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"...the word relativit y-postulate for the requirement of the invariance under the group Gc seems
to me very feeble. Since the postulate comesto mean that only the four-dimensional world in
spaceand time is given by phenomena,but that the projection in spaceand in time may still be
undertaken with a certain degreeof freedom, I prefer to call it the postulate of the absolute world
(or brie
y the world-postulate)."
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Intro duction and general survey

From a variety of viewpoints, the theory of relativit y appears as one of the major conceptual
events that have ever happened in the adventure of knowledge. It is therefore highly pertinent
that the scienti�c communit y celebratesthe \century commemoration" of the revelation of special
relativit y by two of the four fundamental papers that werepublished by Einstein in the year 1905.
Sincethen, the historians of sciencehave beenable to accumulate a crop of information about the
complexgenesisand the multiple and intricate aspectsof that extraordinary intellectual adventure.
However, strangely enoughan important pedagogicalwork still remains to be done, if one retains
from that adventure one of its most striking aspects, namely the existenceof a united geometrical
representation of spaceand time, called spacetime, and the logical necessity of its intro duction
on the basis of the special properties of the velocity of light. In fact, we think it worthwhile and
possibleto communicate this geometrical representation not only to learned scientists, but also to
any scienti�cally-curious and/or philosophically-minded student. Let us explain why we think that
it is 1) worthwhile and 2) possible.

1) A wide communication of it is worthwhile, becausewe have here to deal with a genuine
\jew el of human knowledge", in which Physics, Mathematics (at a rather elementary level, see2)
below) and Philosophy are intimately related. Physicsat �rst: one century after its discovery, one
can say that in our present knowledge of the universe,the validit y of this joint representation of
spaceand time extends from the spacetimescalesof microphysics to those of cosmology, which
represents a scaling factor of more than 1040. Then Philosophy and Mathematics: we have to deal
with an overwhelming "ontological fusion" of the categoriesof spaceand time, through a mental
representation which belongsto the platonician world of geometrical concepts.Here is what can
be felt as a real shock for the human mind ! With respect to our usual separate perceptions of
spaceand time, the new geometrical conception of spacetimeis as much revolutionary as was the
idea of the sphericity of the earth and the computation of its circumferenceby Eratostheneswith
respect to the primitiv e conception of a 
at earth. In the latter case,it is only the development of
long-distancetravels that have made this idea more and more acceptablefor the "common sense"
throughout the centuries. In the former case,only motions whosevelocity is substantial compared
with the velocity of light provide an evidencethat the new spacetimeframework gives a correct
representation of the physical reality. This is indeed attested as well by the motions of particles
which are the ultimate components of matter as by the motions of astronomical objects observed
by telescopes. It is only the fact (basic in our social existence!) that all of us are "slowly moving
travellers with respect to one another" which comforts us every day in our feeling that the 
o w
of physical time is the samefor all of us and therefore perceived as absolute (our watches run at
the samerythm!); but this viewpoint, which is encoded in the usual \Galilean kinematics" is only
the low-velocity approximation of the physically relevant representation of spacetime.The basic
character of the physical spacetimeis that the lapseof time measuredby an experimentalist between
two successive events A and B dependson the particular motion which has beenadopted by this
experimentalist for proceedingfrom A to B . But this fact becomesconceivable to us if we compare
it with the following onewhich is familiar to our perception: the distance which is measuredby an
experimentalist betweentwo given points A and B of spacedependson the particular path which
has been adopted by this experimentalist for going from A to B . As a matter of fact, what may
seemhere as purely metaphoric turns out to be a deepstructural analogy in geometrical terms.

2) A wide communication of it is possible,onceonehasrealizedthat thesepurely geometrical
aspectsof relativit y theory can actually be transmitted in the old Greekspirit of Euclid's geometry.
In fact, let us recall (if forgotten) that this so-called"elementary geometry", revived in a second
goldenageby the Europeangeometers(from seventeenth to nineteenth centuries), wasgiven to the
pupils of secondaryschools of the old Europe as the most secureguide for training the faculties of
logicsand rational thought ! Herewe would like to make the point that (at the ageof computers: : :)
this framework might also be the most secureone for transmitting to everyonewho is interested a
simple, but sound idea of what is the spacetimeof relativit y theory ! The simplest the argument,
the strongest the impact for the mind !
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From the viewpoint of the historian of science,the adventure of relativistic theory can be seen
as the unexpected, although unavoidable issueof the major crisis of nineteenth-century physics,
in which the concept of a �xed referencemedium in the universe, called the ether, was in open
con
ict with the recently discovered laws of electromagnetism. Among a lot of experimental as
well as theoretical results, crucial experiments had beenproposedand performed as soon as 1887:
these were the famous Michelsonand Morley experiments about the constancy of the velocity of
light. Then almost twenty yearsof maturation were still necessaryfor the conceptual elaboration
of the theory of special relativit y to be performed. Although it was revealed to the scienti�c
communit y in the year 1905by Einstein's revolutionary paper entitled \On the electrodynamics of
moving bodies" [E1], the theory made a basic use of formulae establishedpreviously by Lorentz;
moreover its further formulation greatly bene�tted from the group-theoretical analysisof Poincar�e
also delivered in 1905[4], while it found its achievement in 1908through Mink owski's illuminating
geometricalwork [3]. It is indeedthe latter which hasto be granted for intro ducing the appropriate
new conceptof absolutespacetime, a conceptwhosefate wasto go far beyond the theory of special
relativit y, sinceit played an essential role in the further discovery and formulation of the theory of
general relativit y by Einstein in 1916.

It will be precisely our purposeto focus on the concept of spacetimeand at �rst on its logi-
cal intro duction, which may be presented in a spirit that parallels the axiomatization of Euclid's
geometry, thanks to an appropriate axiom about the \univ ersality" of the velocity of light. This
spacetime,which canberegardedafter Mink owski asan absoluteframework for describingthe kine-
matics of special relativit y, is a representation spacewhosepoints are interpreted as the \ph ysical
events". Any motion which is physically possiblebetweentwo given events A and B is represented
by a certain world-line with end-points A and B . There is an absolute orientation of such world-
line, which can be called its \time-arro w": its physical meaning is that oneof the end-point events,
e.g. B , is in the future of the other one A. The pair of events (A; B ) is also said to be causally
separated; it is not the casefor all pairs of events. The limits of causality are determined by the
world-lines of light-rays passingby each event: the Mink owski spacetimeis thus basically equipped
with a light-webbed structure. In that geometrical representation, one is thus led to distinguish
radically the \absolute properties", also called \relativistic invariant properties" from the proper-
ties which are "relativ e to a referenceframe\ and thereby comparable with the e�ects of spatial
perspective in the usual Euclidean geometry. The basic absolute property of Mink owski spacetime
is the fact that it is a mathematical spaceequipped with a pseudo-distance, which is closely linked
with the existenceof the light-webbed structure of the universe:along the world-lines of light-rays,
this pseudo-distancevanishes! The most striking feature of this absolute pseudo-distanceis the
inversetriangular inequality, which is responsible for the overwhelming phenomenonof "Langevin
twins": The \length" of one side (e.g. the aging of the twin at rest) is longer than the sumsof the
\lengths" of the other two sidesof the triangle (namely the aging of the travelling twin). As a mat-
ter of fact, eventhough the full spacetimeis (in mathematical terms) an abstract four-dimensional
manifold, such an overwhelming property as the aging di�erence for twins with di�eren t motions
can be visualized in terms of planar geometry. It is in fact su�cien t to consider two-dimensional
sectionsof spacetimein which a singledimensionof spaceis involved for having a fully correct and
intuitiv e geometrical picture of the Mink owskian triangular inequality. Similarly, one can easily
visualize in such a planar section of spacetimethe phenomenonof relativistic perspective called
"the contraction of lengths". Of course,the last important step for our understanding of spacetime
concernsthe way in which the usual three-dimensional Euclidean geometry is embedded in the
Mink owskian four-dimensional spacetime.The fact that di�eren t embeddings hold for observers
in relative uniform motion is implied by the notion of Lorentz frame; there appears the relevance
of the group of Poincar�e transformations. All theseaspects of elementary Mink owskian geometry
following from an axiomatic Euclid-t ype construction will be covered in our part 2; a short pre-
liminary part is devoted to the useof geometry in mathematical physics,as an intro duction to the
concept of spacetime.

At that point, onemight havethe feelingthat nothing morehasto be addedfor understanding
the kinematics of special relativit y, but this is not so. In fact, the conceptual revolution that it
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represents is so rich that after the basic articles of 1905 and 1908 in which it was delivered,
several aspects of it deserved to be deepenedand clari�ed: this was performed around 1960in two
directions.

a) If the parallel between the Euclidean geometry of our usual three-dimensional spaceand
the Mink owskian geometry of four-dimensional spacetime is actually complete in the physical
world, this parallel has to be checked not only for the geometry of straight world-lines, namely for
uniform motions, but for arbitrary (smooth) curved world-lines, namely for acceleratedmotions.
The interpretation of Mink owskian pseudo-length as a proper time measuredby a clock along
the world-line of the motion and the geometrical property asserting that such a pseudo-length
is always smaller than that of the corresponding uniform motion originating and terminating at
the sameevents had to be tested experimentally . This basic property of Mink owskian geometry,
which can be nicely summarizedby saying that "In proper-time distances,the straight-line is the
longestdistancebetweentwo points (namely two events)", wasalready present in Einstein's article
[1] under the physical terminology of "clock slowing-down phenomenon". However, it remained
to be checked experimentally that clocks submitted to acceleratedmotions were as unsensitive
to the accelerationsas graduated ribb ons were unsensitive to curvature for measuring Euclidean
curvilinear distances. What was in question in such investigations had to do with the physical
nature of the clocks, consideredas trustful measuring instruments, whoserobustnesswith regard
to the accelerationshad to be quantitativ ely estimated. Thanks to the progressof physics during
the twentieth century , the set of traditional clocks (called \dynamical") wasenrichedby a new class
of clocks, basedon microphysicsphenomenonsand called \atomic clocks", whoseprecision degree
and robustnesswere far higher. Around 1960(seein particular Sherwin's paper[S]), this property
of unsensitivity to accelerationshas been established(and con�rmed since then with higher and
higher precision) for various types of atomic clocks. These results then exclude radically the last
objections of the opponents to the "t win paradox" (see[S]). In particular, they allow oneto present
a completelyacceptableversionof the twin phenomenonin uniformly acceleratedmotions, namely a
versionwhich is biologically bearableby human experimentalists, even though for technical reasons
it remainspresently a \Gedankenexperiment". Moreover, thesemanifestationsof the Mink owskian
geometrical structure in acceleratedmotions givesan opportunit y to state clearly that they must
not be confusedwith possiblee�ects of general relativit y. In fact, the latter occur substantially
when the accelerationsare causedby the presenceof large massesof matter, which producesan
additional curvature e�ect on the Mink owskian geometry of spacetime.

b) Since1959with the articles of Terrell [6] and of V. Weisskopf [7], problems of relativistic
perspective have beenreconsidered.Progresseshave beenmade on the problem of what should be
the real optical appearanceof a fast-moving extended object with respect to an observer linked
to a given Lorentz frame. The understanding of the phenomenonof \contraction of lengths" was
thus revisited and corrected for the case of extended objects. Much more recently , impressive
visualizations of moving objects with relativistic velocities have been given thanks to the help of
computer technique (see[8] and referencestherein).

An account of the previous developments a) and b) will be given below respectively in parts
3 and 4. Part 5 and the companion paper by Ugo Moschella will illustrate the fundamental role
played by the conceptual framework of Mink owski spacetime in two domains of physics whose
order of magnitudes of spacetimedistancesdi�er by 1040; we mean respectively particle physics
and cosmology. A short �nal part 6 will serve as a bridge betweenthe two papers.

It is at the scaleof particle physicsphenomenonsthat the validit y of special relativit y and of its
expressionin the Mink owski spacetimeframework appearswith its full strength. In fact, the second
revolutionary discovery which can be found in the secondEinstein's paper [2] on special relativit y
in 1905, namely the equivalence relation of mass and energy E = mc2, provides the relevant
kinematical framework for understanding the energy-balanceof all the nuclear and electromagnetic
reactions. In geometrical terms, this framework correspondsto supplement Mink owski's spacetime
by the intro duction of another identical Mink owskian space,interpreted as the spaceof energy-
momentum vectors of material points. This framework givesa remarkably good description of the
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kinematics of high-energyparticle physics.In the Mink owskian energy-momentum space,Einstein's
relation E = mc2 is visualized under the form of the masshyperboloid, called the massshell of the
particles: it is the surfacewhich represents the set of all possiblestatesof a free relativistic particle
with massm. This description includesthe caseof photons: for these\masslessparticles\, the mass
shell coincideswith the \ligh t-cone". In the energy-momentum space,the law of conservation of
total energy-momentum admits a simple geometrical formulation. In that space,the Mink owskian
triangular inequality accounts for the production of any number of particles in high-energycollisions
of two particles (including the masslesscaseof photons). All that constitutes the basicbackground
for the formulation of high-energy particle scattering in the general framework of quantum �eld
theory. In particular, the world-line representation of free particles and of their multiple collisions
in Mink owski's spacetime obeying the rules of relativistic kinematics plays a basic role in the
corresponding quantum �eld-theorerical treatment of particle physics: it explains the so-called
Landau singularities of the multiparticle scattering functions.

At cosmologicalscales,the concept of spacetimeintro duced by Mink owski is still valid, pro-
vided oneincludesasa new revolutionary ingredient the notion of curvature: hereis the geometrical
content of generalrelativit y. There are two reasonsfor this curvature phenomenon:while the �rst
one is the local density of matter (or "gravi�c mass") which is present near each event in the
universe,the other one is linked with the expansionof the universe;it is encoded in the so-called
cosmological constant in the equations of tentativ e geometrical models of the universe, whose
simplest one (with zero massdensity) is the de Sitter universe(1917) presented in the companion
paper. Under this respect, the role of Mink owskian geometryfor the local description of the universe
throughout its evolution parallels the role of planar Euclidean geometry for the local description of
the surfaceof the earth. In mathematical terms, the latter is a two-dimensionalEuclidean manifold:
the straight-line distance of planar geometry is replaced by the geodesical distance between two
points of the surfaceof the earth, which is the shortest one with respect to all possiblepaths join-
ing these two points on the surface.Similarly, the universe(consideredthroughout its evolution)
appears as a four-dimensional Mink owskian (one also says \Loren tzian") manifold: between two
causally-separatedevents, there is a geodesical time-lik e distance, which is the longest one with
respect to all possibleworld-lines joining these two events. For instance, when one estimates the
ageof the universeto be of the order of 14.5 billions of years, one has in mind the value of such
a geodesical time-lik e distance between an event that can be called \the big bang" (in the most
currently acceptedcosmologicalmodels) and the event called \here and now" by the inhabitants
of the earth in the year 2005.However, it is philosophically questioning to remain consciousof the
following: accordingto the structure of Mink owskian manifold of the universe,any other world-line
that relates those two events is covered in a shorter time-lik e distance. According to the motion
which is associated with that world-line, it can be : : : one century , one year, one day, one second
: : : or even zero, if one considersa light-ray tra jectory, namely a world-line which is composedof
piecesof light-lik e geodesics: : :.

1 On the useof geometry in mathematical physicsand the concept of spacetime

1.1 Geometry of description and geometry of representation

As we all know it, Euclidean geometry (in two or three dimensions) corresponds to an idealized
description of the spacewhich surrounds us, as it is felt by our visual and tactile perceptions.
The etymology of the word "geometer" (and for instance in France its standard meaning as a
profession: : :) is still reminding us of the fact that, sincevery ancient times, this branch of mathe-
matics was progressively elaborated from the consideration of practical physical problems, such as
the measurement and sharing of ground pieces;the description of the tra jectoriesof celestialbodies
also provided another powerful motivation for the development of geometry. It is not a trivialit y,
but a subject of wondering and of philosophical questioning that the idealized notions of "elemen-
tary geometry" (points, lines etc...) equipped with logical relations called axioms or postulates,
allow us to construct "rigorous proofs" of nontrivial properties of the geometrical pictures. While
their experimental checking in physical spaceis fully satisfactory, these properties also appear to
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us with the strength of evidenceaselements of an "absolute reality of the mind", namely of a very
special "world of Platonician ideas": the world of geometrical concepts.One can then say that, as
a geometry of description, Euclidean geometry appearsas the oldest manifestation of the spirit of
mathematical physics.

