : 403 � 0 : 003 1 : 390 � 0 : 004

g

�

26 : 63 � 0 : 11 23 : 64 � 0 : 07 21 : 16 � 0 : 05 19 : 06 � 0 : 05


 1 : 1596 � 0 : 0020 1 : 2396 � 0 : 0013 1 : 3169 � 0 : 0020 1 : 3895 � 0 : 0050

� 0 : 5882 � 0 : 0011 0 : 6304 � 0 : 0013 0 : 6703 � 0 : 0015 0 : 7073 � 0 : 0035

� 0 : 0284 � 0 : 0025 0 : 0335 � 0 : 0025 0 : 0354 � 0 : 0025 0 : 0355 � 0 : 0025

� 0 : 3024 � 0 : 0008 0 : 3258 � 0 : 0014 0 : 3470 � 0 : 0016 0 : 3662 � 0 : 0025

� 0 : 235 � 0 : 003 0 : 109 � 0 : 004 � 0 : 011 � 0 : 004 � 0 : 122 � 0 : 010

! 0 : 812 � 0 : 016 0 : 799 � 0 : 011 0 : 789 � 0 : 011 0 : 782 � 0 : 0013

� = ! � 0 : 478 � 0 : 010 0 : 504 � 0 : 008 0 : 529 � 0 : 009 0 : 553 � 0 : 012

T able 3: Estimates of critical exp onen ts in the O ( N ) symmetric ( �

2

)

2

3

�eld theory


 � � � !

N = 0 1 : 39 � 0 : 04 0 : 76 � 0 : 03 0 : 21 � 0 : 05 0 : 065 � 0 : 015 1 : 7 � 0 : 2

Exact 1 : 34375 0 : 75 0 : 2083 � � � 0 : 0781 � � � ?

N = 1 1 : 73 � 0 : 06 0 : 99 � 0 : 04 0 : 26 � 0 : 05 0 : 120 � 0 : 015 1 : 6 � 0 : 2

Ising 1 : 75 1 : 0 : 25 0 : 125 1 : 33 : : : ?

T able 4: Critical exp onen ts in the �

4

2

�eld theory from the " -expansion
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N 0 1 2 3


 (free )


 (b c )

1 : 1575 � 0 : 0060

1 : 1571 � 0 : 0030

1 : 2355 � 0 : 0050

1 : 2380 � 0 : 0050

1 : 3110 � 0 : 0070

1 : 317

1 : 3820 � 0 : 0090

1 : 392

� (free)

� (b c )

0 : 5875 � 0 : 0025

0 : 5878 � 0 : 0011

0 : 6290 � 0 : 0025

0 : 6305 � 0 : 0025

0 : 6680 � 0 : 0035

0 : 671

0 : 7045 � 0 : 0055

0 : 708

� (free)

� (b c )

0 : 0300 � 0 : 0050

0 : 0315 � 0 : 0035

0 : 0360 � 0 : 0050

0 : 0365 � 0 : 0050

0 : 0380 � 0 : 0050

0 : 0370

0 : 0375 � 0 : 0045

0 : 0355

� (free )

� (b c)

0 : 3025 � 0 : 0025

0 : 3032 � 0 : 0014

0 : 3257 � 0 : 0025

0 : 3265 � 0 : 0015

0 : 3465 � 0 : 0035 0 : 3655 � 0 : 0035

! 0 : 828 � 0 : 023 0 : 814 � 0 : 018 0 : 802 � 0 : 018 0 : 794 � 0 : 018

� 0 : 486 � 0 : 016 0 : 512 � 0 : 013 0 : 536 � 0 : 015 0 : 559 � 0 : 017

T able 5: Critical exp onen ts in the ( �

2

)

2

3

�eld theory from the " -expansion

N 0 1 2 3


 1.1575 � 0.0006 1.2385 � 0.0025 1.322 � 0.005 1.400 � 0.006

� 0.5877 � 0.0006 0.631 � 0.002 0.674 � 0.003 0.710 � 0.006

� 0.237 � 0.002 0.103 � 0.005 -0.022 � 0.009 -0.133 � 0.018

� 0.3028 � 0.0012 0.329 � 0.009 0.350 � 0.007 0.365 � 0.012

� 0.56 � 0.03 0.53 � 0.04 0.60 � 0.08 0.54 � 0.10

T able 6: Critical exp onen ts in the N -v ector mo del on the lattice

The b est agreemen t is found for the exp onen ts � and � . On the other hand, the v alues of �

coming from the " -expansion are systematically larger b y ab out 3 � 10

� 3

, though the error bars

alw a ys o v erlap. The corresp onding e�ect is observ ed on 
 .

Comp arison with lattic e mo del estimates. The N -v ector with nearest-neigh b our in teractions has

b een studied on v arious lattices. Most of the results for critical exp onen ts come from the analysis of

high temp erature (HT) series expansion b y di�eren t t yp es of ratio metho ds, P ad � e appro ximan ts or

di�eren tial appro ximan ts. Some results ha v e also b een obtained from lo w temp erature expansions,

computer calculations using sto c hastic metho ds, and in lo w dimensions, transfer matrix metho ds.

T able 6 tries to giv e an idea of the agreemen t b et w een lattice and QFT results. A historical remark

is here in order: the agreemen t b et w een b oth t yp es of theoretical results has impro v ed as the HT

series b ecame longer whic h is of course encouraging. The main reason is that, in the analysis of

longer HT series, it has b ecome p ossible to tak e in to accoun t the in
uence of con
uen t singularities

due to corrections to the leading p o w er la w b eha viour, as predicted b y the R G. The e�ect of this

impro v emen t has b een sp ecially sp ectacular for the exp onen ts 
 and � of the 3D Ising mo del.

