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Abstract. The Fractional Quantum Hall e ect provides a unique example of a quantum system with
fractional quantum numbers. We review the tunneling experiments which have brought into evidence
the fractionally charged excitations, the fractional occupation of the quantum states and the non-linear
quantum transport related to the chiral Luttinger liquids properties.

1 Introduction

The quantum Hall e ect is one of the most remarkable macroscopic manifestation of quantum
mechanicsin condensedmatter after superconductivity and super uidit y. The phenomenonis ob-
serned in a two-dimensional electrons gas (2DEG) at low temperature in a high perpendicular
magnetic eld. Landau Levels (LL) form due to cyclotron motion quartization in 2D and are
highly degenerate.Howeer, the degeneracycan be lifted by the interactions. The system can be
viewed asa at macroscopicatom made of 10° electrons. As for atoms or nuclei, particular values
of the lling of the electronic stateslead to more stable ground stateswith large enemy gap for the
excitations. The equivalent of magic atomic quantum numbers are integer or fractional values of
the lling factor = p=qof the electronic quantum states (p and q integers). The lling factor, is
given by the ratio of the electron density ng to the density n = B= o of ux quantum o= h=e
It can be varied either by sweepingthe magnetic eld or by changing the electron density. The
magic valuesof are experimentally revealedby plateausin the Hall resistance%e“—z. The Integer
Quantum Hall E ect, discoveredby Klitzing [1], occurswhen = p (q= 1) whenthere is a com-
plete ling of the degenerateLLs. The Fractional Quantum Hall E ect [2, 3] occursat = p=q
(g= 2s+ 1, s integer). The underlying physicsis the Coulomb interaction which lifts the LL de-
generacyto form new correlated quantum liquids with energygap and with topological excitations
having a fractional charge ex2s+ 1).

The Quantum Hall e ect, and in particular the Fractional Quantum Hall e ect [4], have
completely renewed our knowledge of quantum excitations. Topological fractionally charged ex-
citations [3], with anyonic or exclusonicfractional quantum statistics [5], composite fermions [6]
or composite bosons[7], skyrmions [8, 9], etc., ... are the natural elemenrary excitations required
to understand the quantum Hall e ect. The quantum Hall e ect have made real some concepts
inverted for the purposeof particle physicstheories or usedin mathematical physicsfor quantum
integrable systems[10]. It is remarkable that Coulomb interaction and Fermi statistics, the sim-
plestingredients one canimagine, are responsiblefor a sorich physics.No interaction with the host
material is neededasin the caseof superconductivity. For macroscopicsamples,however, a little
amount of disorder is required to localize the topological excitations and thus to allow obsenation
of Hall resistancequartization over a nite range of magnetic eld (the Hall plateaus). It is a rare
examplewhere imperfections help to reveal a fundamertal quantum e ect. For narrow mesoscopic
samples,disorder is to be avoid, and the QHE is revealedby the integer or fractional conductance
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guantization assaiated with the formation of chiral one dimensional edgemodes. The properties
of chiral edgemodesare deeply related to the bulk properties of the Quantum Hall electron uid.

I will focus here on tunneling experiments which allow for probing the fractional excitations
and the fractional lling of the states.More generalreviewson the quantum Hall e ect canbefound
for examplein Refs[11, 12, 9]. In thesetunneling experiments, the charge transfer occurs between
gaplesschiral modes, called edge channels, which form at the periphery of a QHE uid. Indeed,
as the longitudinal conductancein the bulk vanishes,only these modes can generatea current
in responseto a potential drop. The edge channels can be easily connectedto metallic contacts
arranged at the periphery of the sample and then to an external circuit. In the IQHE they can
be consideredas good realization of 1D metals with the remarkable property that badkscattering
is suppressedby chirality. In the FQHE regime, they inherit from the bulk seweral non-trivial
properties. First, they are no longer Fermi liquids. Their quantum dynamicsis very similar to that of
Tomonaga-Luttinger liquids predicted for 1D interacting electrons. The relevant excitations which
propagate the charge information is no longer the fermionic Landau quasiparticle (the screened
electron) but bosoniccollective neutral modes(plasmons)instead. A remarkable consequencés the
power law vanishing tunneling density of state (TDOS) at the Fermi energy Indeed, an electron
locally injected from an external cortact into an FQH edgemust excite many of these collective
modes. If injected at the Fermi sea, no mode can be excited, and the tunneling rate vanishes
(orthogonality catastrophy). A secondnon-trivial property inherited from the bulk is the possibility
to extract from the edgea fractionally charged e=2s+ 1) quasiparticle for = p=2s+ 1). Suct
guasiparticle tunneling betweenfractional edgesis only obsenable when tunneling throughthe bulk
FQHE liquid. An additional requiremert due to the Luttinger liquid physicsis a large bias voltage
applied betweenthe edges.Otherwise, at low voltage (and low temperature) near equilibrium, only
integer charge is obsened in experiments (the Luttinger liquid properties of the edgesforcesthe
guasiparticlesto “bunch' to form ordinary electrons). The detection of the fractionally charged
guasiparticles have been made possible by the current noise generally assa@iated with tunneling
and called shot noise. This becamerecertly possiblethanks to the developmert of very sensitive
current noisemeasuremets in mesoscopighysics. For weaktunnel current, the temporal statistics
of charge transfer is Poissonian,and the current noiseis a direct measureof the charge carrier.
The fractional quantum Hall e ect is the rst, and until now unique, example of a system with
fractionally charged carriers. Also using shot noise, it has been also possibleto follow the cross
over from fractional to integer chargeswhen reducing the bias voltage. At equilibrium, voltage
lower than kg T the resonart tunneling of electrons betweenedgestates can be usedto probe the
fraction of charge assciated with the addition of a single ux quantum in the ground state using
conductancemeasuremen The charge accunulated on a micrometer edgestate ring is shown to
vary by fractional incremerts with ux either by changing the magnetic eld or by varying the
sizeof the ring with a gate. This demonstratesthat individual quantum satesparticipating to the
formation of the collective ground state are actually lled by a fraction of electron. This is this
fractional occupation which is responsiblefor the exact fractional quantization of the conductance.

The notes are organized as follows. Section I will describe the chiral edge one-dimensional
modes which form in a nite 2D electron gasin perpendicular magnetic eld. In sectionlll, the
chiral Luttinger liquid physicsis preseried. Tunneling experiments revealing the anomalouspower
law density of states will be reviewed. In section IV, non equilibrium experiments probing the
charge carrier by measuringthe shot noise of the current will be described. In V we will shov how
equilibrium resonar tunneling experiments can probe the fraction of charge which lls individual
states participating to the ground state.
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Figure 1: Left: decomposition of the electron coordinates (X; y) into cyclotron orbit coordinates
( ; ) and the coordinates of the obit certer (X;Y). Right: energyLandau levelsformed by quan-
tization of the cyclotron orbits

2 Tunneling in the Quantum Hall regime

2.1 Edgestatesin the integer quantum Hall regime

The kinetic energyK = (pZmﬂ, g= e, of an electron moving freely in the plane perpendicular

to a magnetic eld B = Bh is quartized into Landau levels:
1
En=(n+ 3)e (1)

(!'c.= eB=m : cyclotron pulsation). This re ects the quantization of the cyclotron motion. As
the energy depends on a single quantum number n while there are two degreesof freedom, there
is a high degeneracy The degeneracycomesfrom the freedomto choosethe certer of cyclotron
orbits and is equal to the number N = n S = eBS=h of magnetic ux quanta ¢ = h=ein the
plane. To seethis, one can replacethe conjugate pairs of electron coordinates [x; px] and [y; py] by
a new set of conjugate pairs, seeFig.1, using the cylindrical gaugeA = ( By=2;Bx=2;0):

[ 1= W=e wald= i-=eB )
[X;Y]=i~=eB 3)

with:
xy)=X+ Y+ ) 4)