Another considerableachievement in the history of mathematics is the fundamental corre-
spondencebetweennumbersand geometricalconceptswhich started from the length measurement
procedureand resulted in the elaboration of Cartesian coordinates and of the so-called"analytic
geometry". As it may be already familiar to pupils at the terminal level of high-school, this im-
plies a relationship between algebra and geometry whose interest is two-fold. On the one-hand,
the properties of geometrical curvescan be equivalently represented by algebraic equations relat-
ing the coordinates of their points. This representation is unique, once the choice of a system of
coordinates has been speci�ed. For example in orthogonal coordinates, the equation of the unit
circle x2 + y2 � 1 = 0 makesuseof the standard Pythagore theorem for characterizing the points
M = (x; y) of that curve. On the other hand, any numerical relation betweentwo quantities x and
y (always representable by an equation of the form f (x; y) = 0) admits a pictorial representation
by a curve in a plane equipped with given coordinate axes;this pictorial representation is specially
interesting when x and y denote physical quantities related by a physical law. In fact, the curve
which onethus constructs represents all the \states" of the observed phenomenon,each state being
characterized by a pair of valuesof the quantities x and y which are simultaneously observed and
thus associated with a particular point M = (x; y) of the curve. The geometrical constructions
which may be associated with the pictorial representation of a physical phenomenonin a plane or
in a three-dimensional spaceequipped with coordinates pertain to what we shall call a geometry
of representation . By using such a terminology, we adopt typically a viewpoint of mathematical
physicist: while geometry presents all its mathematical characteristics, in particular the fact that
its logical arguments are immediately perceived by a special type of global visual intuition, all its
elements are here given a physical interpretation in terms of a certain category of phenomenons;
in other words, thesephenomenonsare actually represented in terms of geometrical concepts.

1.2 The use of geometry in more than three dimensions

From a purely mathematical viewpoint, the correspondencebetween numbers and geometrical
conceptscan be extended to n� dimensional abstract spacesR n , with n larger than three. The
concept of \p oint in R n " is now intro duced as a n� tuplet of coordinates M = (x1; : : : ; xn ). The
conceptof \surface of dimensionp" with 2 � p � n � 1 (called \curv e" for p = 1 and \h ypersurface"
for p = n � 1) is then intro duced as a subset of points of R n whose coordinates satisfy n � p
independent equations; correspondingly, these coordinates can also be expressedby parametric
equations involving p independent parameters. If one wishes,one can equip the spaceR n with a
Eulidean distance,which is obtained by an obvious extrapolation from the usualone,two and three-
dimensional cases:by de�nition, the squaredlength of a linear segment M N = (a1; a2; : : : ; an ) is
[M N ]2 = a2

1 + a2
2 + � � � + a2

n , which implies the usual triangular inequality [ON ] � [OM ] + [M N ].
The equation x2

1 + x2
2 + � � � + x2

n = 1 is represented geometrically by the \unit hypersphere". In
any two-dimensionalor three-dimensionalsectionof R n de�ned by linear equationsin terms of the
coordinates, onerecoversrespectively a plane or a three-dimensionalspaceequipped with the usual
Euclidean distance. So one can develop a set of geometrical concepts,relations and constructions
which generalizethose of the usual geometry; this can be done at will either in terms of equations
or in a purely geometrical language.

From the viewpoint of mathematical physics, the use of geometry in more than three di-
mensionsturns out to be necessary, if one wishes to represent phenomenonswhose description
necessitatesmore than three independent quantities. A typical example is the six dimensional
spaceR 6

x 1 ;x 2
= R 3

x 1
� ; R 3

x 2
of the positions (x1; x2) of pairs of material points (or pointlik e parti-

cles) in mutual interaction. Trajectories of such pairs are represented by curves in R 6, described
in terms of a time parameter t by equations of the form x 1 = x1(t); x2 = x2(t): Another type
of geometrical representation which is also often used in physics with strong motivations is com-
plex geometry: for example the extension of functions of the real frequency variable to (analytic)
functions of the corresponding complex variable in a domain of the complex plane C is of current
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use. It is in fact a basic property of structural functions describing linear responsephenomenons,
which provides a convenient visual representation of resonancephenomenonsby real or complex
poles. In particle physicsa similar useof complex geometry in spacesC � � � � � C = C n of various
variables (positions, time, momenta, energies)plays an important conceptual role.

In the following, we shall be concernedwith a very special type of geometryof representation,
called spacetime, whosepurposeis to provide a visualization of the motion phenomenonsthrough-
out their whole history. If we consider motions in the Euclidean spaceR 3, providing as usual a
geometry of description of the world which surrounds us, we need an additional time-coordinate
and therefore an a�ne spaceR 4 for representing geometrically all the events of the world. Such
a map is intended to picture in an idealistic way the whole history of the world: the motion of
any material point (or of any observer) will be represented as a curve, called a world-line, which
describesall its history from the remote past to the far future. The usual notion of tra jectory will
then appear as the projection of the world-line onto the Euclidean spaceR 3. The world-line is a
geometrical concept which contains all the information on the motion, which is not the casefor
the tra jectory: two di�eren t worldlines (i.e. motions) may project onto the sametra jectory.

1.3 Galilean spacetimeas a geometry of representation of motion phenomenons

In its simplest form, which we shall call Galilean spacetime, the concept of spacetimeappearsas a
geometry of representation for the phenomenonsof motion, as they are perceived by a privileged
observer called O0, submitted to the following prejudice: the time interval that elapsesbetweentwo
events A and B is an absolute quantit y; its value is the samefor observers moving in an arbitrary
way betweenA and B , provided they are equipped with identical clocks.

Keeping the previous notations, x = x now denotesa point, or equivalently three coordinates
called spacecoordinates, in the usual Euclidean spaceR 3 in which we are living, while y � t
denotesa time coordinate. A point X = (x; t) in R 4 represents the event which takes place at
time t at the point x of Euclidean spaceR 3. In particular, the origin O represents the event called
\here and now" (at a certain instant : : :) by the observer O0, who stands \at rest" at x = 0; by
de�nition, this meansthat the observer's worldline is the time-axis with equation x = 0. For O0,
the coordinate hyperplane with equation t = 0 represents the set of all simultaneous events which
constitute the \present". Similarly, for every �xed value t0 of t, the hyperplanewith equation t = t0

is a complete set of simultaneous events, which we call set of simultaneit y and which belongsto
the future or to the past according to whether t is positive or negative. The whole future and the
whole past are represented respectively by the open half-spacest > 0 and t < 0 of R 4. In such a
representation of the events, one says that the time-axis associated with the Euclidean spaceR 3

of "present events" constitute the referenceframe of the observer O0 (the choice of the "present
time" t = 0 is of coursea matter of convention for O0).

Let Ov 0 be an observer in uniform motion with vector velocity v 0 with respect to O0 and
passingby O, which meansthat he shareswith O0 the sameand unique event that we called "here
and now". The time-axis � v 0 for this observer is de�ned by the corresponding worldline, namely
the straightline with (vector) equation x = v 0t (see�g. 1).

For any such observer, the sets of simultaneit y t = t0 are the sameas for the observer O0.
More precisely, every event M = (x; t) of spacetime is perceived by the observer Ov 0 as having
coordinates (x0; t0) such that x0 = x � v0t and t0 = t. This changeof coordinates from O0 to Ov 0

is also called a Galilean transformation; it implies the basic property of additivit y of velocities: a
uniform motion with worldline x = vt is seenby Ov 0 as a uniform motion with equation x0 = v0t,
with velocity vector v 0 = v � v0. For example,in a train whosevelocity is v0 =100 kmh, a passenger
walking longitudinally with velocity v0 =5 kmh has a velocity with respect to the earth which is
v =105 kmh or 95 kmh according to whether the forward or backward direction of the train has
beenchosenby that passenger: : :

We note that the Galilean changesof coordinates do not preserve the notion of orthogonality
in R 4. If for conveniencewe chooseto represent the simultaneit y sets as \horizon tal spaces"(the
dimension of spacebeing unfortunately reducedto two in our visual perception: : :) and the time-
axis of the observer at rest O0 by a vertical line, the referenceframe for Ov 0 will associate the
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Figure 1: The Galilean spacetime

oblique time-axis � v 0 with the horizontal space.But the observer at rest enjoys no special physical
properties with respect to any other observer in uniform motion (that's the \Galilean principle of
relativit y" which follows from the law of inertia). So the verticalit y of the time-axis could have
been chosenfor representing the worldline of any given uniform motion: there is nothing deep in
that choice. One can also say that the Galilean spacetimeis de�ned for O0 up to the arbitrariness
in the choice of the time-axis or in mathematical terms up to a Galilean transformation: it is the
equivalenceclassof all theserepresentations. But the samerepresentation of spacetimeis then also
acceptableby any observer Ov 0 in uniform motion, which expressesprecisely in geometrical terms
the content of the Galilean relativit y principle.

Here it is also worthwhile to point out that, in contrast with the "horizontal" Euclidean
subspacesR 3, the Galilean spacetime R 4 is only an a�ne space; it is not equipped with any
physically sensibleglobal notion of orthogonality and distance. But this is consistent with our
standard perception: why would spaceand time strangely mix each other in somesupergeometry?
Galilean spacetime is just a geometry of representation in a very poor sense:it has no global
geometrical structure. But let us now incorporate the strange properties of light velocity and then
discover that such a phantasmic supergeometryholds in the realistic spacetimeof physics,namely
in the four-dimensional world called Mink owski's spacetime!!

2 Postulates and construction of Mink owski's spacetime

Preliminary Remark The postulates and the construction which we proposedo not pretend to be
the most economical ones from the viewpoint of formal logics. In particular, we must draw the
attention of the reader to the important mathematical article by E.C. Zeemanentitled \Causalit y
Implies the Lorentz Group" [9]. We shall brie
y indicate at the end of Sec.2-1how the latter can be
interpreted in our approach, which is much more pedestrian sincemaking useof the basicphysical
concept of uniform motion and of the familiar representations of Euclid's geometry.

We shall intro duce �v e postulates for our construction of the spacetimeof special relativit y.
The �rst two postulates intro ducea representation of spacetimeconceived by the observersat rest,
while the third and fourth postulates expressminimal properties to be sharedby all the observers
in uniform motion. The contents of the �rst and third postulates are easily accepted as being
already satis�ed in the Galilean spacetime, but the secondand fourth postulates intro duce the
world-lines of light as playing a fundamental role in spacetime. In fact, these postulates express



Vol. 1, 2005 From Euclid's geometry to Mink owski's Spacetime 9

in a geometrical way the revolutionary result obtained at �rst by the experiments of Michelson
and Morley: For all observers, either at rest or in uniform motion, the velocity of light in the
vacuum is a universal constant c; neither it depends from the motion and from the nature of the
light-emitter, nor from the direction of emissionand the various changesof direction of the light
rays considered(e.g. obtained by the interposition of mirrors), nor from the wave-length of the
light. Renewed experiments which make useof a variety of experimental devicesand whoserange
extends to electromagneticwavesoutside the spectrum of visible light (including in particular the
propagation of radiowaves)havebeenrepeatedlyperformedthroughout the twentieth century . They
all havecon�rmed the universality property of c, even if its precisevalue (c = 299; 776� � � km/sec as
measuredin 1940by Anderson) is now thought to be possibly 
uctuating with time at astronomical
scalesand alsodepending on the type of clocks (atomic or dynamical) for time measurements. The
overwhelming fact about the universality property of c is that light does not satisfy the usual
(Galilean) property of additivit y of velocities: by switching on a lamp on a train, it is impossible
to make its light travel at the velocity c plus the velocity of the train !!

Finally, it is pertinent and (as we shall see)useful for our construction to add a �fth postulate:
the latter requires that, in the limit of very low velocities (those which we perceive in our life),
Galilean spacetimehasto be an excellent approximation of the newspacetime.Herelies the wisdom
of all revolutions in the domain of science:the old theory is not thrown away ascompletely perverse,
it is honestly recognizedas a good �rst-order approximation of the new theory when the order of
magnitude of certain variables lies within certain limits.

NOTATION: In all the following, the symbol A := B will be usedwhen this equality servesas a
de�nition either of A in terms of B or of B in terms of A. Examples: a vector x := (x1; x2; x3);
x2

1 + x2
2 + x2

3
:= x2, the squarednorm of x; the norm jxj := (x2 )

1
2 :

2.1 The postulates and the light-cone structure of spacetime

First postulate: the spacetimerepresentation

All the observers at rest in the Euclidean spaceR 3
x (where x = (x1; x2; x3)) agreeon the

existenceof a geometrical representation of all \events" of the universeby points in a spaceR 4
x ;t =

R 3
x � R t , with the same notions of simultaneit y sets t = t0 as in the Galilean spacetime. The

time-axis is the worldline of the observer O0; the time-axis together with the \present hyperplane"
t = 0 constitute the referenceframe of observers at rest, its origin O being the "present event"
("here and now") of the observer O0.

This postulate calls for three remarks:

i) The events, and thereby their representation by points in R 4 are conceived as \absolute
elements of reality" ; however, the givenchoiceof coordinates (x; t) priviledgesthe classof observers
at rest, whoseworldlines areall the parallels to the time-axis. The basicproblem of our construction
will be to determine the corresponding choicesof coordinates for any observer in uniform motion.
As in the Galilean spacetime,the worldline of any observer in uniform motion is a straight-line.
For example � v is the worldline of the observer Ov whosemotion is de�ned as in the Galilean
case.

ii) All the observers at rest are supposedto be equipped with identical devicesfor measur-
ing lengths (i.e. graduated rods) and for measuring time-intervals (i.e. clocks). The fact that all
observers at rest agreeon their Euclidean representation of spaceis trivial for us (after more than
2000 years of cartographical techniques...). The fact that they agreeon the simultaneit y of two
events requires a procedure of "synchronization of clocks" through the emissionof light-signals,
which we shall be led to specify later. For the moment, we just postulate that this notion of simul-
taneity for all the observersat rest, which is basic for our geometrical representation of spacetime,
is physically meaningful.

iii) In all our pictorial representations, the time-axis will be represented as vertical and
upward-oriented; the ascendingarrow indicates the future. The Euclidean spaceR 3

x with equa-
tion t = 0 is then consideredas horizontal. In many arguments, it will be su�cien t to consider a
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single spacevariable x = x1, namely the planar section (Ox1; Ot) of spacetime,with the axis Ox
horizontal and rightward-oriented as usual.

Secondpostulate: the light-cone

All the world-lines of light rays emitted from the event O by any (moving or at rest) light-
emitter are represented in R 4

x ;t by the linear generatricesof the cone C+ with equation jx j =
ct; t > o, which is called the "future light-cone of O". Similarly, all the light rays emitted in the
past of O by any (moving or at rest) light-emitter and which are detected at O have worldlines
which are carried by the generatricesof the coneC � with equation jx j = � ct; t < o, which is called
the "past light-cone of O". The whole set of light world-lines passingat O is the set of generatrices
of the "ligh t-cone C of O" (see�g.2), with

Figure 2: The light-cone

quadratic equation
c2t2 � (x2

1 + x2
2 + x2

3) = 0:

Similarly, with each event X = (x; t) of R 4
x ;t , one can associate the "ligh t-cone C(X ) of X , which

is obtained from C by the action of the translation with vector~[OX ] in R 4
x ;t :

It is worthwhile to emphasizethat the absolute localization on the cone C of the world-lines of
light rays passingat O did not hold in the usual Galilean spacetimerepresentation, sincelight was
treated there as any other motion and therefore obeyed the principle of additivit y of velocities.
To be more illustrativ e, let us consider light-propagation along a single direction of spaceOx
represented as our horizontal axis, but with the two possible orientations of light rays emitted
from O, namely the rightward light ray (towards positive x0s) and the leftward light ray (towards
negative x0s). The world-lines of these two light rays in the planar section (Ox; Ot) of spacetime
are respectively the half-lines CR and CL with equations x = ct; t > 0 and x = � ct; t > 0 (see
�g.3): they are the traces of the future light-cone C+ in the planar section (Ox; Ot). If the light
rays emitted from O are emitted from a train with velocity v in the direction Ox, its propagation



Vol. 1, 2005 From Euclid's geometry to Mink owski's Spacetime 11

is still observed by an observer at rest as having the velocity c and not c + v or c � v, which
would have been the caseaccording to the Galilean viewpoint. In the planar section (Ox; Ot) of
Galilean spacetime,the worldlines of the light rays emitted from O would have had equations of
the form x = (� c + v)t (resp. x = (� c � v)t), depending on the velocity v (resp. � v) along Ox
of the light-emitter at O. Therefore, the Galilean world-lines of these light rays would cover the
whole half-plane of positive t0s, namely "the absolute Galilean future". It is therefore crucial to
understand that in the new "relativistic spacetime" that we construct, the half-lines CR and CL

and more generaly the coneC+ are new absolute data.