The ob vious conclusion is that one observ es no systematic di�erences. In particular, the

agreemen t is extremely go o d in the case of the Ising mo del where the HT series are the most

accurate. T o the b est of our kno wledge, the N -v ector lattice mo dels and the ( �

2

)

2

�eld theory
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 � � � �

(a) 1 : 236 � 0 : 008 0 : 625 � 0 : 010 0 : 325 � 0 : 005 0 : 112 � 0 : 005 0 : 50 � 0 : 03

(b) 1 : 23{ 1 : 25 0 : 625 � 0 : 006 0 : 316{ 0 : 327 0 : 107 � 0 : 006 0 : 50 � 0 : 03

(c) 1 : 25 � 0 : 01 0 : 64 � 0 : 01 0 : 328 � 0 : 009 0 : 112 � 0 : 007

T able 7: Critical exp onen ts in 
uids and an tiferromagnets


 � � � �

1 : 40 � 0 : 03 0 : 700{ 0 : 725 0 : 35 � 0 : 03 � 0 : 09{ � 0 : 012 0 : 54 � 0 : 10

T able 8: F erromagnetic systems

b elong to the same univ ersalit y class.

Critic al exp onents fr om exp eriments. W e ha v e discussed the N -v ector mo del in the ferromagnetic

language, ev en though most of our exp erimen tal kno wledge comes from ph ysical systems that are

non-magnetic, but b elong to the univ ersalit y class of the N -v ector mo del. The case N = 0 describ es

the statistical prop erties of long p olymers, that is, long non-in tersecting c hains or self-a v oiding

w alks. The case N = 1 (Ising-lik e systems) describ es liquid{v ap our transitions in classical 
uids,

critical binary 
uids and uniaxial an tiferromagnets. The helium sup er
uid transition corresp onds

to N = 2. Finally , for N = 3, the exp erimen tal information comes from ferromagnetic systems.

Critic al exp onents and p olymers. In the case of p olymers, only the exp onen t � is easily accessible.

The b est results are

� = 0 : 586 � 0 : 004 ;

in excellen t agreemen t with the R G result.

Ising-like systems N = 1 . T able 7 giv es a surv ey of the exp erimen tal situation for critical binary


uids ( a ), liquid{v ap our transition in classical 
uids ( b ), and an tiferromagnets ( c ). F or binary

mixtures, w e quote a w eigh ted w orld a v erage. In the case of the liquid{v ap our transition, w e quote

a range of exp erimen tal results rather than statistical errors for all exp onen ts but � , the reason

b eing that the v alues dep end m uc h on the metho d of analysis of the exp erimen tal data. The

agreemen t with R G results is clearly impressiv e.

Helium sup er
uid tr ansition, N = 2 . The helium transition allo ws measuremen ts v ery close to

T

c

and this explains the remark ably precise determination of the critical exp onen ts � and � . The

order parameter, ho w ev er, is not directly accessible in helium. Most recen t rep orted v alues are

� = 0 : 6705 � 0 : 0006 ; � = 0 : 6708 � 0 : 0004 and � = � 0 : 01285 � 0 : 00038 :

The agreemen t with R G v alues is quite remark able but the precision of � is no w a c hallenge to

�eld theory .

F err omagnetic systems, N = 3 . Finally , table 8 displa ys some results concerning magnetic systems.

Conclusion and pr osp e cts. If one tak es in to accoun t all data (critical exp onen ts, equation of state,

amplitude ratios,...) one is forced to conclude that the R G predictions are remark ably consisten t
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Figure 2: A few sev en-lo op diagrams.

with the whole exp erimen tal and lattice information a v ailable. Considering the v ariet y of exp eri-

men tal situations, this is a sp ectacular con�rmation of the R G ideas and the concept of univ ersalit y .

The curren t e�ort go es in sev eral directions. First, impro v e the precision of critical exp onen ts,

in particular trying to complete the sev en lo op calculation in three dimensions, whic h is a v ery

demanding problem from the p oin t of view of computer algebra and n umerical in tegration: it

in v olv es calculating ab out 3500 F eynman diagrams, eac h of them b eing giv en a priori b y a 21-

dimensional in tegral (a few F eynman diagrams are displa y ed in �gure 2). After a large n um b er of

tric ks ha v e b een used the n um b er of in tegrations can b e reduced (�gure 3).

Critical exp onen ts are only the simplest univ ersal quan tities, but man y other univ ersal quan-

tities are w orth calculating, lik e the equation of state, in particular for N > 1 in 3 dimensions,

N = 1 at higher orders in the " expansion, or the t w o-p oin t correlation function.

Then, other mo dels with more than one coupling are also of in terest, lik e the mo del with

cubic anisotrop y , whic h has b een in v estigated.

These e�orts are paralleled b y similar e�orts using HT series and sim ulations.

Muc h in teresting w ork has b een done in recen t y ears using the functional R G equations

expanded in the form of a deriv ativ e expansion. The main problem there is that it is di�cult to go

b ey ond the simplest appro ximation, and th us di�cult to assess the reliabilit y of the results whic h

are obtained. In the future e�orts to impro v e the appro ximation should b e undertak en.
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Figure 3: Num b er of remaining in tegrations after man y tric ks ha v e b een used (B.G. Nic k el,

R. Guida, P . Rib eca).