The Hamiltonian now writes H = %m! 2( 2+ 2), sothe rst pair of conjugate coordinates repre-
sens the fast cyclotron motion. For an eigenstatejni of H, the cyclotron radius is:

= mj 2+ 2jnit? = (n+ )2 (5)

It increaseswith the orbital Landau level index n. The characteristic length I = (~=eB)** is called
the magnetic length. H doesnot depend on the secondpair of coordinates R = (X;Y); the certer
around which electronsperform cyclotron orbits. However, orbit certer positions can not be chosen
completely freely in the plane asannouncedabove. The commutation relation [X ;Y] = i~=eB put
restrictions on the number of possibledistinct states. There is a nite degeneracywhich is easyto
estimate using the following analogy. The plane is similar to the semi-classicalphasespace(P; Q)
of a one-dimensionalsystem for which it is known that the e ectiv e area occupied by a quantum
state is h as[Q; P] = i~ . Similarly, the area occupied by a quantum Hall state is h=eB, the area
of a ux quantum. The degeneracyper unit areais thus n , the density of ux quanta; it is the
samefor all Landau levels. The semiclassicalanalogy will be usefull to get intuition about the
one-dimensional character of the dynamics of electronsin two dimensions contrained to stay in a
given Landau Level.
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Figure 2: Left: (a) Schematic represertation of edgestates and of (b) the Landau level bending.
(c) re ection of an edgestate by a cortrolled arti cial impurity called Quantum Point Contact.
(d) analogy with 1D semiclassicaltra jectoriesin the phasespace.

2.1.1 Edge states

In real sample of nite size,the 2DEG is bounded thanks to a permanert electric eld directed
perpendicular and toward the perimeter. The con ning electric eld compensatesthe long range
Coulomb electronic repulsion and preverts electronsto escape from the area. It can be provided
by ionized donor atoms in the host semiconductor lattice and uniformly distributed inside the
region lled by electrons. Alternativ ely, an extra con nement can be provided by a gate negatively
polarized with respect to the electronsand placed closeand outside the electron area.

The Hamiltonian in presenceof a potential U(x;y):

_(prea) o
H = o=+ U y) (6)
can be simplied if the potential is smooth over the jength Ic and Icjr Uj ~!l ¢. The mixing

between Landau Levels can be neglected and H , ini Hy nj. The dynamics of electrons
within the n" Landau level is described by the projected Hamiltonian:

Hn = (n+ 1=22)~! c+ UM(X;Y) 7

where UM (X:Y) = mju(x;y)jni ' U(X;Y) is the con ning potential averagedover the fast
cyclotron motion. If the electric eld due to con nement is along the ¥ direction, electrons drift
along the boundary, the b direction, with velocity %—f = (1=eB)@J=@ . The Lorentz force com-
pensatesthe electrostatic eld, a direct consequenceof the quantization of the velocity modulus
( Oj‘—t(p ( ©A)2=10).In the bulk, U "' 0, the drift velocity is zero. Electrons do not move on
averagealthough performing fast cyclotron motion.

2.1.2 Edgechannels

At zerotemperature, electrons Il the Landau level up to a Fermi Energy Er. The Fermi energy
here measuredfrom the zero of kinetic energy is de ned by the exdange of electrons with a
resenoir (practically: a contact somewhereon the edges).Here we disregard spin for simplicity
and assumeU translationally invariant along k and vanishing in the bulk.

In the bulk, when (p  3)~! ¢ < Ef < (p+ 3)~! ¢ electrons Il all the bulk states of the rst
p (integer) Landau Levels accordingto Fermi statistics. The lling factoris = p. Thereis a gap
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~! . for creating internal excitations which leadsto vanishing longitudinal conduction in the bulk.
There is alsoan energycostEr  (n + 1=2)~!  to extract an electron from the n Landau Level
to the Fermi energy

Toward edges,Landau levels are adiabatically bend by the potential U(Y) and depopulate
when crossingthe Fermi energy seeFig.2(a) and (b). For the n LL this occursat Y = Yg,,
when the energycostEr (n+ 1=2)~! . U(Yg.,) vanishes.This de nes p lines along the edge
with gaplessexcitations. This lines of gaplessexcitations restore conduction.

The one dimensional chiral conduction modes so formed are called edgechannels. They can
be connectedto external contacts xing their Fermi energy The drift of electronsalongthe equipo-
tential lines generatedby the con ning potential givesrise to a persistent chiral current . When the
Fermi energyrisesfrom Er to Ef + eV Rea(h mode contribute to increasethe persistert chiral cur-

rent by an equal cortribution: | = e J::((::)J' V) dy:n (l=eB)@=@ = i—ZV. Thus eadh edge

channelis assaiated with a conductanceequal to the quantum of conductanceﬁ]—z. This result can
be equally viewed as a special caseof the Landauer formula (which is valid in the more generalcase
of quantum conductors, even in zero magnetic eld) or asthe quantization of Hall conductance.
Landauer formula and quantized Hall conductanceare direct consequenceof the Pauli principle:
the lling factor of quantum statesis one.

2.1.3 Tunneling between edge channels

Edge channels are ideal one dimensional (chiral) conductors : the physical separation between
pairs of opposite edge channels prevents backscattering and electrons propagate elastically over
huge distances( mm at low temperature) as phonon scattering is reduced. These properties have
made them a conveniert tool to test the generalization of the Landauer formula: the Landauer-
Buttik er relations [13, 14] derived in the context of the mesoscopiquantum transport. In order to
do that it is necessaryto induce intentionally elastic badkscattering in a controllable way.

The tool usedis a Quantum Point Contact (QPC) asshown in Fig.2(c). A negative potential
applied on a metallic gate evaporated on top of the sample depleteselectronsto realize a narrow
constriction in the 2DEG. This allows a cortrollable modi cation of the boundariesof the sample.
The separation between opposite pairs of edgeschannels of a given Landau level can be made so
small that the overlap betweenwavefunctions lead to badkscattering from one edgeto the other.
The QPC createsa saddle shape potential. When the potential at the saddle point is close but
below the value Ep  (n + %)~! ¢, electronsemitted from the upper left edgechannel start to be
re ected into the lower edgechannelwith probability R 1 while they are still mostly transmitted
with probability T = 1 R. When the saddle point potential is above Ug., electronsare mostly
re ected and rarely transmitted T 1 and the re ection quickly reachesR - 1.

For getting better intuition on edge channel tunneling, Fig.2(d) shows the semi classical
analogy betweenthe real spacecoordinates (Y; X ) of the 2D Hall conductor and the (P; Q) phase
spacecoordinate of a real 1D conductor. The physics of tunneling between opposite edgechannels
is clearly equivalent to that of the tunneling in a 1D system. However the chirality allows us to
inject or detect electrons at the four corners of the phase space, something impossible with 1D
systems.

Measuring the conductanceis a good tool to know how many edgechannelsare transmitted.
According to the Landauer formula, the conductance G is de ned as the ratio of the current |
through the QPC to the voltage di erence V betweenthe upper left and lower right cortacts.

G= %(p 1+ T) (8)

if there are p 1 channelstransmitted while the p channel is partially transmitted with trans-
mission T .

Figure 3 shawsthe re ection of edgechannelsstarting from = 8in the bulk. One starts with
8 channelstransmitted and when applying negative voltage on the gate the successie re ection
6 edgechannelsis obsened by quantized plateaux in the resistance(here, the "access" resistance
h=8¢’ has beensubtracted).
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Figure 3: resistanceof the QPC versusthe QPC gate voltage shawing the re ection of the six rst
edgestatesfor = 8, at T=45mK. The valuesof ¢ are indicated on the resistanceplateaus. The
resistancefor = 8 has beensubtracted.

All this can be transposedto the fractional quantum Hall e ect regime.