Remark on the choice of units: Instead of using the very large value of c expressedin km/sec
which would make unpracticable the geometrical representation of spacetime,we can choosetime
and spaceunits in such a way that c = 1. For example, we can adopt the choice of year and
light-year which is standard in astronomy. The light-cone C is then well-represented as the cone
with equation t2 � x2 := t2 � (x2

1 + x2
2 + x2

3) = 0 and the light world-lines CR and CL are then
well-pictured along the diagonalsof the axes(Ox; Ot) (�g.3). Another possibleconvention whose
advantage is also to keep the same geometrical representation but without �xing the value of c
consistsin consideringthat one plots the variable ct instead of t. Here it is relevant to notice that
the variable ct has the "physical dimension" of a distance, which preparesus to understand why
it can be treated on the samefooting as the spacecoordinates x in the following.

Third postulate: isochronousnessin all uniform motions

For every observer O in uniform motion, let tO be its time-variable , measuredby a clock
which is identical with that of O0. Its world-line is a straight line denoted by � which carries the
time-axis of O. Let then X 1; X 2; X 3 be three events in � . We postulate that it is equivalent that
their time-coordinates t1; t2; t3 satisfy the equality t2 � t1 = t3 � t2, namely that X 2 be the middle
of the segment [X 1X 3], or that the corresponding times (tO )1; (tO )2; (tO )3 measuredby O satisfy
the equality (tO )2 � (tO )1 = (tO )3 � (tO )2:

This postulate is of coursetrivially satis�ed in the absolute time viewpoint of Galilean spacetime.
Here one only requires that the 
o w of time measuredvia a regular sequenceof events by an
observer O is also perceived as regular up to a change in the scale, when the same successive
events linked to O are detected (with an identical clock) by an observer in uniform motion with
respect to O.

Fourth postulate: \Ph ysical" uniform motions and the universality of c

a) The only uniform motions consideredashaving a physical meaningare thosewhosevelocity
v is smaller than c. For such motions whoseworld-line � v contains the event O, � v n O is made
up of two half-lines � +

v and � �
v which are respectively contained in the convex conical volumes

V + and V � :
V + is the set of all events (x; t) such that jx j < ct; t > 0, called "the absolute future of O";
V � is the set of all events (x; t) such that jx j < � ct; t < 0, called "the absolute past of O".
Similarly, for each event X onecan intro ducethe convex conical volumesV + (X ) and V � (X ),

namely respectively the absolute future and past of X , whoseunion contains all the worldlines �
of the uniform motions passingat X . The future light-cone C+ (X ) (resp. past light-cone C � (X ))
thus appearsas the boundary of the corresponding future coneV + (X ) (resp. past coneV � (X )).

b) For every observer Ov with worldline � v graduated by the time-variable tv , there exist
coordinatesx v of the spaceperceivedat rest by Ov , such that any event X = (x; t) of the light-cone
C is detected by Ov as having coordinates (x v ; tv ) satisfying the relation jx v j = cjtv j:

Part a) of the postulate, which requiresthat the light-velocity is an absolutelimit to the propagation
velocity of any physical system to which an observer can be linked, will appear as deeper than a
pure physical requirement. It will in fact be seenbelow that the lines of spacetimewhich could be
interpreted as worldlines of motions with velocity larger than c (or "superluminal motions") are
necessarilygiven another interpretation, which is of purely spatial nature. So the requirement a)
is deeply involved in the self-consistencyof the relativistic spacetimerepresentation.
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Part b) again pertains to the basic statement about the constancy of the velocity of light. It can
also be seenas contained in the principle of relativit y which claims that all the physical laws, and
therefore in particular the velocity of light, are the samefor all observers in uniform motion: no
rest frame is physically priviledged as it was presupposedin the old concept of ether.

Fifth postulate: validit y of the Galilean approximation

For every observer O in uniform motion or at rest, there is a Galilean representation of
spacetimewhich is an excellent approximation of the exact spacetimefor the description of motions
whoserelative velocity with respect to O is very small with respect to c.

The precisemathematical formulation of this postulate will appear clearly in the following.

Remark In the present approach, the interpretation of the basic result of [9] seemsto be the
following. Let us assumethat the light-cone structure of the spacetimeR 4 holds for the observer
at rest O0 as in our �rst and secondpostulates. Let us now consider observers in unspeci�ed
motion, for which the spacetime R 4 is also perceived with a lightcone structure (implying the
sameuniversal velocity of light c). Let us assumethat for such observers the causality order of
events X , Y (denoted X < Y ) is de�ned by the fact that Y belongsto the future coneV + (X ) of
X , and that this order coincideswith the one perceived by the observer at rest. Then it is proven
that such observers are necessarilyin uniform motion and that their scalesof time and length
are linear functions of those of the observer at rest so that the whole structure of Mink owski's
spacetimefollows. In particular, our postulate three concerningthe \iso chronousnessproperty" of
uniform motions would then be redundant. However, as it has beenpointed out in [9], the result
does not hold in two-dimensional spacetime; a nontrivial use of the dimension larger than two
has been made in that work. Our approach is rather opposite: in view of its pedagogicalnature,
it aims to exhibit already in two-dimensional spacetime(which is much simpler to describe) how
the construction of Mink owski's spacetimecan be worked out. In fact, this will be made in detail
from Sec.2-2to Sec.2-6.It is only in Sec.2-7that we shall be ready to tackle the four-dimensional
spacetimeequipped with the group of generalLorentz transformations. This subsection,which is
more mathematical, may be skipped by the readermore interested in the physical or philosophical
aspects of special relativit y.
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Figure 3: Simultaneous events
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2.2 Simultaneousnessrevisited

The notion of absolute simultaneousness, namely the identit y of every simultaneit y spacet = t 0

for all the observers (at rest or in motion) is encoded in the Galilean spacetime representation.
However this viewpoint is purely idealistic, becausefor each observer the property of simultaneit y
of two events is a physical property which has to be checked via someprocedureimplying the use
of lengths and time measurements. Now in view of the universality of the velocity of light, the use
of light-signals will be particularly helpful for clarifying the notion of simultaneousnessrelatively
to each observer at rest or in uniform motion.

We shall describe a physical procedurefor characterizing simultaneous events whosegeomet-
rical representation in spacetimeis quite simple. It only requiresobserversand light-signals moving
in a singlespacedimensionOx, which allows oneto represent phenomenonsin the two-dimensional
section (Ox; Ot) of spacetime.We are led to usethe geometrical representation of light worldlines
as being all parallel either to CR or to CL (according to our �rst and secondpostulates). For
simplicit y, chosenunits are yearsand lightyearsso that c = 1.

For the observer at rest O0, the proceduremust of coursecon�rm that (for instance) the events
A0

:= (x = 1; t = 1) and B0
:= (x = � 1; t = 1) are simultaneous. To that purpose,one considers

rightward and leftward lightrays emitted from O and re
ected (by mirrors) at the respective points
x = 1 and x = � 1. The worldlines of these re
ected lightrays are respectively parallel to CL and
CR and therefore convergeat the event X 0

:= (x = 0; t = 2) of the worldline of O0, which allows
the latter to conclude that the "mirror events" A0 and B0 are simultaneous: since the velocity of
light is the samein right and left directions, the mirror events have beensimultaneously produced
at half of the time of X 0 (namely t = 1). As seenon �g.3, the geometrical representation of the
previous light-signal procedureexhibits that the quadrilateral (OA0X 0B0) is a parallelogram. We
also notice that this procedure is useful for allowing all the observers at rest to synchronize their
clocks with respect to O0 's clock and therefore to agreeon the samerepresentation of spacetime.
For instance the observer situated at x = 1 (i.e. whoseworldline has the equation x = 1) will be
warned by O0 that he should assignthe time t = 1 to the event A0, at which he receivesthe light
signal coming from O.

Now we can repeat the same construction for any given observer Ov in uniform motion,
with jvj < 1. We use again two rightward and leftward lightrays emitted from O and therefore
represented along CR and CL , but we now set the mirrors (at somepoints xA > 0 and xB < 0)
in such a way that the worldlines of the two re
ected lightrays intersect at an event X which
belongsto the worldline � v of Ov . Here again the two mirror events A and B are such that the
quadrilateral (OAX B ) formed by the four light worldlines is a parallelogram, and it then follows
that, except when v = 0, the linear segment AB is not parallel to the axis Ox (�g.3).

Now in view of b) of the fourth postulate, the forward and backward travels of light corre-
sponding to the worldline segments OA and AX (resp. OB and B X ) are performed during the
sametime for Ov , sinceperformed at the sameuniversal velocity. Therefore if t v (X ) denotesthe
time of the event X measuredby Ov , the times of the mirror events A and B measuredby Ov

will be both equal to t v (X )
2 : these two events are therefore to be consideredas simultaneous by

Ov . Moreover (in view of the same postulate), the events A and B will be produced at spatial
coordinates xv = � t v (X )

2 .

We shall now useour third postulate for proving that all the points of the straight line (AB )
represent the events which appear to be simultaneous to A and B for the observer Ov .

We considerat �rst the event G at the intersection of OX and AB . Since(in the parallelogram
(OAX B )) one has OG = GX , the observer O0 perceives the event G at the time t(G) = t (X )

2 .
Then in view of the third postulate, the event G is also perceived by the observer Ov at the time
tv (G) = t v (X )

2 , which shows that G is simultaneous to A and B for Ov .

Let now P be any point on the half-line with origin G and containing A, and let E and F
be the intersectionsof the straight line (OX ) respectively with the parallels to CR and CL by P.
Thales property then yields (�g.4):
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GF
GX

=
GP
GA

=
EG
OG

; and therefore EG = GF:

By intro ducing the point Q, symmetric of P with respect to G one then gets a parallelogram
(EPF Q). Therefore the sameargument as above applies to the lightrays emitted at E , re
ected
at P and Q and converging at F : it shows that P,Q and G are simultaneous with respect to Ov .
Since the symmetric pair (P; Q) may vary arbitrarily on the straight line (AB ), this line is a line
of simultaneit y for Ov (corresponding to the time t v

2 ).

Sincethe choiceof tv wasarbitrary in the previous argument, one concludesthat the lines of
simultaneit y for the observer Ov in the plane (Ox; Ot) are all the parallels to (AB ); in particular
the straight line � 0

v parallel to (AB ) and containing O represents the \present events" (t v = 0)
for Ov . As seenon �g.4, half of the line � 0

v (on the right of O for the choice v > 0) contains
events at t > 0, which are therefore perceived as belonging to the future by O0 together with all
the observers at rest, while the other half (on the left of O) contains events at t < 0, perceived as
belonging to the past by the sameobservers.

The direction � 0
v , obtained from � v by the previously described parallelogram construction,

is said to be conjugate of � v with respect to the (light world)lines CR and CL . Points X = (x; t)
and X 0 = (x0; t0) of � v and � 0

v satisfy the equations

x = vt; x0 =
1
v

t0; and therefore tt 0 � xx 0 = 0:

This calls for two remarks:

i) conjugacy or pseudo-orthogonality relation:
The relation tt 0 � xx 0 = 0 (or in unit-independent form (ct)(ct0) � xx 0 = 0) can be called a

pseudo-orthogonality relation between the vectors [OX ] and [OX 0], by analogy with the orthogo-
nalit y relation xx 0+ yy0 = 0 in a Euclidean plane. Such a relation, which expressesthe geometrical
property of conjugacy of the pair (� v ; � 0

v ) with respect to the pair (CR ; CL ), intro ducesa joint
geometricalstructure of spaceand time, which will appear still stronger in the analysisof Sec.2-3.

For the moment, we can simply notice the following properties of conjugate pairs (� v ; � 0
v ):

a) when v varies, � v and � 0
v are turning in opposite ways (one clockwise and one anticlock-

wise) in the plane (Ox; Ot).
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b) when v tends to 1 (resp. � 1), both lines tend together to CR (resp. CL ).
c) there is a single conjugate pair which is orthogonal, namely the supports of the axes of

coordinates Ox; Ot.
Here, however, one must stressthat the choice of orthogonal spaceand time axesOx; Ot for

the observers at rest is a pure convention, as it was already the casefor the Galilean spacetime
representation. A more general, but equivalent choice which does not ascribe a special role to
observersat rest would be the following. One �rst givesoneselfthe pair of light worldlines (CR ; CL )
and onechoosesfor (Ox; Ot) any pair of straight lines which are conjugatewith respect to (CR ; CL )
(de�ned intrinsically through the parallelogram construction). The analysisabovewould havegiven
the sameresult, namely that the time and spaceaxesfor any observer Ov are carried by conjugate
pairs (� v ; � 0

v ) with respect to (CR ; CL ). Among them, the special pair which is orthogonal (namely
the bisectorsof (CR ; CL )) would then beassociated with a certain uniform motion having no special
physical properties: in fact, it wasoneof the primary ideasof special relativit y theory that systems
in uniform motions are physically undistinguishable . So, as in the Galilean case,we keepthe idea
that the orthogonality of the rest systemis only a convenient convention, but there is a whole class
of equivalent representations of the planar relativistic spacetimein which the following notions have
an absolutemeaning: i) the light lines (CR ; CL ) and ii) the systemsof conjugate pairs (� v ; � 0

v ) for
the coordinate axesof uniform motions, including the rest system.

ii) "superluminal motions":
For O0, the line � 0

v might be interpreted as the worldline of a superluminal motion with
velocity 1

v (= c2

v )...But this would be very strange, sinceall the events of that line are perceived as
simultaneous by Ov : for the latter, a hypothetic observer O0

v with worldline � 0
v would then have

the "ubiquit y property" (tv = 0; xv arbitrary)! The interpretation of this motion would become
even more paradoxical for an observer Ow with velocity w such that v < w < c. In fact, one can
easilycheck geometrically (by using the property a) of conjugatepairs in the previous remark) that
for Ow the line � 0

v is parametrized by a time-coordinate tw which is negative decreasing,while t
is positive increasing: for Ow , the hypothetic observer O0

v would be travelling back to the past !

The latter remark strenghtens the meaning of part a) of our fourth postulate and justi�es
that the conesV + and V � be consideredrespectively as the absolute future and past of the event
O. It can now be fully understood that all events represented by points X outside the union of
V + and V � (lik e the points of any line � 0

v ) are in acausalrelation with the event O: no physical
signal can propagate either from O to X or from X to O.

2.3 Space-ships'
igh t: the anniversary curve

So far, we have discovered the conjugate directions of the spaceand time coordinate axes of all
observers in uniform motions, but what remain unknown are the scalesof time and length along
theseaxes.As a matter of fact, we already seethat only the scaleof time remainsa problem, since
onceit is known, the scaleof length immediately follows from the knowledgeof the velocity of light
(universal for all uniform motions).

To set this problem of time scaling in an illustrativ e way, we consider a set of space-ships

ying away simultaneously from the same place, let us say at the event O, along the unique
horizontal direction Ox, but with various velocities vi either rightwards (0 < vi < 1) or leftwards
(� 1 < vi < 0) (with units such that c = 1); one of them remains at rest (v0 = 0). All space-ships
contain observersOv i equipped with identical clocks, and all theseobserversare invited to celebrate
the anniversary of their common departure by representing these events (each anniversary event
in the corresponding space-ship)by points correctly situated in spacetime.On what curve H of
the plane (Ox; Ot) will all thesepoints be situated ?

In the caseof Galilean spacetimewheretime is absolute,the answer to that question is trivial,
namely the straight line with equation t = 1. In the present framework of spacetime,governed by
the �v e postulates stated in Sec.2-1, one determines the curve H by showing that it must satisfy
the following property
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Theorem: For each point X of H , there exists a tangent to H at X whosedirection is conjugate
of (OX ) with respect to the pair (CR ; CL ).

Proof: This result follows directly from the conjugacy property of spaceand time axesestablished
in Sec.2-2 together with our �fth postulate. In fact, we know that for a given observer Ov whose
world-line � v = (OX ) contains the anniversary event X (xv = 0; tv = 1), the straight line of
simultaneous events (tv = 1) is the parallel by X to the conjugate direction of � v ; in view of the
parallelogram construction, this parallel intersects CR and CL in two points M and N such that
X is the middle of M N . Now the �fth postulate assertsthat for observers O0

v with velocity v0

very closeto v (this is what means"with very small relative velocities with respect to Ov ") the
corresponding anniversaryevent X v0 should be represented with an excellent approximation by the
Galilean representation of Ov , namely by the point at the intersection of the world-line � v0 and
of the straight line with equation tv = 1, i.e. (M N ). This meansthat, in mathematical language,
the straight line (M N ) has to be the tangent to the unknown curve H at the point X (see�g.5).
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Figure 5: The anniversary curve

Now it is well-known in elementary geometry that every curve H , whosetangent at each point
X intersectstwo given (nonparallel) straight lines CR , CL at two points M , N such that X is the
middle of M N is a branch of hyperbola with asymptotes CR and CL .