2.2 Edgestatesin the fractional quantum Hall regime

We will assumea spin polarized systemandthe rst orbital Landau level partially lled :ns< n or
< 1. Before describing fractional edgestates, we will briey presen somegeneralcharacteristics
of the Fractional Quantum Hall e ect.

Becauseof Landau level degeneracyat partial lling there is a large freedomto occupy the
guantum states,i.e. to Il the plane with electrons. However electronsinteract and the Coulomb
repulsion will reduceour freedomto distribute electronsin the plane. Let us rst considerthe limit
of in nite magnetic eld whenthe lling factor goesto zero.The Gaussianwavefunctionsdescribing
the cyclotron motion shrink to zero.Electrons beinglike point chargesbehave classically(no overlap
betweenquantum states) and minimize their energyto form a crystalline state (analogousto the
electron crystal obsened in dilute classical2D electron systemsin zero eld ). The Landau level
degeneracyis broken and a unique ground state is formed. In the preseri case,weaker magnetic
eld, i.e. not too small, the wavefunctions overlap. Electrons can not be localized to a lattice
but instead will form a correlated quantum liquid. For somemagic lling factors, interactions will
break e cien tly the Landau level degeneracyto form a unique collective wavefunction minimizing
the energy The magic lling factors are found to be odd denominator fractions: = 1=3,1=5, 2=3,
2=5, 3=5, 2=7, ... [15].

2.2.1 The Laughlin states

The ground state separatedfrom a cortinuum of excitations by a gap  is described by a unique
collective wavefunction. For = 1=(2s+ 1), s integer, Laughlin proposeda trial wavefunction for
the ground state which was found very accurate. The wavefunction is built from single particle
states in the cylindrical vector potential gauge.Using a represenation of electron coordinates as
z = x + iy in unit of magnetic length I, the single particle statesin the rst Landau level are :

f _ 1 m ii2
m = pﬁz exp( jzj%) 9
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Figure 4: the introduction of an extra ux quantum in a QHE uid leavesa holein the collective
wavefunction. In the IQHE the assaiated chargeis e while in FQHE isit e=3 for = 1=3

It is instructiv e to look rst at the Slater determinant of electronsat lling factor 1 which is a
Vandermondedeterminant. Its factorization givesthe following wavefunction, up to a normalization
constarnt: Y X
1= (z z)exp( jzi%) (10)
i<j N i=1;N
The polynomial part ensuresa uniform distribution of electronsin the plane with one state, or
equivalertly one ux quantum, per electron on average. The zerosat z; = z; re ects the Pauli
principle and their multiplicit y 1, the Fermi statistics. At lling factor 1=(2s + 1) the polynomial
for eah z should be of degreeof (2s+ 1)(N 1) such that all electrons are also uniformly
distributed on the (2s + 1)N states available. A uniform distribution of electronsin the plane
requires a very symmetrical polynomial. Also Laughlin proposedthe simple polynomial form [3]:
Y X
12541 = (z 7)™ exp( jzi%) (11)
i<i N i=1;N

The correlation energy is e cien tly minimized by the multiplicit y 2s + 1 of the zeroswhich en-
suresthat electrons keep away from ead other. By exdchanging two electrons the wavefunction
is multiplied by ( 1)?s*D) = 1. The requiremert that electrons must obey Fermi statistics is
satis ed. But there is more: the extra factor ( 1) expresseshe fact that moving two electrons
around eadh other adds an extra phase. This phase can be viewed as the Aharanov-Bohm ux

of two ctiv e ux quanta bound to ead electron. This is at the origin of the composite Fermion
picture mentioned below which allows to generatemore complex fractions. One can also say that
electronsobey a super exclusion principle where ead particle occupies2s+ 1 quantum sates(i.e.
the areaof 2s+ 1 ux quanta) sominimizing the interaction (there are deepconnectionswith the
conceptsof exclusonicstatistics and anyonic statistics [5]).

One can shaw that the excitations above the ground state presert a gap. The meaning of
the excitations is particularly clearin the caseof the best known state occurring at = 1=3. The
ground state corresponds to uniform distribution of electrons, one electron per area occupied by
three ux quanta. The unique wavefunction cannot be cortinuously deformed and the only way
to decreasethe density is to empty a single particle quantum state, i.e. to create a hole having
the area occupied by a si@gle ux quanta, seeFig. 4. This can be realized by multiplying the
Laughlin wavefunctionby ~,_; .\ (zi zn) wherez, is the position of the hole. The socalled quasi-
hole carry a chargee = e=3. The energycost canpb_e obtained by estimating the energy
required to create a disc of size =B and chargee=3: (4 2=3 )(e=3)2=4 ""l.. Similarly quasi-
electron excitations with charge e=3 are possibleand correspond to removing a ux quantum to
locally increasethe electronic density with an energy .. Quasi-electronor hole excitations with
charge e=qcan be generalizedfor other lling factor = p=qwith q odd. The excitation gap for
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guasi-electronquasi-holepairs has beennumerically estimated and calculations agreewith a value
' 0:092=4 " l. for g = 3. It does not depend on p (as far as spin polarized electrons are
considered).

An interesting theoretical issueis the statistics assaiated with the excitations. It canbe shovn
that when moving adiabatically two quasi-holesaround ead other and exchanging their positions,
the collective wavefunction picks up a Berry's phasefactor exp(i =(2s+ 1)). The excitations are not
bosonsnor fermions but obey a so-calledanyonic statistics, a concept rst introduced by Wilzeck
in the context of particle physics.

2.2.2 Composite Fermions

Following the work of Jain [6], a hierarchy of the fractional lling factors can be made using the
conceptof Composite Fermions asa guide. This hierarchy followed more pioneeringwork made by
Halperin [17] using a di erent approad to built higher order fractions from the basic 1=(2s + 1)
states. The conceptis basedon statistical transmutation of electronsin 2D (or 1D). Topological
considerationsshow that purely 2D particles are not necessarilybosonsor fermions but may have
any intermediate statistics (an exampleis the Laughlin quasi-particles). For the samereason,it is
easyto \manipulate" the statistics of 3D particles such as electronswhich are Fermions provided
they are forced to livein 2D (or 1D). This can be done by attaching an integer number of ctiv e
ux quanta to ead electron. The price to pay is a rede nition of the wavefunction and of the
Hamiltonian. An evennumber of ux quanta will transform Fermionsinto Fermionswhile an odd
number will transmute Fermionsinto Bosons.In the rst casewe have Composite Fermions (CF)
while in the secondcaseComposite Bosons(CB). Both approadceshave beenusedin the FQHE
cortext. Both have their own merit and a bridge betweenthem is possible.CF are believed to be
appropriate for high order fractions and to describe the remarkable non Quantum Hall electronic
state found at = 1=2. CB make an interesting correspondencebetweenthe = 1=2s+ 1 states
and super uidit y [7].

By attaching 2s ux quanta to ead electron with a sign opposite to the external magnetic
eld ux, the resulting CF experiencea reducedmean eld. A mapping canthen be done between
FQHE states and IQHE states. As an example, for s = 1, the mean eld attached to the \new

electrons", the composite Fermions, is equivalent and oppositeto the magnetic eld B,-, at = 1=2
[18. The eld experiencedby the CF is thus Bcg = B Bj=. A lling factor = 1=3 for
electrons correspondsto a CF lling factor cg = 1. Similarly = pH2p+ 1) becomes c¢ = p.

This describes a series of fractions obsened between 1=2 and 1=3. For elds lower than B -5,

= pH2p 1) alsobecomes ¢ = ( )p and this describes fractions from 1 to 1=2. In general
attaching 2s ux quanta to electronsdescribe the fractions = p=p:2s 1). The following table
shows the correspondence for 2s = 2:

13 2/5 3/7 .. 12 .. 35 253 1
ce 1 2 3 .. 1 .. 3 2 1

The composite fermion picture is supported by experimental obsenations. The symmetric
variations of the Shubnikov-de Has oscillations around B-, are very similar to that obsened
around B = 0. We should emphasizethat this is not a real cancellation of the external eld, as
the Meissnere ect in superconductivity is, but the phenomenonis a pure orbital e ect dueto the
2s ux attachment. Convincing experiments have shown that the quasiparticlesat ' 1=2 behave
very similarly to the quasiparticlesat zero eld ([19]; seealso[20Q)).

The composite fermion picture can be usedasa guide to understand multiple fractional edge
channels.

2.2.3 Fractional edgechannels

The picture of edgechannelscan be extendedto the fractional case.Now the gap ~! . hasto be
replacedby the gap <+ 1 of the FQHE. Lets considerfor examplea lling factor = p=2p+ 1)
in the bulk, i.e. p composite fermion Landau levels lled. Using this correspondence the formation
of fractional edgechannelsis equivalert to that described previously for the integer Quantum Hall



Vol. 2, 2004 Tunneling Experiments in the Fractional Quantum Hall E ect Regime 83

&;20 - Edge Channel Reflection
} : T=45mK H=7.50 Tesla
~ (v= 2/3)

1.5 F
o<

B V|=2/5

21.0
hos |
7]
Ll
o

H O e e o i B s e el ar a EeY

—-350 -300 —250 —-200 —-150 —10Q0 -50 (6]
GATE VOLTAGE (mV)

Figure 5: Fractional edge channel re ection obsened for = 2=3. The longitudinal resistance
guantization indicates ¢ = 2=5 and 1=3 fractional channels. The resistancefor = 2=3 hasbeen
subtracted.

e ect. Moving from the bulk to the edge,ead time a CF landau level crossesthe Fermi energy
a line of gaplessexcitation is built. These de nes p chiral fractional edgechannels (the last one
corresponding to the 1=3 edgechannel).

The CF approacd for edge channelsis cornveniert for pedagogical preseration and gives
certainly a fair qualitativ e represertation, but is certainly not complete. Including screeningof
the external potential in a Thomas Fermi approach is a rst step to improve gquantitativ ely the
description [21] but this doesnot changequalitativ ely the overall picture. A important physicsnot
included in this approad is the Luttinger liquid properties describedbelow: it changesthe transport
properties. The hierarchy of fractional edgechannelswhich can be derived in the Luttinger liquid
approad coincide with that of the CF approac.

Experimertally, the existenceof fractional edgechannelscan be probed in transport exper-
iments using the re ection induced by a QPCs in a manner similar to the integer case.This is
shawn in Fig.5. Herethe lling factor in the leadsis = 2=3 and the accesgesistance3h=2e? has
beensubtracted. The plateaus assaiated with the refection of the 2=5 and 1=3 edgechannelsare
clearly obsenable.

The picture described hereis expectedto apply to smooth edges,asit is the casein ordinary
samples.Another approach has beenproposedfor hard wall con nement in Ref.[22].

2.3 Fractional Edge Channelsas Luttinger liquids

The tunnel transfer of an electron from a metallic contact to a = 1=3 FQH liquid involvesthe
transformation of an electron into three quasiparticles. The number of possibilities to choose 3
guasiparticlesin the range eV and satisfying the energyconsenation required for elastic tunneling
increasesrapidly with V, this immediately implies that the tunneling |-V characteristics should
be non-linear. So, the fractional edge states should not behave has an ordinary Fermi liquid for
which linear conduction is expected. On a di erent approad, a similar conclusionis obtained in
the Luttinger liquid description which usesbosonic collective charge mode on the fractional edge.
This is what we will describe below.

2.3.1 Hydrodynamical approac of fractional edge states

X.G. Wen[23] has rst shawn the deepconnectionbetweenfractional edgechannelsand the concept
of Tomonaga-Luttinger liquids[24, 25 . We will hererepeat the phenomenologicalhydrodynamical
approach of Wen in the simple caseof a Laughlin state in the bulk, lling factor = 1=2s+ 1. We
will start with a classicalapproach and keeponly incompressibility as a quantum ingredient.
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v

Figure 6: Wen's approach for the Chiral Luttinger liquid picture of a fractional edgechannel at
= 1(2s+ 1). The incompressibility of the FQHE uid allows only periphery deformationsy(X ;t)
propagating at the drift velocity.

The only possibleexcitations are periphery deformations of the 2D quantum Hall conductor
which presenesthe total area(likea 2D droplet of an ordinary liquid). This is shown schematically
in Fig.6 . If we denote y(X;t) the deformation of the boundary located at position Y = Yg, the
time varying electron density is given by :

nxX;Y;)=ns (Y Ye  y(X;t)) (12)

wherens = eB=hand ( x) is the Heaviside function. We wish to nd the equationsof motion for
y. To do that we have to remind that, within the rst Landau level, the single particle motion is
given by the reducedHamiltonian H; = %~! ¢+ U(Y) and the coordinates X and Y are conjugate
with Poisson'sbracket f X; Yg = 1=eB. Using the equation of motion for the 2D density: @=@ +
fH1;ng = 0 we get the equation describing the chiral propagation of the shape deformationsy at
Y = Yg:

@=@+ vo @=&X = 0 (13)

wherevp = %j@)z@’cyzij is the drift velocity.
The potential energy assaiated with the deformation is

dXnsy?= = =2 dX ( nsy)? (14)

If we de ne € the charge variation integrated on the upper edgein units of as follows:
z X
€= nsydX
1

and the excesscharge density (per unit length) e by:

1@
ez - = 15
& (15)
we get the action: 7 !
s= = axa® @aw.)@ (16)
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and the Hamiltonian is H = U:

2

H = @& (17)
hv z
= 2—D dX (e)? (18)
So far the model is purely classical.By de ning the conjugate of € ase = —@@X and
we can quartize the elds using:
h [
e(X); &X9 =i~ (X X9 (19)

At rst sight, the dynamic of the bosonicmodesdescribingthe periphery deformations seems
not contain more physics than that of phonons or photons. The non trivial physics ariseswhen
adding from outside an electron to the edgeor remaoving a Laughlin quasiparticle to transfer it to
the opposite edge,as it is the casein tunneling experiments. Such operation involvesan in nite
number of bosonicmodes. This is at the origin of strong non-linearities in the transport properties,
a property not sharedby ordinary Fermi liquids.

By de nition, the creation operator Y for one electron on the upper edgesatis es:

eX); Y(X9 = (x X9 ¥(X9 (20)
On the other hand, the 1D excessdensity e is related to the conjugateof © by e = Ze and we
have: h i
eX);&X9 = i~ (X X9 (21)
which immediately implies :
Y _exp(i® ) (22)

Y createsa unit charge at X but it is not an electron operator unlessit satis es Fermi statis-
tics. Exchanging two electrons at position X and X © gives Y(X9 Y(X) = exp( i-sgn(X
X9) Y(X) Y(X9. The requiremert that the bare particles are Fermionsimplies

= 1=(2s+ 1) (23)

The beauty of Wen's hydrodynamical approac is that the seriesLaughlin lling factors
appear 1=(2s + 1) naturally asa consequencef incompressibility and Fermi statistics.

To obtain more fractional lling factors, one must intro duce additional bosonicmodesat the
periphery (for example: p modes for p=2ps+ 1) which is consistert with the composite fermion
approad.

Finally, one can de ne similarly the quasiparticle operator which createsa charge 1=(2s + 1)
on the edge:

eX); Hp(X9Y = (X X9 Y(X9 (24)
which writes as
o — exp(i € (25)

It shows fractional statistics (X9 ¥,(X) = el ' son(X ) o(X) %,(X9 asdo a Laughlin
guasiparticle.