Sinceit must contain the anniversary event at rest X 0 = (x = 0; t = 1), the anniversary curve
H is thereforeuniquely determined asthe branch of hyperbola whoseequation is t2 � x2 = 1; t > 0
(�g.5). The anniversary point X = X v of any observer Ov is thus given by the formulae

t(v) =
1

p
(1 � v2)

; x(v) =
v

p
(1 � v2)

(where jvj < c = 1):

It is convenient to intro duce instead of the velocity v the parameter � called the rapidit y which is
de�ned by v = tanh � ; � is a \h yperbolic angle\ which takesall possiblevaluesfrom �1 to + 1 .
The previous formulae can then be rewritten equivalently in the following form, which is similar
to the angular parametrisation of the circle:

t(v) = cosh�; x(v) = sinh �:

2.4 Mink owskian (pseudo-)distanceand the inversetriangular inequality: the twin "para-
dox"

From the algebraicviewpoint, the hyperbolaewith equation t2 � x2 = a2 present strong similarities
with the circles with center O and radius R, whose equations are x2 + y2 = R2 in orhonormal
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coordinates. They are "level curves" of a certain "quadratic form" X ! Q(X ) (with X = (x; t)
or X = (x; y)) speci�ed by a second-degreehomogeneouspolynomial (Q(X ) = t2 � x2 or Q(X ) =
x2 + y2)

This mathematical analogy between the hyperbola and the circle admits here a physical
counterpart which is very striking. In fact, after the analysis of Sec.2-3 we naturally cometo the
idea that our problem of space-shiptravellersand its solution are quite comparableto the following
very elementary situation in Euclid's planar geometry. Consider walkers equipped with identical
graduated rods who start from the samepoint O along various straight lines and cover the same
distanceR: they all have reached the circle with center O and radius R. While the latter statement
appearstrivial to us becauseof our visual perception of geometry, the former result concerningthe
"anniv ersary curve" H tells us that individual time-measurements made by observers in uniform
motion or, asonesays, "prop er-time measurements" inform us about the existenceof a certain kind
of "time-lik e distance" in spacetimebetweenevents related by physical causality. For that "time-
like distance" which we shall also call "Mink owskian distance", H appears as a unit level-curve
with starting point O and in the future of O. Of courseall the level-curvesof that Mink owskian
distance will appear as homothetic hyperbolae centered at O with equation t2 � x2 = a2; they are
obtained from H by either a dilatation or a contraction scalefactor and completion by the "past
branches". In fact, each of thesehyperbolae contains two brancheswhich are distinguished by the
sign of t: the branch on which t remains positive (as the anniversary curve H ) is contained in the
(absolute) future V + of O, while the branch on which t remains negative is in the (absolute) past
V � of O: this is the casefor the "negative anniversary curve" which is the set of all past events X
from which a one-year travel until O is possiblevia a uniform motion.

In Euclidean spacethe notion of distance d(A; B ) betweentwo points is characterized by the
validit y of the triangular inequality: d(A; B ) � d(A; C) + d(B ; C); the equality being obtained if
and only if the points A; B ; C are on the samestraight line. This fact is illustrated geometrically
by constructing such triangles (AB C) with given side-lengthsa; b and c: one just has to check the
intersection property of circles with centers A and B , whosesum of radii b and a is larger than
d(A; B ) = c (�g.6).
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J 

Figure 6: d(O; X ) � d(O; A) + d(A; X )

In the spacetimeplane (Ox; Ot), which we shall now properly call the Mink owskian plane,
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a similar geometrical construction shows that there exists again a triangular inequality for the
Mink owskian distance dM , but with the inversesign, namely we have:

Mink owskian triangular inequality: Let three points O; A; X be such that A and X be in V + ,
with X in the future of A (X 2 V + (A), then the corresponding Mink owskian distancessatisfy the
inequality:

dM (O; X ) � dM (O; A) + dM (A; X );

the equality being obtained if and only if the points O; A; X belong to the samestraight line.

The fact that dM (O; X ) = dM (O; A) + dM (A; X ) when O; A and X are aligned just expressesthe
additivit y of the corresponding proper time intervals measuredby an observer whoseworld-line is
(OAX ). Let us now consider the general casewhen O; A and X form a (non-
attened) triangle.
We then consider two branches of hyperbola containing the point A: the �rst one, called H +

O is
centered at O and lies in the future cone of O, while the other one, called H �

X is centered at X
and lies in the past coneof X (see�g.7).
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Figure 7: dM (O; X ) � dM (O; A) + dM (A; X )

H +
O and H �

X intersect each other at A and at another point B (such that the straight lines
(AB ) and (OX ) have conjugate directions with respect to (CR ; CL )). Now the straight line (OX )
intersectsH +

O and H �
X respectively in two points I and J such that the order of increasing times

for the events along (OX ) is: O; I ; J; X . We therefore have

dM (O; X ) = dM (O; I ) + dM (I ; J ) + dM (J; X ) � dM (O; I ) + dM (J; X ):

But sinceH +
O and H �

X are level-curvesfor Mink owskian distanceswe have:

dM (O; I ) = dM (O; A) = dM (O; B ) and dM (J; X ) = dM (A; X ) = dM (B ; X );

which implies the Mink owskian triangular inequality.

We notice that what makesthe di�erence betweenthe Euclidean and the Mink owskian cases
is the concavit y of the region betweenonebranch of hyperbola and its asymptotes,to be compared
with the convexity of the region inside a circle.

The "t win paradox"
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The physical interpretation of this inversetriangular inequality is the famous"t win paradox"
of special relativit y, which actually is not a paradox onceonehasgot rid of the conceptof absolute
time, since it expressesin a very illustrativ e way the content of the Mink owskian geometrical
structure of spacetime.

One comparesthe aging of two personsbetweentwo events such as O and X at which they
meet together. X can be chosenon the time-axis Ot and one of thesepersonsis supposedto stay
on the earth, namely on the world-line (OX ). During that time, the other person (which we can
imagine in O as the twin of the former) is submitted to a one-year travel in uniform motion (with
a velocity v which is not small with respect to c) until the event A is reached; then this traveller
comesback to the earth with the opposite uniform motion, namely with the opposite velocity � v.
So two yearshave past betweenO and X for the traveller, while the aging of the twin at rest was
two yearsplus the time represented by the Mink owskian distance dM (I ; J ).

Exercise:Compute dM (I ; J ) in terms of v
c . In terms of the rapidit y � , one �nds that

dM (I ; J ) = 2(cosh� � 1):

What should the value of v
c be equal to in order to produce a shift of one year between the ages

of the twins ?

2.5 Spatial equidistanceand the "Loren tz contraction" of lengths

D
v
 

X 

N 

M 
H 

H' O x 

t 

D¢
v
 

Figure 8: Equidistance curve and "contraction of lengths"

In order to complete the coordinatization of spacetimeassociated with an observer Ov , we
reconsiderthe anniversary event X = X v of such an observer, situated at the intersection of the
curve H and of the world-line � v . Since the points M and N of the tangent to H at X belong
respectively to the light world-lines CR and CL and represent events which are simultaneousfor Ov

with the time tv = 1, they alsode�ne the spatial-distanceunit for Ov in view of our fourth postulate
(part b)). One can thus write (with a standard choice of orientation) M = (xv = 1; tv = 1);
N = (xv = � 1; tv = 1): This de�nes the spatial unit vector [OX 0

v ] of Ov to be such that the
quadrilateral (OX 0

v M X v ) is a parallelogram (�g.8). OX 0
v is thus the unit vector of the space-axis

� 0
v of Ov , conjugate to � v with respect to (CR ; CL ).

The curve of spatial equidistance H 0: It is clear that the point X 0
v is the transform of X v by

the symmetry SR with axis CR which exchangesthe rest-frame coordinate axesOx and Ot. This
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meansthat if one puts X v = (x; t) and X 0
v = (x0; t0), then x0 = t; t0 = x: Therefore X 0

v belongsto
the curve H 0 with equation

t02 � x02 = � 1; x0 > 0;

which is a branch of hyperbola with asymptotes CR and CL , obtained from H by applying the
symmetry SR .

As we shall seein Sec.3-2,the curve H 0 can be physically interpreted as the world-line of a
uniformly acceleratedmotion. What is remarkable is the fact that an observer submitted to that
motion always remains spatially equidistant from the �xed event O, since the latter is the center
of the hyperbola H 0. It even remains perpetually contemporaneousof the event O (as this will be
fully explained in Sec.3).

Let us now consider the curve H 0 completed by its opposite (from the side x0 < 0), together
with all the homothetic hyperbolae H 0(a) with equations t2 � x2 = � a2 (taken for all values of
a). Theseare level curvesof the Mink owskian quadratic form Q(X ) = t2 � x2 which cover the two
regions of spacetimede�ned by jt j < jxj, and respectively x > 0 and x < 0. These two regions
in which Q(X ) remains negative are called space-like regions. Any point X in either one of these
regionsrepresents an event which is in acausalrelation with respect to O.

The spatial triangular inequality:

The previous construction shows that for any spacelike event X 0 in a hyperbola H 0(a), the
usual Euclidean spatial distance d(O; X 0) betweenO and X (measuredin the system(� ; � 0) such
that � 0 = (OX )) is given by

d(O; X )2 = � Q(X ):

Let now (OA0X 0) be a triangle whosethree sideshave spacelike directions. Then the corresponding
(spatial) lengths of thesesidessatisfy the following Mink owskian triangular inequality

d(O; X 0) � d(O; A0) + d(A0; X 0):

The proof of the latter is immediate by noticing that the symmetric of the triangle (OA0X 0) with
respect to the axis CR (or CL ) is a triangle (OAX ) whose all sides have time-lik e directions;
moreover by construction, the spatial lengths of the sidesof the triangle (OA0X 0) are equal to the
Mink owskian (proper-time) distancesof the corresponding sidesof (OAX ). Thereforethe triangular
inequality for (OAX ) (seeSec.2-4)can be transported for (OA0X 0).

The contraction of lengths:

Another surprising property which results from the Mink owskian geometry of spacetime is
the famousapparent contraction of lengths. Here is the argument, which can easily be understood
geometrically with the help of �g.8. Consider a one-dimensional rigid body in uniform motion
linked with the observer Ov ; at the time tv = 0, it can be represented for example as the linear
segment [OX 0

v ] (with unit length for Ov ). Then the set of world-lines of all the points of that rigid
body generatea strip (in hatchings on �g.8) which is bordered by � v and by the parallel to � v

at X 0
v . The latter is the tangent to the curve H 0 at X 0

v , which intersectsOx at the point A whose
abscissais 1

cosh � < 1: It is clear that the passageof the rigid body at time t = o in the rest system
occupiesthe segment [OA]: the apparent contraction of length of the moving rigid body is therefore
equal to

� (v) = 1 �
1

cosh�
= 1 �

p
1 � v2:

2.6 Lorentz transformations in the Mink owskian plane and two-dimensional Lorentz
frames

To summarizethe previousconstructions, we can say that the light world-lines CR and CL separate
the Mink owskian (vector) plane with origin O into four angular regions: the future and past time-
like regionsV + , V � are characterized by the positivit y of the quadratic form Q(X )

:
= t2 � x2; the
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spacelike regionsby the negativity of Q(X ). Up to a sign, Q(X ) gives the squareof the distance
betweenO and X , but this distanceis either time-lik e(measuredby a clock) or spatial (measuredby
a rod). Here is the full meaningof the non-positive-de�nite character of the Mink owskian quadratic
form Q(X ). In contrast with the Euclidean case,the set de�ned by the equation Q(X ) = 0 does
not reduceto O but is the union of the light world-lines CR and CL : two events separatedby the
propagation of a light ray have a mutual Mink owskian distance equal to zero.

We are now going to transfer to the Mink owskian plane somebasic notions of the Euclidean
plane: there is a dictionary betweenthe languagesof thesetwo worlds, but also big di�erences due
to the priviledged role of the pair of straight lines (CR , CL ) in the Mink owskian case.(Note however
that in the Euclidean case,a similar structure would alsobe recoveredby a complexi�cation of the
coordinates: the pair of "isotropic lines" with equations x = � iy then plays the samerole as the
pair (CR , CL )).

In the Euclidean vector plane, the elementary notion of angle is complementary to the notion
of norm (or distance) in the following sense.The circlescentered at the origin O are invariant under
the rotations with center O and arbitrary angle� . Theserotations R(� ) form a commutativ e group:
R(� 0)R(� ) = R(� + � 0): Each system of orthonormal axes(� ; � 0) is transformed by any rotation
R(� ) into another orthonormal system(� ( � ) ; � 0

( � ) ): The corresponding two coordinatizations of the
Euclidean plane, denoted respectively by [OX ] = (x; y) and [OX ] = (x ( � ) ; y( � ) )� , are such that the
Euclidean quadratic form Q(X ), identi�ed with the squarednorm of the vector [OX ], is invariant:

Q(X ) := [OX ]2 = x2 + y2 = x2
( � ) + y2

( � ) :

In the Mink owskian vector plane, it is the notion of "rapidit y " or "hyperbolic angle" � which
plays the role of the angle� . One can in fact alsointro ducea commutativ egroup of transformations
L (� ) called "the Lorentz group in the plane"; in the spirit of this paper, it is alsosuggestive to call
it \the group of hyperbolic rotations". It acts in such a way that all the branches of hyperbolae
centered at the origin with asymptotes(CR , CL ) are invariant under all the transformations L (� ).
Moreover all the previous statements of the Euclidean caseremain valid, if one replacesthe pairs
of orthonormal axesby pairs of conjugate axes(normalized by the curvesH and H 0 as it has been
explained above) and if Q(X ) now denotesthe non-positive-de�nite Mink owskian quadratic form,
or "squared (pseudo)norm" of the vector [OX ].

The Lorentz group in the plane

One can give an elementary presentation of the action of the transformations L (� ). These
transformations of the plane are linear; so it is su�cien t to know their action on two independent
vectors OM , ON and convenient to choosethe latter lightlik e, namely along the lines CR and CL .
We put:

L (� )[OM ] = e� [OM ]; for M in CR ;

L (� )[ON ] = e� � [ON ]; for N in CL :

The lines CR and CL (and thereby the set with equation Q(X ) = 0) are separately conserved
by these transformations: in fact, they provide two one-dimensionalrepresentations of the multi-
plicativ e group (e� e� 0

= e� + � 0
). Now every vector [OX ] can be decomposedin the form [OX ] =

[OM ] + [ON ], with respect to the pair (CR ; CL ), so that we can de�ne by linearit y:

[OX ( � ) ]
:= L (� )[OX ] = e� [OM ] + e� � [ON ]:

That meansthat the coordinates u(� ) = e� > 0; v(� ) = e� � > 0 of the point X ( � ) with respect
to the ("ligh t"-)basis ([OM ]; [ON ]) satisfy the equation

u(� ) � v(� ) = 1;

which represents a branch of hyperbola with asymptotes (CR ; CL ).
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Therefore oneseesthat all the level curvesof Q(X ), either in the time-lik e or in the spacelike
regionsand including also the light-lik e world-lines (Q(X ) = 0), are left invariant by the action of
all the transformations L (� ). This is what we call the basic geometrical property of the Lorentz
transformations.

One also checks the commutativit y property of this group, namely the validit y of the relation
L (� 0)L (� ) = L (� + � 0) for all �; � 0, which is built-in in the previous de�nition.

Transforms of conjugate axes

Let us now consider the pair of unit vectors [OX 0] = (0; 1); [OX 0
0] = (1; 0) of the coordinate

axesat rest. We will show that each transformation L (� ) transports this pair into the corresponding
pair of unit vectors [OX v ]; [OX 0

v ] of conjugate coordinate axes(� v ; � 0
v ) such that v = tanh � . To

seethis, we intro duce the two lightlik e vectors [OM 0] = ( 1
2 ; 1

2 ) and [ON0] = (� 1
2 ; 1

2 ) such that
[OX 0] = [OM 0] + [ON0] and [OX 0

0] = [OM 0] � [ON0]. In view of the previous de�nition of the
action of L (� ), we thus have

L(� )[OX 0] = e� [OM 0] + e� � [ON0] = (sinh �; cosh� ) = [OX v ];

L (� )[OX 0
0] = e� [OM 0] � e� � [ON0] = (cosh�; sinh� ) = [OX 0

v ]:

Onecanalsocomputesimilarly the action of another transformation L (� 0) on the pair ([OX v ]; [OX 0
v ]);

it givesanother conjugate pair ([OX w ]; [OX 0
w ]) where w = tanh( � + � 0). In fact one has

L(� 0)[OX v ] = (sinh(� + � 0); cosh(� + � 0)) = L (� + � 0)[OX 0] = [OX w ];

L (� 0)[OX 0
v ] = (cosh(� + � 0); sinh(� + � 0)) = L (� + � 0)[OX 0

0] = [OX 0
w ]:

Additivit y of rapidities:

The previous computation shows that the action of the commutativ e group of \h yperbolic
rotations" L (� ) on pairs of conjugate axes (� v ; � 0

v ) (normalized by H and H 0) is similar to the
action of the group of rotations R(� ) on pairs of orthonormal axes. A physical interpretation of
the latter concernsthe composition law of velocities: the Galilean \la w of additivit y of velocities"
is replacedby the Mink owskian \la w of additivit y of rapidities" . If a relativistic particle A has the
rapidit y � with respect to the earth and emits in the forward direction a particle B with rapidit y
� 0 in its center of mass system, then B has the rapidit y � + � 0 with respect to the earth. The
corresponding composition law for velocities is therefore:

w = tanh( � + � 0) =
tanh � + tanh � 0

1 + tanh � tanh � 0 =
v + v0

c(1 + vv0

c2 )
:

Lorentz frames and Lorentz invariance of Q(X ):

Every vector [OX ] = t[OX 0] + x[OX 0
0] of the Mink owskian plane can be rewritten as

[OX ] = tv [OX v ] + xv [OX 0
v ]

for any choice of congugateaxes (� v ; � 0
v ) with unit vectors ([OX v ]; [OX 0

v ]). We shall also write
in short: [OX ] = (x; t) = (xv ; tv )v . Choosing such a coordinatization is also called \c hoosing a
Lorentz frame with velocity v (or rapidit y � )" in the Mink owskian plane.

The last point to be checked for completing the parallel between the Lorentz group in the
Mink owskian plane and the rotation group in the Euclidean plane is the \in varianceproperty of the
Mink owskian quadratic form by changesof Lorentz frame", namely the fact that for any Lorentzian
coordinatization X = (x; t) = (xv ; tv )v , one has the invariance relation

Q(X ) = t2 � x2 = t2
v � x2

v :
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To show this, we associate with v = tanh � the Lorentz transformation L (� � ) (namely the inverse
of L (� )) which pulls the pair [OX v ]; [OX 0

v ] back to the pair at rest [OX 0]; [OX 0
0]. With every

vector [OX ] = (x; t) = tv [OX v ] + xv [OX 0
v ] we can then associate its transform [OX (� v)] :=

L (� � )[OX ] = tv [OX 0] + xv [OX 0
0] = (xv ; tv ): Then according to the basic geometrical property of

Lorentz transformations, the points X (� v) and X belong to the samelevel-curve of Q(x), which
provesthe invariance relation written above.

Changeof Lorentz frame in the light-cone coordinatization

For the rest-frameaswell asfor the Lorentz frame with rapidit y � , it is convenient to intro duce
the corresponding light-cone coordinates of the point X = (x; t) = (xv ; tv )v , namely

(U := t + x; V := t � x); (Uv
:= tv + xv ; Vv

:= tv � xv ):

In fact if one puts

x = a sinh ; t = a cosh ; xv = a sinh v ; t = a cosh v ;

one obtains:
U = ae ; V = ae�  ; Uv = ae v ; Vv = ae�  v :

But we know that  =  v + � (this is the action of the \h yperbolic rotation with rapidit y" � that
has beenpresented above). One thus obtains the very simple relations

Vv

Uv
=

V
U

� e2� :

(or
tv � xv

tv + xv
=

t � x
t + x

� e2� :)

2.7 The four-dimensional Mink owski's spacetime; tetrads, Lorentz group and Poincar�e
group

Up to now we have concentrated on relativistic motions along a single direction of space(Ox),
which allowed us to construct a two-dimensionalsection (Ox; Ot) of Mink owski's spacetimeand to
intro duce the corresponding group of Lorentz transformations in this Mink owskian plane.

We shall now show how the geometrical exploitation of the �v e postulates (stated in Sec.2-1)
can be extended so as to construct the full four-dimensional Mink owski's spacetime.This can be
performed in three steps:

i) Use of the rotational symmetry for the observer O0:

According to our �rst postulate, the observersat rest can represent each event X as follows:

X := (x1; x2; x3; ct) := (x; ct) := (jx j j ; ct);

where j denotesa spatial unit vector (jj j = 1) which may serve to indicate a direction of motion.
In fact, if we consider uniform motions passing at O with velocity v := vj oriented in a given
spatial direction j , we can reproduce all the previous considerations(from Sec.2-2to Sec.2-6)for
representing these motions in a Mink owskian plane generatedby the axis with unit vector j and
Ot. By analogy with geographical representations of space,such planes can be called meridian
planesof spacetimewith respect to the observers at rest.

So we can say that by rotational symmetry (all the directions j being equivalent), the union
of anniversary curves in all meridian planesgeneratean \anniv ersary hypersurface", still denoted
by H . This is the set of events X v reached by all observers Ov starting together from O towards
all possible directions j of space,after one year has elapsedat their own clock. H is a sheet of
hyperboloid whoseequation is

(ct)2 � (x2
1 + x2

2 + x2
3)

:
= (ct)2 � x2 = c2; t > 0
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Here we have restored the unit-independent notation including c. We shall generally keepit also in
the next sectionsin order to always exhibit explicitly the physical dimensionality of the quantities
involved.

This anniversary hypersurfaceH can be seenas providing by itself a geometrical characterization
of all the uniform motions. In fact, one can say that any pointlik e object in uniform motion is
characterized by the Mink owskian vector [OX v ] := cu whose tip (X v ) belongs to H . Putting
u := (u1; u2; u3; u0) := (u; u0); one then has:

u2 :
= u2

0 � u2
1 � u2

2 � u2
3

:
= u2

0 � u2 = 1; with u0 > 0:

In the latter u2 denoteswhat we call the squared Mink owskian pseudonormof u, and u is also
called a timelik e unit vector (Note that the anniversary hypersurfaceH is now normalized at c).

Equivalently u can be characterized by the pair (�; j ), where � is the rapidit y (such that
v = ctanh � ) and j speci�es the direction of the motion, according to the following formulae

u0 = cosh� =
1

[1 � v2

c2 ]
1
2

;

u = sinh � j =
v
c

[1 � v2

c2 ]
1
2

j :

This leadsone to call relativistic velocity vector the Mink owskian vector cu = (cu; cu0), since its
space-component admits a small-velocity expansion

cu = v(1 +
v2

2c2 ) + � � � ;

which reproducesthe velocity vector v in the �rst-order Galilean (or \non-relativistic") approxi-
mation. The unit vector u can then be called the \dimensionless" relativistic velocity vector of the
uniform motion.

The sameconsiderationsof rotational symmetry lead us to intro duce the one-sheetedhyper-
boloid with equation

(ct)2 � (x2
1 + x2

2 + x2
3) := (ct)2 � x2 = � c2;

which is obtained as the union of all branchesof hyperbolae H 0 in the meridian planesgenerated
by a spaceaxis with unit vector j and Ot. This hypersurface,still denoted by H 0 is the set of all
points X 0

v such that the pair of axes(� v ; � 0
v ) are conjugate with respect to the light world-lines

inside the corresponding meridian plane. The (hyper)surfacesH and H 0 are represented on �g.9.

The Mink owskian quadratic form Q(x)

In view of the fundamental role played by H and H 0, we are led to intro duce the following
quadratic form on the four-dimensional Mink owski's spacetime:

Q(X ) := (ct)2 � x2
1 � x2

2 � x2
3;

whoselevel (hyper)surfacesare described as follows:

a) all the sheetsof hyperboloids centered at O which are homothetic to H and lie either in
V + or in V � : They correspond to Q(X ) > 0.

b) all the one-sheetedhyperboloids centered at O which are homothetic to H 0: They corre-
spond to Q(X ) < 0.

c) the light-cone C whoseequation is Q(X ) = 0.

We shall denote by Ĥ anyone of these level hypersurfacesof Q(X ).

Remark We shall usein the following the fact that the restriction of Q(X ) to any spacelike hyper-
plane has level surfaceswhich are the sectionsof the previous hyperboloids by that hyperplane:
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Figure 9: A representation of the four-dimensional Mink owski's spacetime:
Level surfacesH , H 0 of Q(X ) and a conjugate pair (� v ; � v )

these level surfacesare therefore ellipsoids (exceptionally sphereswhen the hyperplane is parallel
to (Ox1; Ox2; Ox3).)

ii) Conjugacy properties: the spacehyperplanes� v

The analysisof all simultaneousevents with respect to any givenobserver Ov canbeperformed
along the same line as in Sec.2-2,even if the geometry is a bit more complicated than in the
Mink owskian plane. In fact, the principle is always the same,being basedon the secondpostulate
which settles the light-cone C as the primary absolute element of spacetime.

Being given an observer Ov with world-line � v (inside the light-cone C) and a space-direction
� 0 (i.e. by de�nition outside the light-cone C), thesetwo straight lines determine a plane P which
intersectsC along a pair of light-lines. Now we can say that � 0 is a direction of simultaneit y for Ov

if, in the plane P, � v and � 0 are conjugate with respect to the light-lines of P : that meansthat
by performing the parallelogram construction of Sec.2-2(�g.3), in the plane P, with � v as the
given diagonal, oneobtains � 0 asthe direction of the seconddiagonal. In view of the universality of
the light-velocity (fourth postulate) completed again by "isochronousness"(third postulate), this
geometrical construction remains the universal criterion of simultaneit y with respect to Ov . We
shall now show the following:

Linearit y property: The set of all directions of simultaneit y � 0 for Ov is a three-dimensionallinear
subspace.This hyperplane � v is physically interpreted as providing the space-slicesat constant
time tv for Ov :

Let us show that if � 0
1 and � 0

2 are directions of simultaneit y for Ov ; then any direction � 0

in the plane determined by these two directions is also a direction of simultaneit y for Ov : Given
the planes P1 and P2 determined respectively by (� v ; � 0

1) and (� v ; � 0
2) and given any point X

of � v in V + , one can construct the corresponding parallelograms (OA1X B1) and (OA2X B2)
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whoseall sidesare light-lik e segments (as in �g.3 of Sec.2-2)and whosediagonalsA1B1 and A2B2

are respectively parallel to � 0
1 and � 0

2 and intersect at the middle of OX . Since the four-points
A1; A2; B1; B2 all belong to the future light-cone C+ , as well as to the past light-cone C � (X ) with
apex X , they belong to their intersection which is an ellipse E: A1B1 and A2B2 are diameters of
this ellipse. If we now consider any direction � 0 in the plane determined by � 0

1 and � 0
2, which

is parallel to the plane of E , we seethat the diameter of E parallel to � 0 intersects E in two
points A and B such that (OAX B ) is a lightlik e-sidedparallelogram: therefore � 0 is a direction of
simultaneit y for Ov : This provesthat the setof directions of simultaneit y for Ov is a linear subspace
of the spacetime.The fact that this subspaceis three-dimensional is easyto see:Assuming that it
were two-dimensional, it would determine with � v a three-dimensional subspaceS of spacetime
outside which no spacelike direction � 0 could be a direction of simultaneit y for Ov . But let us then
pick up any spacelike direction � 0 outside S. It determineswith � v a plane P 0 which intersectsC
along two light-lines and therefore allows one to construct a direction of simultaneit y �" for Ov

inside P 0. SinceP 0 can intersect S only along � v (if not, it would be contained in S and � 0 would
be contained in S), the assumption cannot be true.

To summarize, we have associated with each world-line � (u) with timelik e unit vector u , a
corresponding spacelike hyperplane � v

:= � (u) which can be called the conjugate hyperplane to
� v . The intersection of � (u) with the one-sheetedhyperboloid H 0 is an ellipsoid Ev

:= E(u) which
represents the set of all events X experienced as simultaneous at zero time and at (lightyear)
unit distance from the origin by the observer Ov with world-line � (u) . This hyperplane and the
corresponding ellipsoid are tentativ ely illustrated on �g.9 (as a plane and an ellipse represented in
perspective). It is worthwhile to emphasizethat the ellipsoid E(u) (as well as all the homothetic
ellipsoids having their centers on the axis � (u) ) are perceived as spherescentered at the origin by
the corresponding observer O(u) .

iii) Four-dimensional Lorentz transformations, tetrads and the invariant forms of Q(X )

We consider any given conjugate pair (� (u) ; � (u) ) associated with a certain observer O(u)

in uniform motion with relativistic velocity vector u; [OX (u) ] is the unit vector of the time-axis
� (u) of O(u) . We are looking for coordinatizations of the Mink owskian spacetimeadapted to that
observer. Such coordinatizations canbede�ned by choosingtriplets of unit spatial vectors[OX 0

(u) ;1],
[OX 0

(u) ;2], [OX 0
(u) ;3] in the hyperplane� (u) , (namely vectorswhosetips belongto the ellipsoid E(u) ),

and by decomposing any vector [OX ] of spacetimeunder the following form

[OX ] = (ct(u) )[OX (u) ] + x(u) ;1[OX 0
(u) ;1] + x(u) ;2[OX 0

(u) ;2] + x(u) ;3[OX 0
(u) ;3]:

However the remaining problem consists in determining all possible triplets [OX 0
(u) ;1], [OX 0

(u) ;2],
[OX 0

(u) ;3] such that the Mink owskian quadratic form Q(X ) still has the sameinvariant form with
respect to thesenew coordinates, namely:

Q(X ) := (ct)2 � (x2
1 + x2

2 + x2
3) = (ct(u) )

2 � (x2
(u) ;1 + x2

(u) ;2 + x2
(u) ;3):

In fact, sincethe restriction of Q(X ) to any hyperplaneparallel to � (u) hasellipsoidal level surfaces
which must be perceived asspheresby the observer O(u) , the previous diagonal \Pythagoreanlik e"
form of Q(X ) characterizesthe corresponding triplet [OX 0

(u) ;1], [OX 0
(u) ;2], [OX 0

(u) ;3] an orthonormal
systemfor O(u) . If this is the case,weshall say that the linear transformation L (u) which transforms
the unit vectors of the rest-frame [OX 0

0;1], [OX 0
0;2], [OX 0

0;3], [OX 0], into the \tetrad\ ([OX 0
(u) ;1],

[OX 0
(u) ;2], [OX 0

(u) ;3], [OX (u) ]), is a Lorentz transformation of Mink owski's spacetime. One can also
say that this tetrad is a�liated to the conjugate pair (� (u) ; � (u) ) or also that it is admissible for
the observer O(u) . In the usual terminology, each tetrad is also called a Lorentz frame when one
refers to the corresponding coordinatization of spacetime.

The construction of generalLorentz transformations rely on two basic classesof such trans-
formations which it is easyto describe.

a) The group L or t of orthogonal transformations at rest:
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We considerthe group of transformations which transform the initial rest-frame into another
rest-frame whosespatial axes form a new orthonormal (positively oriented) system of the space
(Ox1; Ox2; Ox3), while the time-axis Ot is preserved.Sincethesetransformations preservethe form
of the spatial Euclidean distance

x2
1 + x2

2 + x2
3 = x0

1
2 + x0

2
2 + x0

3
2;

they obviously leave Q(x) invariant.

b) The group L hy p of \pure Lorentz transformations":

Let us �x j along Ox1 and the vector � (u) with unit vector u
:
= u(1) in the Mink owskian

plane (Ox1; Ot). Then it is easily checked that the conjugatehyperplane� (u (1) ) is generatedby the
conjugate axis � 0

(u (1) ) in the plane (Ox1; Ot) (see�g.8) together with the spatial plane (Ox2; Ox3).
We then consider the linear transformations which keepsall the vectors in the plane (Ox2; Ox3)
�xed, and acts as a two-dimensional hyperbolic rotation with rapidit y � in the plane (Ox1; Ot).
This transformation is called a pure Lorentz transformation of Mink owski's spacetime.The corre-
sponding changeof coordinates is of the form

(x1; x2; x3; ct) ! (x0
1; x0

2 = x2; x0
3 = x3; ct0);

where the passagefrom (x1; ct) to (x0
1; ct0) has been given in Sec.2-6.It then follows from the

invariance property presented at the end of Sec.2-6that one has:

Q(X ) := c2t2 � x2
1 � x2

2 � x2
3 = c2t02 � x0

1
2 � x0

2
2 � x0

3
2:

It also results from the study of Sec.2-6that thesetransformations form a commutativ e group.

The most generalLorentz transformations:

In order to construct the most general Lorentz transformation, we shall compose special
transformations of the previous groups L or t and L hy p. We also keep in mind that when such
special Lorentz transformations act on any point X of spacetime, the transform remains on the
correponding level hypersurfaceĤX of Q(X ) passingat X : either on a sphericalhorizontal section
of ĤX in the former case,or in a hyperbolic section of ĤX parallel to the plane (Ox1; Ot) in the
latter case.

Now we proceedas follows. Being given any conjugate pair (� (u) ; � (u) ), onecan �nd a trans-
formation L 1 in L or t which transforms that pair into a pair (� (u (1) ) ; � (u (1) ) ), with u(1) in the plane
(Ox1; Ot). (It must transform the unit vector j of the horizontal component of u into the unit
vector of Ox1). Then there exists a unique transformation L 2 in L hy p which transforms the pair
(� (u (1) ) ; � (u (1) ) ) into the pair at rest (Ot; (Ox1; Ox2; Ox3)).