The above set of equationsfor the electron operator Y and for the bosonic modesare char-
acteristics of those of a Luttinger liquid. Becauseof the direction of propagation imposedby the
magnetic eld (no counter propagating mode on the sameedge)it is called a Chiral Luttinger
Liquid. The conductance e?=h correspond to the conductancege?=h of a Luttinger Liquid and
oneusually identies g= . As for Luttinger liquids there is an algebraic decay of the correlation
functions.
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D E
We have ©(X;t)€(0;0) = hojeHt€(X)e H1€0)j0i = const:  In(X vBt) and the tirEe
ordered single-particle Green's function: HOj T Y(X:t) (0;0) jOi = exp % €(X;t)€0;0)
decreasesas (X vpt) ¥ . For 1=3 one seethat this is the product of 3 Green's functions,
reminiscert from the fact that an electronhasto Il 3 states(or excite 3 quasiparticles). This gives
a Tunneling Density of State (TDOS) for electronsinjected at energy" abovethe Fermi energyE¢
which decreasesas " EFj(1: Y. This implies that, for electronstunneling betweena Fermi

liquid and a chiral Luttinger fractional edgechannel, the nite temperature tunnel conductance
G(T) and the zerotemperature di erential conductancedl =dV show the following power laws:

G(T) (T=Ts) (26)
dl 3

qv (V=) (27)

-1 (28)

where Tg and Vg are related to the coupling energy of the tunnel barrier. Power laws character-
izing the chiral Luttinger liquid in the Fractional Quantum Hall regime have beenexperimentally
obsened (seebelow).

The chirality leadsto somedi erences with ordinary Luttinger Liquids for which 1= is to
be replacedby (g *+ g)=2.In 1D, g is related to the strength of a short range interaction which
can take arbitrary valuesand the relation: = (g+ g ! 2) always holds. A continuous variation
of the g =  parameter is a priori not expected in the FQHE regime becausethe magnetic eld
stabilizes special fractional valuesof in the bulk (asthe Jain's series).A generalization of Wen's
approach for = p=2sp+ 1) shows that one must have p branches of bosonic modes (consisternt
with the CF picture). Thesebranchesinteract together and give a relation betweenthe tunneling
exponert and not simply given by 28. For the simplest seriesof Jain's lling factor p=2p 1)
betweenl and 1/3 , the exponernt is expectedto be

2p+1 1
=P il (29)
p i1y
i.e. constart ( = 2) between lling factor 1/2 and 1/3 and decreasinglinearly ( = 1= B)

form 2 to 1 between lling factor 1/2 and 1.

2.3.2 Experimental evidenceof chiral Luttinger liquids

Tunneling electrons from a metal to the edges: The best evidencefor Luttinger liquid properties
is obtained by probing the tunneling density of states (TDOS). To do that, measuremets have to
be non-invasive, i.e. a weak tunnel coupling is required. Indeed, a tunneling experiment measures
the TDOS only if higher order tunneling processare negligible, which meanssmall transmission
and small energy At large energy the current varies " Egj *1 and sothe e ective coupling
will increasewith voltage" eV or temperature" KkgT.

Convincing experiments have beenperformed by the group of A.M. Chang [26, 27, 28]. The
tunnel contact is realized using the cleaved edgeovergrowth technique. By epitaxial growth on the
lateral side of a 2DEG, a large tunnel barrier is rst de ned followed by a metallic contact realized
using heavy doped semiconductor. The advantage is weak coupling and high enough barrier (to
disregard change of the transparency when applying a large voltage). Also, probably important is
the fact that the metallic contact closeto the edgeprovides screeningof the long range Coulomb
interaction (short range is neededfor having power laws).

Fig.7 shows example of |-V characteristics: a power law of the current with applied voltage
I V , = +1,is well dened over sewral current decadesfor = 1=3. The exponert
found is 2:7-2:65 closeto the value 3 predicted by the theory for = 1 1. For other lling
factors similar algebraic variations are also obsened. In the same gure, the tunneling exponert
deducedfrom a seriesof |-V curvesis shown asa function of the magnetic eld or 1= . For lling
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Figure 7: Left : Log-Log plot of an I-V curve at = 1=3 clearly shows the algebraic variation
of current with voltage which characterizesa Luttinger liquid. Right : the exponert is plotted
versusl= and comparedwith theoretical predictions (adapted from Ref.) .

factor 1=2 < < 1=3 the constart exponert predicted [29, 30, 31] is not obsened and instead
the exponert varies rather linearly with eld or 1= . However, someexperiments made with the
cleanestsampleshave shown signsof a plateau in the exponert in a narrow lling factor value near
1/3.

Theoretical attempts to explain quantitativ ely the discrepancieshave beenmade. Taking into
accourt the long range Coulomb interaction slightly lowersthe exponert. The modi ed Luttinger
liquid theoriescan alsoinclude the nite conductivity in the bulk for non fractional lling factors.
Indeed a nite conductivity modi es the dispersion relation of the bosonic chiral modes and so
the exponerts. With reasonableparametersthesemodi cations are not yet able to fully reproduce
the data [30, 31]. The discrepancybetweenexperiments and predictions may be due to the recon-
struction of the edge.Wen's model assumea sharp density variation at the edgeof the 2D sample.
In real samples,the density decreasesmoothly and someadditional edgestates corresponding to
ling factor lower than the bulk lling factor may also strongly modify the exponerts. A recert
work by Mandal and Jain shows that taking into accourt interactions betweencomposite fermions
chiral edgesmay lead to a cortinuous variation of the exponert[32]. The readerwill nd more in
recen review made by A.M. Chang [33]

Tunneling between edges: Fractional Edge channel with an arti cial impurity: Transport exper-
iments between two fractional edgescan be done using an arti cial impurity, a Quantum Point
Contact. Contrary to previous experiments where electronswere injected from an ordinary metal
(Fermi liquid) and the coupling was weak, we can probe here the transfer of charge through the
FQHE uid. In particular there is no restriction on the nature of the charge (obviously e in the
previous case)while they can be fractional here.For quarntitativ e comparisonto theory, this strat-
egy however is lessreliable than the previous one. For nite voltage di erence Vys applied across
the QPC to induce a current, the shape of the scattering potential can change. This can induce
a trivial variation of the transmission with Vys which can make identi cation of power laws di -
cult. Measuremerts are thus reliable only at very low temperature (< 100mK) and small voltages
(<100 V) for comparisonwith theories.

strong barrier:  We rst considerthe casewherebarrier is high and a tunnel barrier is formed
(so-calledpinch-o regime). Electrons are strongly badkscattered at all energiesand the tunneling
current is weak. The results are expected similar to that obtained in A.M. Chang's experimernts.
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Figure 8: Schematic view of charge transfer in the caseof a strong barrier (upper gure) and a
weak barrier. In the later casethe FQHE uid is weakly perturb ed and charge transfer occurs via
the FQHE uid.

Tunneling occurring betweentwo fractional edge(and not betweena metal and a fractional edge)
the dl =dVys characteristics will be proportional to the squae of the TDOS. The exponerts for
the conductanceis doubled. For example = 4; i.e. 22(* 1) for = 1=3. This approac has
been used by seweral groups. A dicult y is that sample inhomogeneitiesaround the QPC may
lead to transmission resonancedi cult to cortrol. Ref.[34 exploits the Luttinger predictions for
tunneling through suc a resonart state. A further dicult y is the high value of the power law for
the conductancewith temperature or voltage which is is expectedto be measurableonly at very low
conductance.For = 1=3, for example,exact nite temperature calculations of IV characteristics,
seebelow, shows that the exponert 4, becomesthe dominant term only when the conductanceis
smaller than 10 “€?=3h [35] . Otherwise an e ectiv e exponert, much smaller than 2 is obsened.
Up to now, no experimental group have tried to do measuremets in this limit.

weak barrier:  The regimewherethe barrier is very weakis more interesting. Practically, the
QPC gertly pushesthe upper edgecloseto the lower edgeto induce a quantum transfer of particles
from one edgeto the other. The QPC potential is weak enoughto not make appreciable change
of the local lling factor. A characteristic signature of the Luttinger liquid physicsis the vanishing
transmission at low temperature or bias voltage even in the caseof a so weak coupling that the
transmission would be closeto 1 in absenceof interaction. The low energy strong badkscattering
limit continuously ewolvestoward a weak badkscattering limit at large energy (large transmission).
In this regime, we will seelater that integer chargestunnel at low energy while fractional charges
tunnel at large energy
To describe the tunneling betweenthe upper and lower edge of Fig.8 we intro duce bosonic
modes e and € previously derived with the subscript += for the upper and lower modesrespec-
tively. Without coupling by the arti cial impurity, they are independert and the Hamiltonian is
the sum of their Hamiltonian. The impurity of strength  situated in X = 0 inducesa coupling
betweenthe excitations: ' 2., ¢ *+ 3 o+ Which givesthe interaction term:
Hine = cog +(0) ) (30)

At low energy the system o wsto an insulating state and the conductancedisplays the same
power law with T or Vys than the one expected for a strong impurit y potential (tunnel barrier)
e2 n 2(l 1)

- | "
3 Ta I 0 for Ts (31)
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where Tg is an energy scalerelated to the impurity strength . At large energy a conductance
closebut smaller than the quantum of conductance% is recovered. The Luttinger liquid theory
predicts
w20 1)

G= gz—h Gg with Gg = ?e)z_h To I 0 for" Tpg (32)
Gg is called the badkscattering conductance. If we call | the forward current, 1o = g—;vds the
current without impurity, the current assaiated with particles badkscattered by the impurity is
Ig = 1o | from which onecande ne Gg = |Ig=V. The above formula correspond to strong and
weak badkscattering limits. In the rst casethere is a weak tunneling of particles betweenthe left
and right side, while in the secondcasethere is a weak quantum transfer of particles betweenthe
upper edgeand the lower edge.There is an interesting duality with 1=

Conformal eld theorieshave beenusedto exactly solve the problem of a Luttinger liquid with

one impurity providing a cortin uous description between both limits [36, 37]. The so-calledFLS
theory exploits the charge consenation when the particle are scattered by the impurity certered
in X = 0. By de ning the even and odd charge modes (and corresponding elds):

O(Xi) = B (1 0G0+ { ( X;0) (33)
oK)= P2 0GY f ( X;0) (34)

for which the variable X is now limited to the semi-in nite line X 0.
The Hamiltonian to considerreducesto:

hv 20 h i

H= == dX e(X;t)2+ cos pEf °(0) (35)
1

while the even mode is decoupled.

The equation is very similar to a Sine-Gordonequation (SG) but with the SGterm only at the
boundary, while @ is solution of a free propagation equation (velocity vp ) for X < 0. Classically; it
is easyto show that this boundary SG equation admits solutions using a combination of the natural
kink and anti-kink of the ordinary SG equation. By de nition, a kink (or a soliton) in the eld (of
the charge density) which is solution of the ordinary SG equation propagateswithout deformation
and is also solution of the free propagation equation for X < 0. By linearity, superpositions of
kink and anti-kinks are also solutions. The e ect of the boundary term is mainly to convert kink
into antikink. Physically, the e ect of scattering is that a positive pulse of charge can be re ected
as a negative pulse. The step from classicalto quantum integrability is made using conformal
eld theories[36, 37]. One can show that applying a voltage bias Vys betweenresenoirs emitting
electronsin the upper and lower edgess, in the corvenient basisfor interacting electrons,equivalent
to senda regular ow of kink which are randomly transformed into antikink. Kink and antikink
respectively contribute to the forward and backscattered current. The Landauer formula adapted
to this approadc givesthe badscattering current which expressessimply as:

Z A(Vas)

. . e?
lg (Vas; Te) = ewp d +()jS+ ( g)j> and | = des Is (36)
1

were 4 () (not to be confusedwith previous notations) is the density of incoming kink at energy
parametrized by e , and
1
.S+ .2 -
SoC el T eera (0=

(37)

is the probability for kink to anti-kink corversion (the scattering probability) with g related to
the impurity strength Tg. A seriesexpansionin Tg=Vys and Vys=Tg for respectively weak and
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Figure 9: Theoretical curvesfor the di erential conductanceversusvoltage calculated for di erent
valuesof the ratio T=Tg. The numerical exact solution of Ref.[36, 37] is used. The conductanceis
a universal function of the variable T=Tg and eVys=2 kg T.

strong badkscattering givesthe current where all coe cien ts are known analytically

e2 X V. 2n( 1)
le = Ve an( ) T—ds forTg =Vjs < 1 (38)
n B
@ X 1y NG
= Ve an(?) T;:: forVgs=Ts < 1 (39)

n

The curve | (Vgs) describing the whole transition from strong to weak badcscattering can be
calculated. Note again the duality I 1= . For nite temperature numerical solutions are also
available giving the whole information 1 (Vys; T).

For nite temperature, onecanshow that the conductanceis a function of the reducedvariable
T=Tg and eVys=2 kg T:

if T . eV
3h Tg'2 kg T

and measuringG(T; 0) xes the only parameter Tg . The Vy4s=T scalinglaw also can be tested very
accurately. Fig.9 shows theoretical calculations of the di erential conductancefor various values
of the parameter Tg (the Bethe ansatz method for calculating the kink-antikink distribution at
nite temperature has beenusedfor the numerical calculation following the results of Ref.[36, 37].
We can seethat, increasingthe energy (the voltage or the temperature), leadsto a progressiwe
transition from the strong backscattering regime to the weak backscattering regime.

Fig.10 shows data obtained in our group for the conductancein the strong badkscattering
regime for = 1=3. Experiments are made in the intermediate regime (i.e. G > 10 “&?=3h).
The e ective exponernt deduced from a seriesa dl=dVys curve for dierent impurity strength
is compared with the e ectiv e one calculated using the nite temperature exact solution. The
agreemen is rather good. The theoretical graph in inset of the gure shows that the asymptotic
scalingexponert 2( 1 1) = 4is not expected exceptfor conductancelower than 10 4, which is
experimentally dicult to obtain. It is important to say that there are no adjustable parameters.

Indeed, there are still many open problems for a quartitativ e description of conductance
measuremets using the Luttinger liquid model. Long range interactions are one of this. One can
show that the dispersionrelation bosonicchiral edgesmodeswhich usually varieslinearly with the
wavenumber k get a contribution k In(k). Such contribution is known from edgemagneto-plasmon
radiofrequency experimerts realizedin classicalor in quantum Hall 2D electron systemswhere the

G(T; Vas) = (40)
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Figure 10: Exponert of the algebraicvariation of the di eren tial conductancewith voltage measured
in the strong badckscattering regimeversusthe zerobias conductancenormalizedto e’=3h. The solid
line is a comparisonwith the FLS predictions. The scalingexponert = 2( ' 1)= 4isonly
expectedin a regime of extremely low conductance(10 4).

neutral collective modesare excited and resonartly detected. When the energyis low enoughsuch
that the wavelength is larger than the width of the sample, the Coulomb interaction couple the
edges.The power law of the TDOS is lost. Instead the TDOS is expectedto vary with energylike
exp(const  (In ")3%2) [38, 39, 40].

3 Fractionally charged carriers

Can an electrical current be carried by fractional charge? From quantum electrodynamics and
charge consenation, it is known that the total charge of an isolated body should always be an
integer number in units of e. While particles propagating freely in the vacuum are restricted to
integer charge, no such absolute requiremert is imposedin condensedmatter to quasiparticles, the
elemerary excitations above the ground state which carry the current. They are the product of
a complex collective motion of many particles. The topological singularities of the wave-functions
may leadto many possibilities. The solitonic excitations predicted in polyacetylene or the Laughlin
chargesin the Quantum Hall regime are exact fractions. Fractions manifest particular evidern or
hidden symmetries. The quasiparticle charge may not be restricted to exact mathematical fraction:
in Luttinger liquid theories, describing one-dimensionalinteracting systems,chargegeand (1 g)e
are expectedwhere g is related to the interaction strength. It cantake any value between0 and 1.