Let usnow consideran arbitrary transformation L 0 in L or t and de�ne the composition product

L (u)
:= L � 1

1 � L � 1
2 � L 0:

We call ([OX 0
(u) ;1], [OX 0

(u) ;2], [OX 0
(u) ;3], [OX (u) ]) the image by L (u) of the orthonormal system(or

\reference tetrad") ([OX 0
0;1], [OX 0

0;2], [OX 0
0;3], [OX 0]), the last vector [OX (u) ] being (by construc-

tion) the time unit vector for the given observer O(u) . We then claim that this image is a general
admissible tetrad a�liated with the given pair (� (u) ; � (u) ). This can be seenby an argument
similar to the one given at the end of Sec.2-6for the two-dimensionalcase.With every vector

[OX ] = (ct(u) )[OX (u) ] + x(u) ;1[OX 0
(u) ;1] + x(u) ;2[OX 0

(u) ;2] + x(u) ;3[OX 0
(u) ;3];

one associates its \pull-bac k transform"

[OX pb] := L � 1
(u) [OX ] = (ct(u) )[OX 0] + x(u) ;1[OX 0

0;1] + x(u) ;2[OX 0
0;2] + x(u) ;3[OX 0

0;3]:
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Then sinceL � 1
(u) = L � 1

0 � L 2 � L 1; one can make useof the fact that the successive imagesX 1, X 2

and �nally X pb of X by the sequenceof transformations L 1, L 2 and L � 1
0 remain on the samelevel

hypersurfaceof Q(X ). This entails that

Q(X ) = Q(X pb) = (ct(u) )
2 � x2

(u) ;1 � x2
(u) ;2 � x2

(u) ;3:

Conversely, one seesby the sameargument that any tetrad admissible for O(u) is transformed by
L 2 � L 1 into a tetrad admissible for O0, which is thereby the image by sometransformation L 0 in
L or t of the referencetetrad de�ned by the coordinate axes.

Pseudoorthogonality and the group property of Lorentz transformations

Being given any pair of events X , X 0 in spacetime, let us de�ne the following symmetric
expression

[OX ]:[OX 0] :=
1
2

[Q(X + X 0) � Q(X ) � Q(X 0)] = (ct)(ct0) � x1x0
1 � x2x0

2 � x3x0
3;

in which the event X + X 0 denotesthe tip of the vector [OX ] + [OX 0]. This algebraic expression
is similar to the one which de�nes the scalar product of two vectors x, y in terms of the squared
norms of x, y and x + y in Euclidean space.By analogy, We shall say that the vectors [OX ] and
[OX 0] are pseudoorthogonal if

[OX ]:[OX 0] := (ct)(ct0) � x1x0
1 � x2x0

2 � x3x0
3 = 0:

It is easyto check that the vectors of the referencetetrad are mutually pseudoorthogonal.

Weknow that the imagesof any event X by the transformations L in L or t or in L hy p remain on
the level hypersurfacesof Q(X ). Then it follows from the previous de�nition that the imagesof all
pseudoorthogonal pairs by all thesetransformations are pseudoorthogonal pairs. This is therefore
also true for all the Lorentz transformation L (u) constructed in the previous paragraph. So by
applying this result to the referencetetrad, we conclude that in every tetrad a�liated with any
possibleconjugate pair (� (u) ; � (u) ), all the vectors of the tetrad are mutually pseudoorthogonal:
so for the spacelike triplet in the tetrad, pseudoorthogonality coincideswith the Euclidean notion
of orthogonality inside � (u) , while the pseudoorthogonality of this triplet with respect to [OX (u) ]
is identical with the property of conjugacy intro ducedearlier. Taking into account the fact that all
the vectors [OX ] of a tetrad are unit timelik e or spacelike vectors (i.e. such that either Q(X ) = 1
or Q(X ) = � 1), we can say that all tetrads are systemsof pseudoorthonormal vectorswith respect
to Q.

In view of this characteristic property of tetrads, we can thereby concludethat the action of
any Lorentz transformation L (u) on any tetrad givesanother tetrad.

It follows that the composition product of two Lorentz transformation L (u1 ) � L (u2 ) is another
Lorentz transformation (since it transforms the referencetetrad into a tetrad). The de�nition of
inversetransformations being obvious, we concludethat all the transformations L (u) form a group,
called the Lorentz group of the four-dimensional Mink owski's spacetime.

By adjunction of the translations of spaceand time, one obtains the more general \inhomo-
geneousLorentz transformations" which act on any vector [OX ] as follows:

[OX ] ! (L (u) ; a)[OX ] = L (u) ([OX ]) + a;

in the latter, a denotesa given four-vector which speci�es a translation Ta of spacetime.The set of
all the inhomogeneousLorentz transformations form a group which is called the Poincar�e group.

Remark on the rest-frame and on the distorted appearanceof the generalLorentz frames:

We note that among all the conjugate pairs (� v ; � v ), one and only one is orthogonal in the
usual sense.The familiar choice of this orthogonal pair (e.g. vertical-horizontal) for representing
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the rest-frame is a manifestation of our biasedgeometrical perception which priviledges orthogo-
nalit y and sedentarit y. But as in the Galilean case,the observer at rest enjoys no special physical
properties with respect to any other observer in uniform motion (that's again the \principle of
relativit y" ). So the verticalit y of the time-axis and the horizontalit y of spacecould have beencho-
senfor representing the Lorentz frame of any given uniform motion: there is nothing deepin that
choice.One can also say that the Mink owskian representation of the spacetimeof special relativit y
is de�ned for O0 (as well asfor any observer Ov ) up to the arbitrariness in the choiceof the Lorentz
frame or in short up to a Lorentz transformation: it is the equivalenceclassof all these represen-
tations. But any chosenrepresentation provides an absolute and faithful description of the events
of the universe.Another aspect of all that which deserves to be pointed out again concernsthe
unavoidable \distorted visual perception" intro ducedby the conjugacyproperty. We meanthe fact
that we have an ellipsoidal representation of the surfaceswhich are actually perceived as spheres
by observers in uniform motion. Probably the best way for becoming familiar with that strange
aspect of the Mink owskian representation consists again in using the metaphor of geographical
maps. One can always represent a land on a map equipped with oblique coordinates and di�eren t
scalesof length on the two coordinate axes. That's awkward for our perception, but it remains
an absolute and faithful description of the land. In the Mink owskian representation of spacetime,
this is the price to pay for having a global geometrical description of the all the \spatial slices\,
corresponding to all possibleobservers in uniform motion !!

3 Accelerated motions and curved world-lines

The only motions that have beenconsideredfor stating the postulates of special relativit y and for
constructing Mink owski's spacetimeare uniform motions. Their world-lines are oriented straight
lines whosedirection belongsto the coneV + and one also call them inertial motions by referring
to the fact that no force is acting on a pointlik e object whosemotion is of that type. Under the
nameof accelerated(or noninertial) motions we shall denotethe most generaltype of motion; such
a motion is geometrically represented by a curved world-line in Mink owski's spacetime.A curved
world-line is smooth if it is an oriented smooth curve admitting at each point a tangent whose
direction belongsto V + . A general world-line can be consideredas an oriented union of smooth
curved world-line segments. From the physical viewpoint, objects endowed with motions of such a
generaltype are submitted to the action of a time-dependent force and to additional shocks which
produce possible discontinuities in the direction of the tangent to the corresponding world-line.
Here we shall keep outside the treatment of dynamical problems of special relativit y (except for
the special caseof uniformly acceleratedmotions considered in Sec.3-2). In fact, we shall only
concentrate on the kinematical aspects of these motions, which can be presented in terms of the
Mink owskian geometry of curved world-lines by pursuing our analogy with Euclid's geometry.

3.1 Curvilinear distancesand the slowing down of clocks

Recall on Euclidean space: Let 
 be any curved path with end-points A and B in Euclidean space
R 3; we supposeit to be smooth or composedof a �nite successionof smooth paths. Mathematically,
the length d
 (A; B ) of the path 
 is de�ned by the theory of curvilinear integrals as

d
 (A; B ) =
Z



ds;

where ds denotesthe Euclidean length element

ds = [dx2
1 + dx2

2 + dx2
3]

1
2 :

This theory involvesthe following ideas:

i) conceptually, d
 (A; B ) appears as the limit for N tending to in�nit y of the length dN of an
approximate polygonal path composedof successive small linear paths of equal lengths 1

N , whose
end-points A j all belong to 
 , with A1 = A and d(A j N ; B ) � 1

N . The points A j can be constructed
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recursively by the following rule: A j is at the intersection of 
 with the sphereof radius 1
N centered

at A j � 1 (and such that A j 6= A j � 2).

ii) physically, the length of the path 
 can be measuredby using a 
exible graduated ribb on.

iii) numerically, the previouscurvilinear integral can be computed by intro ducing any parametriza-
tion of the form x := (x1; x2; x3) = x(t) of 
 , where t is a parameter varying between tA and tB ,
such that x(tA ) = A and x(tB ) = B . One then has:

d
 (A; B ) =
Z t B

t A

ds
dt

dt:

The Mink owskian length or "prop er time" of a curved world-line:

The previousEuclideanconsiderationsadmit a closeparallel for curvedworld-lines in Mink owski's
space.

Let 
 be any generalcurved world-line with initial and �nal events A and B in Mink owski's
spacetime R 4: the event B lies in the future of A (namely in the future cone V + (A)). Mathe-
matically, the Mink owskian length d
 (A; B ) of the world-line 
 is again de�ned by the theory of
curvilinear integrals as

d
 (A; B ) =
Z



ds;

but ds now denotesthe Mink owskian length element or "prop er-time element"

ds = [(c dt)2 � dx2
1 � dx2

2 � dx2
3]

1
2 :

This theory involvesthe sameideasasin the Euclidean case,but their physical interpretation
in terms of time-measurements must now be kept in mind:

i) conceptually, d
 (A; B ) again appearsas the limit for N tending to in�nit y of the Mink owskian
length dN of an approximate polygonal path. This path is composed of successive small linear
paths of equal Mink owskian lengths or time=lik e distances 1

N , whoseend-points A j all belong to

 , with A1 = A and d(A j N ; B ) � 1

N . The points A j can now be constructed recursively by the
following rule: A j is at the intersection of 
 with the sheet of hyperboloid H +

A j � 1
( 1

N ) centered at

A j � 1 and whoseall points lie in the future of A j � 1 and at the time-lik e distance 1
N from A j � 1:

this sheet of hyperboloid is homothetic of the anniversary surfaceof A j � 1 with the scaling ratio
1
N .

ii) physically, the (time-lik e) length of the path 
 can be measuredby using a clock which has
to be as much unsensitive to accelerationsas possible. The fact that atomic clocks satisfy such
requirements with a high degreeof robustnessagainst strong accelerationshas been established
experimentally in various works around 1960(seein particular the article by Sherwin [S]).

iii) numerically, the previouscurvilinear integral canagainbecomputedby intro ducing any relevant
parametrization of the path 
 , but a specially signi�can t parametrization results in a very nice
formula due to Einstein.

Einstein's formula for the slowing down of clocks:

One assumesthat the events A and B occur at the samepoint x A = xB in the rest system,
so that physically the path 
 may represent any motion starting from x A at time tA and coming
back to the samepoint at time tB .

Let us now chooseprecisely the time-coordinate t in the rest system as a relevant parameter
for the description of 
 ; the latter is thus given by a parametrization of the following form:

(x; ct)
:
= (x1; x2; x3; ct) = (x(t); ct); with tA � t � tB :
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One then has:

ds
dt

= c

"

1 �
�

dx1

cdt

� 2

�
�

dx2

cdt

� 2

�
�

dx3

cdt

� 2
# 1

2

= c

"

1 �
�

v (t )
c

� 2
# 1

2

;

where dx ( t )
dt

:
= v(t) represents the instantaneous velocity of the motion in the rest-frame at the

rest-time t. By plugging the latter expressionof ds
dt in the curvilinear integral for d
 (A; B ); one

thus obtains:

d
 (A; B ) = c
Z t B

t A

"

1 �
�

v (t )
c

� 2
# 1

2

dt � c(tB � tA ):

This formula thus exhibits the generalphenomenonof "slowing down of the clock attached to the
world-line 
 " with respect to the clock at rest. It provides a quantitativ e physical formulation of
the following geometrical statement (namely the most generalform of the Mink owskian triangular
inequality):

"IN MINK OWSKI'S SPACETIME, ANY TIME-LIKE STRAIGHT-LINE SEGMENT IS LONGER
THAN ANY CURVED SEGMENT WITH THE SAME END-POINTS."

Remark The previous computation provides an expressionfor the slowing down

� 

:= (tB � tA ) �

1
c

d
 (A; B )

which exhibits a very simple �rst-order approximation at low velocities ( v
c small). One gets:

� 
 =
Z t B

t A

1
2

v(t )2

c2 dt = (tB � tA )
v2

M

2c2 ;

where v2
M denotesthe mean squaredvelocity of the motion with world-line 
 between the initial

and �nal times. This formula is remarkably interesting for performing experimental checks of the
slowing-down phenomenon,since vM may for example be related to the temperature of atoms in
thermal motion (see[5] and referencestherein).

3.2 Mink owski's description of accelerations

The instantaneousrelativistic velocity vector for a generalmotion

We have seenin Sec.2-7that any pointlik e object in uniform motion is intrinsically charac-
terized by its normalized relativistic velocity vector u, which is a unit vector in the Mink owskian
sense:u2 := u2

0 � u2 = 1: We can then pursue the parallel betweensmooth Euclidean curved lines
and Mink owskian world-lines by consideringin both casesthe notion of unit tangent vector u(X 0)
at any point X 0 of the line. If the line is parametrized by the length parameter s via a vector
equation of the form X = X (s), one then de�nes u(X 0) at X 0 = X (s0) by the equation:

u(X 0) =
d
ds

X (s) j s= s0 :

In both casesthe squarednorm or pseudonormof u(X 0) is equal to 1, sinceonehas in view of the
de�nition of ds2:

a) in three-dimensionalEuclidean space(as an example)

u(X 0)2 =
�

dx1

ds

� 2

+
�

dx2

ds

� 2

+
�

dx3

ds

� 2

= 1:

b) similarly in Mink owskian spacetime:

u(X 0)2 =
�

c
dt
ds

� 2

�
�

dx1

ds

� 2

�
�

dx2

ds

� 2

�
�

dx3

ds

� 2

= 1 with
dt
ds

> 0:
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In the latter case,cu(X 0) will be called the instantaneous relativistic (or Mink owskian) veloc-
it y vector of the motion (X = X (s)) at the event X 0. u(X 0) can be called the dimensionless
instantaneousvelocity vector.

The accelerationvector:

According to Mink owski, one de�nes the accelerationvector 
 (X 0) at X 0 as


 (X 0) := c2 du(X (s))
ds

js = s0:

In the latter, the normalization factor c2 ensuresthe right dimensionality LT � 2 of acceleration.
Then by taking the derivative with respect to s of the equation u(X (s)) 2 = 1, we obtain the
pseudoorthogonality relation


 (X ):u(X ) := 
 0u0 � 
 1u1 � 
 2u2 � 
 3u3 = 0

which is valid for all points X = X (s) of the world-line. In other words:

The Mink owskian acceleration 
 (X ) is always a spacelike vector which is conjugate to u(X ). The
physical interpretation of the latter is that at any event X 0 of the world-line, the vector u(X 0)
indicates the corresponding time-axis � (u(X 0 )) of the traveller, while the accelerationvector 
 (X 0)
is contained in the conjugate hyperplane � (u(X 0 )) , interpreted by the traveller as the Euclidean
spaceat time zero.Then the Euclidean norm of this vector de�nes the intensity of the acceleration
which is felt by the traveller at the event X 0. In view of the sign convention for de�ning the squared
Mink owskian pseudonormof 
 (X 0), which is negative, it is given by

j
 (X 0)j = (� 
 (X 0)2)
1
2 :

Uniformly acceleratedmotions

We shall now present the Mink owskian treatment of one-dimensionaluniformly accelerated
motions. Under this name,we now meanthe motions represented by a world-line in a Mink owskian
two-dimensionalplane (Ox; Ot), whoseacceleration'sintensity j
 (X )j is a constant 
 . That means
that the tip of the spacelike vector 
 (X ) varies on a branch of hyperbola centered at O and
homothetic either to the curve H 0 or to its opposite in that plane (seeSec.2-5).