Up to now the only experimentally realizable systemable to display fractional charge carriers
is the FQHE. But how to measurethe charge carrying the current? Conductance is unable to
probesdirectly the charge. It informs on the averagerate of quasiparticles received by a cortact
which wernt through the conductor after they have beenemitted by another contact. Conductance
measuregshe quasiparticle transmissionand, if interferenceare obsened, it is sensitive to the wave
nature of the quasiparticles. This is similar to optics where the averageintensity of light tells
about transmission but says nothing about the photon. To probe the graininessof the current one
must make a further step and considerthe uctuations: the so-called shot noise. Measuring the
uctuation of light beams has given the direct evidence of the photon as the elemenary grain
of light. Similarly, measuringthe electrical current uctuations givesa direct information on the
quanta of charge carrying the current.

According to Schottky [41], the random transfer of charge q acrossa conductor generatesan
averagecurrent | but also nite temporal uctuations of the current | around the mean value.

Consider an obsenation during a nite time . The current is related to the averagenumber
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of transferred electronsN via I = gN =, while the squareof the current uctuations are( 1)%=

ql= (Nﬁ If the statistics of transfer everts is Poissonian( N)2 = N the well known Schottky
formula is obtained:

( )?=2q f=5 f (41)

where we have introduce the e ectiv e frequency bandwidth of measuremeh f = 2= and the
current noise power S;. The noise power is directly proportional to the carrier charge q . This
expresseghat noiseis a direct consequencef charge granularity. The simultaneous measureof the
averagecurrent and its uctuations givesa simple direct measuremen of g, free of any geometrical
or material parameters.

To measureshot-noise,one performs a non-equilibrium experiment and therefore probe exci-
tations above the ground state: the quasiparticles. Also, the bias voltage acrosscorntacts hasto be
larger than kg T otherwise the dominant noise measuredis the thermal or Johnson-Nyquist noise:
S| = 4Gkg T . Johnson-Nyquist noiseis an equilibrium quantit y which only probes conductance
and not the charge of the excitations.

3.1 Shot-noisein quantum conductors

Here we discussthe origin and properties of noisein conductors. This appliesimmediately to the
caseof the Integer QHE regime. For simplicity we considera single mode conductor or equivalently
singleedgechannel. An arti cial impurity, for examplea Quantum Point Contact, is usedto induce
badkscattering. According to the Landauer formula the left contact injects electronsat a rate evV=h
where V is the voltage applied betweenthe left and the right contact. This leadsto an incoming
current 1o = e(eV=h). If T is the transmission through the QPC, the transmitted current is :

I:T:IO:T§V (42)
and the badkscattered current: 2
lg=1g 1= T)FV (43)

One can show that the Fermi statistics is responsible of a remarkable properties: for long
obsenation time, the incoming current appearsto be noiselesgeac electron arrivesregularly at a
frequencyeV=hleadingto atemporally structurelesselectron o w). As aresult the only uctuations
arise from the binomial probability to be transmitted or re ected. The spectral density S, of the
low frequency current uctuations is thus given by [42]:

S =2elgT(A T) (44)

For multimo de conductors T, deﬁoting the transmission of the n" mode, the generalization is
straightforward andis: S} = 2elg , Ta(1 T,). This prediction has beenquartitativ ely veri ed
in very sensitive shot noisemeasuremenm using QPC [43, 44]. A review on the remarkable low noise
of quantum conductors can be found in [45]. At nite temperature, the shot noiseis :

eV

=265 T2eT+T(1 T)eVeoth ——
S e B ( )eV cot ST

- (45)

At zero bias voltage the Johnson Nyquist equilibrium noise4 T ?1—2 kg T is recovered. Above a

cross-wer voltage kg T=2e, shot noise dominates.
Two limits are interesting to considerfor the following:
- Strong badkscattering regime T 1: this is the regime of Poissoniantransfer from left to
right of chargee.
S =2l ; | lo (46)

- Weak backscattering regime 1 T 1: most electrons are transmitted, but there is of
Poissoniantransfer of \missing electrons”, i.e holes,from left to right. Alternativ ely, in the IQHE
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Figure 11:

regime, this can be viewed as Poissoniantransfer of electron from the upper to the lower edgevia
the QHE uid
S =2lg ; Ig= lo | ) (47)

3.2 Shot-noisein the fractional regime

In the limit of small transmission (I l o, strong badkscattering) it is reasonableto expect transfer
of charge e as correlations betweenleft and right FQHE quantum uids are reduced. However, for
large transmission (Ig = 1o | lo, weak badkscattering) the weak e ect of the impurity will

not a ect the FQHE correlations, the Poissoniantransfer of holes may correspond to Laughlin
guasiholewith fractional chargesas showvn schematically in Fig.11.

A complete understanding requiresto include the Luttinger liquid dynamics of the fractional
edge channels. This has beendone in thesetwo limiting casesin Ref.[4§ and then by using the
exact FLS Theory. For Laughlin lling factor = 1=(2s+ 1), including nite temperature, the
strong and weak badkscattering limiting casesgive respectively:

S ' 2el coth(eV=2kg ) | o= —%V (48)

e \%
2s+ 1 25+ 12kg T

Here, the Johnson-Nyquistthermal noisecontributions 4Gkg T and 4Gg kg T have beensubtracted
respectively for clarity. In the rst caseonly electronsare found to tunnel asexpected.In the second
casefractional chargeexcitations are found. In this limit, the noiseprovidesa direct way to measure
the fractional Laughlin chargee=2s+ 1.

A fractional ex2s+ 1) charge is also found in the argument of the coth function. However
the meaningis di erent. The cross-awer from thermal to shot noisecorrespondsto electro-chemical
potential di erence = eV=(2s+ 1) comparableto kg T. Howewer, this is not a measureof the
fractional quasiparticle charge. This is a measureof the fractional lling of the quantum state
at equilibrium, like the conductancee?=(2s + 1)h is. This is only in the large voltage limit that
S ' 2(557)!s really measuresthe quasiparticle charge. This is a non-equilibrium regime where
guasiparticles excitations dominate over ground state properties. Nevertheless obsenation of a
three times larger voltage for the thermal cross-wer in noise experiments has beenan important
con rmation of Eq.49.

S 2 Ig COth( ) Ig =1log | lo (49)

The zero temperature limit of expressions48 and 49 have been also derived in [47] using
Luttinger liquid in the perturbativ e limit. The exact solution of the FLS model preseried in the
previous section allows not only to calculate the current in all regimesbut alsoto calculate the
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Figure 12: schematic view of the measuremei The uctuations of the transmitted current | and of
the re ected current |g are both measured.A very fast dynamic signal analyzer calculatesin real
time the cross-correlationof the uctuations. Uncorrelated noisesare thus eliminated increasing
the sensitivity and reliabilit y.

noise[36]. To obtain the noise,one can mimic the wavepadet approach usedby T. Martin and R.
Landauer for the noise of non interacting Fermions Ref.[4§ . The incoming kinks of the eld fo
correspond to aregular o w of solitonsin €. The regular o w is noiselesdut the random scattering
of kinks into anti-kinks producesnoisein the outgoing current. When jS; ( 8)ji° 1 this
a Poissonianprocesswhile if jS, ( B)j2 is not negligible, the statistics is binomial and the
uctuations are proportional to jS; ( 8)iP( jSs ( 8)j%) which plays the role of the
T(1 T) factor for non-interacting electrons. The expressionfor the noiseis thus simply

Z A(Ves)
Si (V) = 2%y .4 Ois ( 8)iF@ iS. (8% (50)

Here = 1=(2s+ 1). Exact expressionsand technical mathematical details can be found in
Refs[36]. The special simple form of jS. ( s )] leadsto a relation betweencurrent and noise
where S = 1"—V(V§—\', )= 508 V%'TB). From it, using the weak and strong badkscattering
limits of the Luttinger theory, we can easily chek that S, ! 2( elg) and 2el respectively in
agreemen with the zerotemperature limit of 48 and 49. Finite temperature predictions can also
be found in Ref. [37].