Wewill check that all such branchesof hyperbolaetogether with thoseobtained from the latter
by spacetime translations are themselves the world-lines of uniformly acceleratedmotions. (For
simplicit y, we shall skip the proof of the fact that they represent all the one-dimensionaluniformly
acceleratedmotions). We intro duce such hyperbolic world-lines by the following parametrization
in which the parameter � will be seento be the proper time of the motion (the notation � being
thus substituted to the length notation s = c� of the previous paragraph).

X = X (� ) := (x(� ); ct(� )) :

x(� ) = a cosh
c�
a

+ x0; ct(� ) = a sinh
c�
a

+ ct0:

We just have to compute successively:

u(X (� )) =
d

d(c� )
X (� ) = (u1(� ); u0(� )) :

u1(� ) = sinh
c�
a

; u0(� ) = cosh
c�
a

;

which shows that u(X (� ))2 = 1:


 (X (� )) = c2 d
d(c� )

u(X (� )) = (
 1(� ); 
 0(� ) :
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 1(� ) =
c2

a
cosh

c�
a

; 
 0(� ) =
c2

a
sinh

c�
a

;

from which it follows that 
 (X (� ))2 = � c4

a2 is constant and yields the value 
 = c2

a for the
acceleration.So one can say that the accelerationis proportional to the \time-curv ature" 1

a of the
world-line.

Remarks

a) Non-relativistic (or Galilean) approximation: It is clear that the hyperbolic world-line with
equation x2 � (ct)2 = a2 or x = [(ct)2 + a2]

1
2 admits as a second-orderapproximation near the

event x = a; t = 0 the familiar parabola with equation

x = a +
c2

2a
t2 = a +

1
2


 t2

,

b) In Euclidean geometry, the \osculating circle" at a point X of a Euclidean curve is obtained
as the limit of the circle containing three neighbouring points of the curve, when thesethree points
tend together to X . Mink owski intro duced similarly (in[M]) a notion which can be called the
\osculating uniformly acceleratedmotion" of a generalmotion at the event X : its world-line is the
limit of a hyperbolic world-line containing three neighbouring events of the generalmotion, in the
limit when thesethree events tend to X .

3.3 A comfortable trip for the "Langevin traveller"

The standard presentation of the "t win paradox" (or "Langevin traveller"), which amounts to a
direct trip with return between a point of the earth and somefar-distant spacestation S, with
large uniform velocity v in both directions, is remarkable by its beautiful pedagogicalsimplicit y.
In fact, we have seenin Sec.2-4that it exactly illustrates what we called in geometrical terms the
Mink owskian triangular inequality. However, sinceit appearedin the literature, various objections
have been raised whose point was generally to conclude that this was a school example, which
was probably physically incorrect or at best unrealistic. This type of opinion has also beenoften
endorsedby vulgarizers of special relativit y, as a reassuring thought with respect to what looks
like a scandal for the common sense.

The main objection was about the instantaneous passagefrom velocity v to velocity � v
when reaching the term of the travel. Such passagehad to be produced by a shock, or even if
smoothened by somedeceleratingdevice, it seemedto involve so large accelerationsthat certainly
the biological organismsand maybe the clocks themselvescould not stand such constraints. Now in
view of Mink owski's study of uniformly acceleratedmotions (presented above in Sec.3-2),one can
actually show the possibility of organizing a more comfortable trip for the Langevin traveller, in
which the latter would be submitted to a constant acceleration(or deceleration) We even impose
(for making the accelerationbiologically normal) that its value be precisely equal to the value of
the gravit y accelerationg on the earth. Of course,we admit that the whole travel will take place in
the vacuum, far from any gravitational source,in such a way that the 
at Mink owskian spacetime
remains a reasonablygood approximation to the real spacetime.

After having speci�ed an appropriate classof world-lines for that space-traveller, the problem,
which is purely geometrical,consistsin comparing the length of proper time � (namely the timelik e
Mink owskian length) of the traveller's world-line with the corresponding time t that will have
elapsedon the earth between the traveller's departure and return. A table of the corresponding
valuesof � and t will be given below. Its result is striking: while the maximal value of � �ts with a
reasonably long life-time for a human being (let us say eighty-six years), the corresponding value
of t reachesabout �v e billions of years,namely the ageof the earth !!

Of course,a secondproblem (which hasa touch of dreamasin anticipation novels: : :) concerns
the production of the constant accelerationfor the spaceshipon which the traveller is going to live.
If the acceleration is produced by either expelling or disintegrating a massof matter aboard the
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spaceship,as in conventional rockets, one can make a simple computation of the minimal mass
consumption based on the relativistic law of energy-momentum conservation (see Sec.5below).
Assuming that all the disintegrated massis transformed into photons (which is the most favourable
process)it is possible to compute the ratio between the remaining massM (� ) at proper time �
and the initial massM 0 of the spaceship.The set of values which are listed in the table indicate
that that for � larger than twenty years, the procedurebecomesradically unrealistic. In fact, the
mass to be loaded aboard the spaceshipthen becomesa non-negligible fraction of the mass of
the earth (which also means that gravitational e�ects have to be taken into account; the use of

at Mink owski's spacetime is no longer justi�ed). But the limitations of this procedure do not
excludethe considerationof other typesof possiblepropulsions,which could make usefor instance
of energiesavailable in the cosmicmedium.

�3 �2 �1 0 1 2 3 4 5
�2
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Figure 10: A comfortable motion for the Langevin traveller

Choice of the motion:

The tra jectory is along a straight line joining the earth, denotedby S0, and the spacestation
S consideredas at rest with respect to the earth. The travel which is proposedis composedof

i) a uniformly acceleratedmotion with accelerationg from S0 to the middle M of S0S;
ii) a uniformly acceleratedmotion with acceleration � g from M to S (namely a phase of

deceleration);
iii) the acceleration� g is maintained as in ii) and produceshalf of the returning trip from S

to M ;
iv) the accelerationis shifted from � g to g for producing a uniformly deceleratedmotion from

M to S0.
It is clear that the discontinuit y of the acceleration(from g to � g) producedat M is bearable

by the physical and biological systemsin the spaceship:if g is equal to the value of the gravit y
accelerationon the earth, it is just felt as a suddeninversion of the direction of gravit y.

The spacetimerepresentation of this motion is a worldline composedof three successive arcs
of hyperbolae with centers a, d and b (see�g.10), namely:

i) an arc AC joining the departure event A on S0 to the end of the acceleration phase C
at the point M ; this arc is parametrized by the proper time � of the spaceshipaccording to the
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following equations:

x =
c2

g
(cosh

g
c

� � 1); t =
c
g

sinh
g
c

� :

ii) an arc CDE where D denotesthe passageon S (no stop being expected there) and the
end-point E denotesthe passageat M in the way back.

iii) an arc EB representing the last deceleration phase whose end-event B represents the
arrival on S0.

As it is visualizedon �g.10, the arcsCD, DE, and EB of the traveller's worldline are obtained
from the arc AC by obvious symmetries and it is clear that the total traveller-time length � B of
the travel as well as the corresponding earth-time length tB are respectively equal to four times
the traveller-time length � C and the corresponding earth-time length tC that have elapsedbetween
A and C. In view of the equations of AC this yields the following relation betweentB and � B :

tB = 4
c
g

sinh
g
c

� B

4
:

It is pleasant to notice that with our choice of units (i.e. yearsand lightyears) not only c = 1 but
also the earth's value of g is very closeto 1. We thus obtain the very simple formula

tB = 4sinh
� B

4

whosenumerical application can be found in the table.

We notice that for small valuesof the travel's length of time � B , namely betweenzeroand four
years,the corresponding valuesof the earth-time length tB is not very di�eren t; this is because� B

is the �rst-order approximation of 4sinh � B
4 at small � B . But for larger travel's lengths of time, the

exponential character of the sinh function becomespreponderous,which yields such overwhelming
discrepanciesas two-thousand years of earth's time for twenty-eight yearsof travel's time and: : :
geologicallike agesfor seventy yearsof travel's time !

Mass decreaserequired for the spaceship'spropulsion

The equation for the rate of massdecreasewill be fully justi�ed in Sec.5on the basisof the
relativistic law of conservation of the total energy-momentum of the system. This equation is

d
d�

M (� ) = �
g
c

M (� ) = � M (� );

which therefore yields the formula
M (� B ) = M 0e� � B

illustrated numerically in the table.

4 On the visual appearanceof rapidly moving objects: Lorentz contraction re-
visited

Although being valid as a two-dimensional geometrical property of Mink owski's spacetime in a
plane (Ox; Ot) , the property of \contraction of lengths" described in Sec.2-5di�ers from what
would actually be seenby an observer (or a camera)at the passageof a rapidly moving object. As
a matter of fact, according to the original Terrell's work [6] (seealso [?, W1] the analysis of the
actual physical phenomenoncan be summarizedas follows.

i) Even if the moving object S is one-dimensional,namely is an in�nitely thin rod alined
with the motion tra jectory Ox (as consideredin Sec.2-5),one must consider the observer at rest
O as situated at a certain distance d of Ox. Therefore the actual visual appearanceof the rod for
such an observer at a certain time t = t0 is obtained by determining the set of light world-lines
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[h]

The \Langevin traveller" in uniformly acceleratedmotion

traveller's proper time

� (in years)

earth's proper time

t (in years)
M (� )
M 0

1 1 and 4 days 0:37

2 2 and 1 month 0:13

4 4:7 0:02

8 14:5 4 � 10� 4

12 40:1 8 � 10� 6

16 104 1:6 � 10� 7

20 297 3:2 � 10� 9

28 2; 200 1:3 � 10� 12

32 5; 960

40 44; 000

48 326; 000

60 6:54� 106

72 131� 106

84 2:64� 109

86 5 billions

1
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which have beenemitted from all the points of the rod in the past of t0 and which convergeat the
corresponding \reception event" O(d; t0) of the observer O. This determines the \photograph" of
the rod at time t0. When the value of t0 varies, the geometrical construction of the relevant light
world-lines results in modi�cations of the direction of observation and of the apparent length of
the rod; thesemodi�cations of the visual appearanceof the object for the observer O at rest will
thus accompany the motion of the object. In other words, the aspect of the rod on the photograph
will vary with time by combining the relativistic property of contraction of lengths together with
perspective e�ects; the latter are comparableto thosewhich occur in ordinary spacewhen changing
the direction of observation in order to catch successivesituations of the moving object (in a purely
Galilean treatment with in�nite light-velocity).

ii) The previous type of analysis being taken into account, a more realistic study still has
to be done for the caseof a three-dimensional object. For instance, it is interesting to consider a
cube-shaped or spherical object S whosecenter movesalong the axis Ox and whosesize may be
consideredas small with respect to the distance d from the observer to Ox. It turns out that the
visual appearanceof such thick objects never exhibits the phenomenonof contraction of lengths
in the direction Ox as it was pictured in Gamov's famousbook (\The adventures of Mr Tompkins
in the land of special relativit y"). As a matter of fact, the observed appearanceof an object at
successive times exhibits a perspective e�ect whosecorresponding (\virtual") direction of obser-
vation is shifted with respect to the real direction of observation, as though the perspective were
accompaniedby an \anomalous rotation e�ect". This apparent changeof direction of observation
is a typical geometrical e�ect of Mink owski's spacetime:it is characterized by an angle called \the
relativistic aberration" . It is interesting to note that for the special caseof a spherical object, the
disk-shaped appearanceremains for all the directions of observation which accompany the object's
motion.

The relativistic aberration:

Let S and O represent two given events of spacetimecorresponding respectively to the emis-
sion of a light beamby a pointwiseobject and to the reception of this light beam:O belongsto the
future light-cone C+ (S) of S. The object is in uniform motion with respect to the rest-frame of an
observer O who will observe the reception event at O. This uniform motion is characterized by its
world-line � (u) which we chooseto belong to the plane (Sx; St) (the point S is contained in � (u) ;
it now plays the role of the origin of Mink owski's spacetime,called O in Sec.2).� and v = tanh �
will denote the rapidit y and velocity of the motion; d denotesthe distance from the observer O to
the motion's line Sx of the object. At O, the light beam coming from the object is received by the
observer O from a direction which includes the angle � with the axis Sx in the coordinate-plane
(Sx; Sy) and tO denotesthe corresponding reception time.

From these data, we can expressthe coordinates of the reception event O in the rest frame
as follows

(x = ctO cos� ; y = d = ctO sin � ; z = 0; t = tO ):

(Note that in all the argument the scenarioremainsin the three-dimensionalspacetime(Sx; Sy; St)).

With [6] we now intro duce another observer O0 who is at rest in the frame of the moving
object and whoseworld-line (parallel to � (u) ) contains the point O: that meansthat this moving
observer O0 \shares with O" the reception event O of the light beam emitted by the object at S,
although the latter is now seenas \at rest" by O0. At this event O, O0 receives the light beam
from a direction which includes the angle � 0 with the corresponding space-axisSx0 of the object's
Lorentz frame: this axis Sx0 is conjugate of � (u) in the plane (Sx; St). The spacehyperplane � (u)

of O0 is in fact generatedby the three axesSx0; Sy; Sz, the coordinates y and z being unchanged
with respect to those of the rest-frame of O.

We can now expressthe coordinates of the reception event O in the Lorentz frame of O0 as
follows

(x0 = ct0O cos� 0; y = d = ct0O sin � 0; z = 0; t0 = t0
O ):
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It is the di�erence � := � 0 � � which is called the relativistic aberration and the basic computation
which remains to be done is to compute � 0 and thereby � as a function of � and of the rapidit y �
(or velocity v) of the object.

Comparing the two representations of O leadsone to intro duce at �rst the ratio

M :=
tO

t0
O

=
sin� 0

sin �
:

We now make use of the formulae for the changeof Lorentz frames in the light-cone coordinates
(seethe end of Sec.2-6).Applying this formula to the event O (or more properly to its projection
onto the plane (Sx; St)) by putting

U = ct + x; V = ct � x; U0 = ct0+ x0; V 0 = ct0 � x0;

we get :
V
U

= tan2 �
2

;
V 0

U0 = tan2 � 0

2
;

which yields : tan
� 0

2
= tan

�
2

� e� :

The latter relation de�nes a function � 0 = � 0(� ; � ) which enjoys the following properties:

a) for �xed � , � and � 0 tend together either to zero or to in�nit y;

b) for � = �
2 (resp. � 0 = �

2 ), one has sin � 0 = 1
cosh � (resp. sin � = 1

cosh � ), where 1
cosh � =

(1 � v2

c2 )
1
2 is the Lorentz contraction factor (seeSec.2-5).

The visual appearanceof extendedobjects

Let us now supposethat the moving object is extended instead of being pointwise, but that
its extension is small with respect to the distance d at which the observer O is standing, and to
begin with, that it is \
at for the observer O" (and therefore also for O0): that meansthat the set
of its world-lines form a small cylinder parallel to � (u) in the subspace(Sx; Sy; St); there is no
extension in the third direction Sz.

We now consider the small anglesd� and d� 0 subtendedby the object, as they are seenfrom
O respectively by the observers O and O0, namely in the planes respectively parallel to (Sx; Sy)
and (Sx0; Sy). It is clear that the relation between these two anglesis obtained by di�eren tiating
(at �xed � ) the previous relation between� , � 0 and � . The result is:

d� 0

d�
=

sin � 0

sin �
= M

This ratio M of the subtended angles,or of the apparent dimensionsof the object when passing
from the observer O to the observer O0, can thus be called the magni�cation . What is remarkable
in that relation between d� and d� 0 is that (eventhough � 0 is a function of � and � ), it does not
depend explicitly of the rapidit y � .

As a matter of fact, one can even give a still nicer interpretation of it by intro ducing the
distancesr and r 0 at which the (small) object is seenrespectively by O and O0. Concerning r 0 it
is of coursea �xed distance, sincethe object is at rest for O0 and one has (in the plane parallel to
(Sx0; Sy) by O)

d = r 0sin � 0:

Concerning r , it is the distance from O (in the plane (Sx; Sy)) of the position occupied by the
object at the emissionevent S and one thus also has

d = r sin � :

It then immediately follows from theserelations that one has:

rd� = r 0d� 0;
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which means that the dimensions of the object transversally to the directions of observation of
O and O0 are equal. One can now seevery simply that a similar result is valid for general small
objects having alsoan extensionin the direction Sz. In fact, the component along Sz of the object
is the samein the rest frame as in the Lorentz frame where the object is at rest; it therefore has
equal transversal extensionsdz = dz0 along Oz for both observers O and O0, which entails:

r d� dz = r 0d� 0dz0

This means that the surface transversal dimensions of the object with respect to the directions
of observation of O and O0 are equal: the perspectival shapes and dimensions of the object are
the samewhen the object is moving as when it is �xed, provided one replacesthe actual direction
of observation of the moving object, namely the angle � , by the \virtual" direction � 0 = � 0(� ; � )
corresponding to its observation as a �xed object.

However, in view of the di�eren t distancesr and r 0 from O and O0 to the object, this identit y of the
perspectival shapes and dimensionsis modi�ed from the angular viewpoint by the magni�cation
factor

M =
d� 0

d�
=

r
r 0;

whoseexpressionas a function of � and � is:

M (� ; � ) =
sin � 0(� ; � )

sin �
:

This transformation can be seenas a certain conformal mapping on the unit spherefor regionsof
small subtendedsolid angle.
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Figure 11: Passageof a "relativistic bus": The relativistic aberration and the apparent rotation

Practical Geometrical Construction:

In order to represent how the object with rapidit y � is seenby the observer O from the
direction with angle � , one determines the direction with angle � 0 = � 0(� ; � ) from which it is seen
by O0 as a �xed object. One then applies to the �xed object (with its true dimensions)a rotation
with angle � = � 0 � � (i.e. the relativistic aberration) before settling it at the point where O
expects to seeit from the direction � . This is the correct perspective under which O will seethe
object from that direction. This procedurehas beenillustrated on �g.11 by taking the exampleof
a \relativistic bus". It is now clear that if the object is spherical, its disk-shaped appearanceand
dimension is preserved for all possibledirections of observation.

What about the \hidden Lorentz contraction" ?

Having obtained the previous general result, let us come back to our very �rst caseof an
in�nitely thin rod with length l , oriented along Sx and moving along Sx with rapidit y � . Assume



40 J. Bros S�eminaire Poincar�e

that one �xes � = �
2 , which meansthat the observer O at rest looks at the rod from the direction

Sy where he or sheis sitting. By refering to the geometricalargument of Sec.2-5,oneeasily checks
that in that casethe observer doesobserve a Lorentz contracted rod with apparent length l

cosh � .
Now let us look at it from the viewpoint of the general result. This rod is seenby O0 as a �xed
rod from a direction de�ned by the angle � 0 such that sin � 0 = 1

cosh � (seeabove the property b) of
the function � 0(� ; � ) Then by applying the previous Practical Geometrical Construction, one sees
that the observer O must seethe rod as if it were rotated by the angle � = � 0 � �

2 , so that its
perspectival length is

l � sin � 0 =
l

cosh�
;

the corresponding angle subtendedby the object being equal to l
d

1
cosh � :

The rotation has exactly reproduced the Lorentz contraction !!

Observing the object without perspective e�ect

In the Galilean treatment (with in�nite velocity of light), the object is observed by O without
perspective e�ect when the direction of observation is perpendicular to the line of motion, namely
when � = �

2 . In the caseof Mink owski's spacetime, the corresponding phenomenonis obtained
when � 0 = �

2 , namely when the observer O0 seesthe object without perspective e�ect. Then the
identical e�ect is obtained by O provided his or her direction of observation includes an angle � 0

with the motion's axis. According to property b) of the function � 0(� ; � ), this angle � 0 is such that

sin � 0 =
1

cosh�
:

For the caseof the in�nitely thin rod, we seethat it appearsto the observer O with its exact length
l when looked at in that direction, but from the angular viewpoint the subtended angle remains
(becauseof the \magni�cation factor") l

d
1

cosh � : : : i.e. the same as for the Lorentz contracted
appearanceat � = �

2 !

In conclusion,the e�ects of perspective modi�ed by the relativistic aberration, which acts as
a rotation, are clearly de�ned for describing the visual appearanceof moving objects of general
shape. The concept of \Loren tz contraction", although perfectly clear in two-dimensional space-
time, then becomeshidden as far as the observation of three-dimensional objects is concerned;it
may be restored in the special caseof thin objects, but the term is of subtle useand semantically
confusing: : :

5 The Mink owskian energy-momentum space:E=Mc 2 and particle physics

In the Newtonian dynamics, based on the Galilean conception of spacetime, one intro duces for
each massive pointlik e object with massm and constant velocity v its momentum p = mv. For
any isolated dynamical systemcomposedof such objects, their velocities and momenta depend on
time, but the total momentum, namely the vector sum P of all the corresponding momenta, must
be conserved at all times. The other quantities which have to be conserved at all times are a) the
total energyE of the system,and b) the massesof the various objects, sincethe latter are supposed
to conserve their individualities for all times.

In the framework of special relativit y, each massive pointlik e object with massm in uniform
motion is now characterized by its relativistic (or Mink owskian) velocity vector cu. According
to Einstein\s beautiful idea, one can now associate with it a relativistic four-momentum vector
p = mcu, which can be represented in the coordinates of the rest-frame as follows:

p = (p; p0); p = mc sinh� j = mv[1 �
v2

c2 ]�
1
2 ; p0 = mc cosh� = mc[1 �

v2

c2 ]�
1
2 :

The (tip of the) vector p thus belongsto the upper sheetof hyperboloid H +
m with equation

p2
0 � p2

1 � p2
2 � p2

3 = m2c2; p0 > 0:
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The space-component p of p admits a small-velocity expansionof the following form

p = mv(1 +
v2

2c2 ) + � � � ;

which therefore reproducesthe Newtonian momentum mv at the �rst-order approximation. As for
the time-component p0, its small-velocity expansiongives

p0 = mc[1 �
v2

c2 ]�
1
2 = mc(1 +

v2

2c2 ) + � � � :

Multiplying both sides of the latter by c in order to get the dimensionality of an energy, i.e.
ML 2T � 2, one then obtains:

p0c = mc2 +
1
2

mv2 + � � � :

While the secondterm of this expansion is clearly identi�ed as the kinetic energy of the massive
object in the Newtonian formalism, the �rst term E0 = mc2 is the "in ternal energyat rest\ of the
massive object, identi�ed (up to the dimensionality factor c2) with its massm. In fact, when the
velocity v vanishes,the four-vector pc is along the time-axis and reducesto its time-component
E0 = mc2: One can then also say that for an arbitrary uniform motion with velocity v , the time-
component p0c of the four-vector pc is the completerelativistic energyof the moving object, whose
value is

E := p0c = mc2[1 �
v2

c2 ]�
1
2 = jpj

c2

v
:

This is why the four-momentum vector pc or p is also called the energy-momentum vector of the
object (the identi�cation being often made, in view of the convenient choice of units such that
c = 1).

Remark It is very important to note that in units where c = 1, the squaredmassm2 = (mc)2 of
the object is equal to the squaredpseudonormof the four-momentum vector p. It is therefore (lik e
the proper time of a motion) a relativistic invariant : its value is independent of the Lorentz frame
which has beenchosenfor describing the object.

Massive and masslessfree particles

In microphysics, the theoretical treatment of particles requiresa quantum-mechanical frame-
work. However, this framework makesusebasically of the Mink owskian spaceof four-momenta of
point-lik emassiveobjects that wehave just described.As a matter of fact, the quantum elementary
particles with massm are described as \w ave-packets" which are probabilistic superpositions of
\classical" four-momentum con�gurations p = (p; p0) satisfying the so-called\mass shell" condi-
tion:

p belongs to H +
m ; i:e: p2

0 � p2 = (mc)2 with p0 > 0:

Photons are similarly treated as masslessparticles (m = 0). The latter are thereby characterized
by a four-momentum vector p which belongsto the light-cone C+ :

p0 = jpj:

The concept of massive pointlik e object and of relativistic four-momentum thus keep some
meaning for describing the free particles of microphysics, namely non-interacting particles. How-
ever, it becomesmeaninglessfor describing particles in mutual interaction, in contrast with the
caseof Newtonian objects, whosemomenta and energieskeep their meaning as functions of the
time during the interaction.

The simplest thing that can be donea priori for describing the mutual interactions in particle
physics is to describe the relations between the four-momentum con�gurations of free particles
before the interaction and those which occur after interaction; in fact, for the interactions of
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nuclear type, the latter always takesplace in a very short time. Then there is a basic relativistic
law, which generalizesthe Newtonian laws of conservation of the total momentum and of the total
energyof the system. This law is

The law of conservation of the total energy-momentum vector of the system of free particles

This law states that if a set of several (let us say n) free particles with initial four-momentum
vectors p(1) ; p(2) ; : : : ; p(n ) meet together in someregion of Mink owski's spacetimewhere they in-
teract, then another set of free particles will emergein the future of that region and their number
n0 is not necessaryequal to n. However, the four-momentum vectors p0(1) ; p0(2) ; : : : ; p0(n 0) of these
�nal particles are such that the following vector equality holds in the Mink owskian four-momentum
space:

p(1) + p(2) + � � � + p(n ) = p0(1) + p0(2) + � � � + p0(n 0) :

Of course,this implies that in contrast with the caseof Newtonian pointlik e objects, the particles of
microphysicsdo not conserve their individualities throughout the interaction. However the vector
conservation law which they obey puts some strong constraints which are consequencesof the
Mink owskian triangular inequality .

Let us consider for example the caseof two initial particles with four-momenta p(1) , p(2)

(which is physically the genericcasefor the collisions produced in the accelarators).Let us call m1

and m2 the massesof theseparticles; one thus has:

p(1) 2
= m2

1; p(2) 2
= m2

2:

Then the total four-momentum is
P = p(1) + p(2) ;

whosesquaredpseudonormP 2 := M 2 is interpreted as the squaredtotal massof the system. M is
of coursea relativistic invariant, independent of the Lorentz frame. In practice one often chooses
a frame in which P is along the time-axis, which one calls the center-of-massframe. Now , we see
that becauseof the Mink owskian triangular inequality applied to the triangle whosesidesare

[OQ1] = p(1) ; [Q1Q2] = p(2) ; [OQ2] = P;

one has necessarily
M � m1 + m2;

the equality being valid if and only if p(1) and p(2) are collinear; this meansthat the two particles
are both at rest in the center-of-mass frame. If they are not, the di�erence M c2 � m1c2 � m2c2

represents the (relativistic) kinetic energy of the system.

Let us consider for example the caseof equal massesm1 = m2
:= m. Then one has M � 2m.

Now, let us ask ourselves what can be the constraints on the number of �nal particles emerging
from the interaction. By iterating the previous geometrical argument with Mink owskian triangles,
one gets the following result.

For M < 3m; only two �nal particles can be produced; one will then speak of an \elastic"
collision of two particles. For 3m � M < 4m, either two or three can be produced; both processes
are geometrically possible. More generally, if (n � 1)m � M < nm; all processesincluding the
production of any number of �nal particles smaller than or equal to n � 1 are possible.For the
production of three or more particles, one also speaksof \inelastic" collision of two particles.

One can of course generalizethe previous geometrical argument to the caseof particles of
di�eren t masses:note that the values of the massesof the existing particles of microphysics is a
discreteset whosedetermination requiresthe treatment of quantum relativistic dynamical theories
such as Quantum Field Theories (a very hard program which is by far outside the scope of this
paper).

Inclusion of the photons
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It is important to note that masslessparticles such asphotons can be included in the previous
geometrical arguments. In particular one can check (by drawing the corresponding triangles) that

i) From the collision of two photons, onecan obtain a total momentum whosemassM can be
arbitrarily large, so that any numer of �nal massive particles can a priori be produced throughout
the interaction of thesetwo photons: \pure light can create matter\

ii) Together with the elastic collision of two massive particles, one can always expect a priori
the additional production of any number of photons, even if the total massM (> 2m) of the system
is not very much larger than 2m.

An exerciseon four-momentum conservation: \the propulsion of the Langevin-traveller's spaceship"
(seeSec.3-3)

Let us assumethat at time � (in its proper time), the spaceship'smass is M (� ) and that,
in its restframe, it is submitted to a constant �eld-strength whoseintensity equal to g. Since its
velocity is equal to zero in this frame, Newton's fundamental principle of dynamics applies and
gives:

dP
d�

= M (� )g:

This �eld strength, which ensuresthe propulsion of the spaceshipin uniformly acceleratedmotion,
is producedby the expulsion of a part of the massby unit of time, namely dM (� )

d� whoseassociated
momentum component must be equal in intensity and opposite to dP

d� :
From a relativistic viewpoint, this lossof massmust in fact be identi�ed (up to the factor c2)

with an emissionof energy 1
c2

dE
d� under either form of a massof matter (with relativistic velocity

v < c) or of light (i.e. photons with velocity c).

In the caseof matter, these energy and momentum lossesare related to the velocity by the
relativistic formula (given previously):

�
�
�
�
dP
d�

�
�
�
� =

v
c2

�
�
�
�
dE
d�

�
�
�
� ;

which therefore yields the di�eren tial equation

dM
d�

= �
g
v

M (� ):

In the caseof photons, one has a similar relation (with v = c):
�
�
�
�
dP
d�

�
�
�
� =

1
c

�
�
�
�
dE
d�

�
�
�
� ;

which yields
dM
d�

= �
g
c

M (� ):

One concludesthat the loss of mass is minimized when v = c, namely if one can dispose of an
enginewhich transforms matter into pure radiation.

6 Toward simple geometriesof curved spacetimes

In spite of its non positive-de�nite distance,Mink owski's spacetimestill shareswith Euclideanspace
the property of being \
at", namely an a�ne space.But in the sameway as the Euclidean plane
must be replacedby a sphere(as a �rst approximation) for the observer who wishesto represent
the surfaceof the earth, the four-dimensionalMink owskian spacetimemust be replacedby a curved
spacetimefor the observer of the universewho wishesto describe the inclusion of matter submitted
to gravitational attraction and the evolutional properties of the universeat astronomical scalesof
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lengths and times. What we are mentioning here concernsthe secondbig revolution of theoretical
physics in the twentieth century: according to the principles of general relativit y intro duced by
Einstein in 1916 (and also independently by Hilb ert in a more mathematical formulation), local
curvature of spacetimearound an event X is causedby the presenceof a density of matter at that
point. But there is alsoanother type of global curvature which is linked to expansionor contraction
properties of spatial sectionsof spacetime;this type of curvature is characterizedby what is called
a \cosmological constant".

The general mathematical theory of curved spacetimesis outside the scope of the present
pedagogicalessay and we shall only indicate here somehint about the primary conceptsinvolved
in that theory. In mathematics, the notion of manifold intro duces an additional abstraction to
geometry. In the sameway as the two-dimensionalsurfaceof the earth is perceived by us as \em-
beddedin the ambient three-dimensionalspacetime\, a model of curved spacetimecan reasonably
be conceived as a "surface of dimension four embedded in a 
at spaceof larger dimension\ (for
example �v e). As a matter of fact, this type of geometrical representation in terms of an "ambi-
ent spaceof higher dimension\ is not necessaryfor de�ning the relevant mathematical notion of
"manifold\, which has been inspired by the geographicalnotion of "atlas" . In a world atlas, one
is given a set of planar representations of various regions of the surface of the earth, in such a
way that: a) each region is represented by precisegeometrical rules encoded in a lattice of level
curvesrepresenting parallels and meridians which constitute a map of that region; b) whenever two
regions overlap, there are consistent geometrical rules which exhibit the correspondencebetween
the two corresponding maps in their representations of the overlapping region; c) the union of all
mapscover the whole surfaceof the earth. Such a type of collection of local data, which provides a
faithful representation of a curved surfacewithout requiring an embedding in a higher-dimensional
ambient space,is usedin the generalmathematical de�nition of \abstract manifolds". The concept
of atlas is thus often usedfor representing various models of curved spacetimes,thereby de�ned as
\abstract Mink owskian (or Lorentzian) manifolds". Ie such an atlas, each map is then speci�ed by
what one calls a system of local coordinates of spaceand time. The Mink owskian local structure
is speci�ed in each given map, by prescribing in terms of the corresponding local coordinates what
are the conesof light world-lines passing at each given event X : these light world-lines will in
general appear as curved lines, constituting a \ligh t-conoid" CX with apex X , composedof the
union of a future conoid C+

X and of a past conoid C �
X .

From the physical viewpoint, one can say that the conceptual advantage of this "atlas-
representation" of a curved spaceor spacetime is to make the economy of an "ambient space",
which has a priori no physical interpretation. As a matter of fact, the problem of the physical
interpretation of additional dimensionsintro duced for mathematical reasonscurrently appears in
various up-to-date investigations of theoretical physics.

However for certain models, a representation making useof an embedding of spacetimein a
�v e-dimensional 
at ambient spacecan be very illustrativ e and useful. Here of course, the word
"ambient space" is of pure mathematical nature. These models correspond to \quadratic space-
times" represented by appropriate quadrics (i.e. second-degreehypersurfaces)which enjoy the
following simple geometrical property with respect to the ambient space.At each event X of the
spacetime,the light-conoid CX is the coneof all linear generatricesof the quadrics passingat X .
Thesemodelsof quadratic spacetimeshave in commonto be \pure-cosmological-constant models",
which meansthat no density of matter is incorporated there. They enter in two classeswith rather
di�eren t mathematical properties and physical interest, which are called \de Sitter" and \an ti-de
Sitter spacetimes":they are presented in Ugo Moschella's paper.
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