3.3 Measuremert of the fractional charge using noise

A dicult y of shot noise measuremets in the FQH e ect is that the extremely low shot noise
hasto be extracted from the background of relatively large ampli ers noise. Shot noise levels are
extremely small both due to the smaller charge and the small available current. The latter is
restricted by the fact that the FQH e ect breaksdown when the applied voltage is larger than the
excitation gap. This excitation gap, in turn, depends crucially on the quality of the material in
which the 2DEG resides.The state of the art technology currently yields sampleswith an excitation
gap of the of the order of a few 100 eV , leading to shot noiselevelsin the 10 *°A2=Hz range.
These measuremets have beenperformed in Saclay and in the Weizmann Institute [49][50].
A QPC is usedin order to realize a local and cortrollable coupling betweentwo = 1=3 frac-
tional edgesto partially re ect the incoming current. The experiments are designedto have a
best sensitivity for the weak coupling limit where Poissonian noise of the e=3 Laughlin quasi-
particles is expected. In the experiment of Ref.[49], a cross correlation technique detects, at low
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Figure 13: experimental Poissoniannoiseof the fractionally charged excitations in the FQHE, from
Ref.[49] (left) and Ref.[5q (right).

frequency the anticorrelated noise of the transmitted current | and the re ected current Iz, i.e.
Siag = h I lIgi= " 2(e=3)Ig, seeFig.12. In situ measuremets of the Johnson-Nyquist
noise versus temperature provide self-calibration of the current noise measuredand are found
consistert with independert calibration, so the shot noise is free of adjustable parameters. The
magnetic eld correspondsto a lling factor 2=3 in the bulk of the sampleand a small region of
ling factor 1=3 is created closeto the QPC using the depletion e ect of the gates. The size of
the 1=3 regionis estimated about 150 g, su cien t to establishFQHE correlations. The advantage
of doing this is that the coupling between edgesoccurs on a shorter scale and the cortrollable
QPC potential is larger than the potential uctuations inherent of samplefabrication. In the two
samplesmeasured,the combination of QPC and random potential leadto two dominant paths for
badkscattering. The coheren interferencebetween paths givesrise to nearly perfect resonart tun-
neling peaksin the conductance.Careful measuremets of the conductanceresonanceshowved that
tunneling was coheren. This wasan important ched for the quasiparticle charge measuremen be-
causethis ruled out the possibility of noisesuppressiondue to multiple uncorrelated hoping, similar
to the 1=3 noisereduction factor in zero eld di usiv e conductors. Also the resonart conductance
shaowed non-linear dependenceon bias voltage consistert with Luttinger liquid model provided the
ling factor of the bulk is used. The other group [50] used a high frequency technique in order
to increasethe signal bandwidth and measuredthe autocorrelation of the transmitted current.
Here the magnetic eld correspondedto a lling factor 1=3 everywherein the sample. They found
few non-linearities in the conductance,in contrast with the Luttinger liquid predictions, and this
allowed them to de ne a bias voltage independert transmission.

In the Poissonianlimit 1g lo, the two experiments give the sameconclusion (seeFig.13)
that near lling factor 1=3, shot noiseis threefold suppressed.These experiments have given the
most direct evidencethat the current can be carried by quasiparticle with a fraction of e and
that Laughlin conjecture was correct. In addition, the data showed a cross-awer from thermal
noise to shot noise when the applied voltage satis es the inequality eV=3 > 2k (rather than
eV > 2k ), indicating that the potential energy of the quasiparticlesis threefold smaller aswell as
predicted in Eq.(11).This experiment has beennow reproduced many time with di erent samples
and measuremen conditions in both laboratories.

Is it possibleto go further and probe di erent fractional chargesfor lesssimple lling factor?
Measuremetns closeto = 2=5 have given indications that the e=5 quasiparticles are the relevant
excitations in this regime[5]. This last result has been analyzed in a model of non-interacting
composite Fermions where Luttinger e ects are neglected[52]. More recertly, the samegroup has
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Figure 14: Although the QPC potential is very weak, at low temperature Luttinger liquid e ects
giverise to strong backscattering. The left gure showsthe non-linear | (V) curve, the certer gure
the shot noise versusvoltage simultaneously measured,and the right gure the linear variation of
the noisewith current.

extendedtheir measuremem up to the lling factor 3=7 [53] and found a charge e=7. At very low
temperature, they found an unexplained rapid increaseof the e ectiv e charge. It would be useful
to have a better theoretical understanding of the noisefor Jain's ling factors to provide a basis
for comparisonswith experiments.

3.4 Cross-over from fractional to integer charge

When the strength of the arti cial impurity potential is slightly increasedand the energy of mea-
surement is reduced,the strong badkscattering regime setsin and one expectsinteger chargestake
over fractional charge. This hasbeenmeasuredin shot noise experiments [54],[55]. In ref.[54] very
low temperature and pronounced Luttinger liquid e ects are obsened. In the same experiment
it is then possible to obsene both the charge e=3 for weak scattering and charge e at strong
badkscattering. Despite the strong linear I-V characteristics (due to Luttinger liquid e ects), it is
remarkable that the shot-noiseincreaselinearly with current, asshown in Fig.14. In ref.[55 less
non-linearities are obsened as the electron temperature was higher but the strong badkscattering
regime was obtained by increasingthe impurit y strength.

4 Fractional occupation in the ground state

In the Laughlin wave function, electronsare spreaduniformly with ead elemenary quantum state
lled by 1=(2s+ 1) electronson average.

A fractional lling is a necessarycondition for the formation of fractionally charge excitations
above the ground state. Indeed, the rst excited state, a Laughlin wavefunction with a quasi-hole,
is obtained by emptying a quantum state, i.e. by introducing a hole in the wavefunction whosearea
is that of one ux quantum. In a gedanlken experiment, an in nitely small solenoid piercing the
plane adiabatically increasesthe ux from zeroto . In place of the fractionally lled quantum
state a fractional charge ex(2s+ 1) is left.

The fractional lling is alsoresponsiblefor the fractional quartization of the Hall conductance.
In a Corbino geometry (a ring of radius R and nite width W R ) it is possibleto generate
an azimuthal solenoidal electric eld E by a time varying ux (t) = ol. If Gy is the Hall
conductance, the radial current density is j, = Gy E . For ead time slice , the ux variation

=  radially shifts all states by one unit. As they are lled by a fraction of electron, a
charge Q = ex2s+ 1) crossesthe ring from the inner to the outer perimeter. The current is

| =j;2 R= Gy -2 = —2 and the Hall conductanceis ﬁi.

Equilibrium conductancemeasuremets have allowed to accurately determine the fraction of
charge lling the quantum states. Resonar tunneling experiments have beenusedto measurethe
charge Q in responseto the ux variation = o through a well de ned areafor lling factor
1/3 and lling factor 1 [56]. Comparison betweenthe integer and the fractional caseshowed that

in the later case,the chargeis accurately reducedby one third.
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Figure 15: Resonan tunneling experiment to measurethe fraction of charge assaiated with a
guantum state at = 1=3. Comparedto the integer case,the period in gate voltage are increase
by a factor 3 for 1/3 signaling a one third reduction of the charge.

In this experiment, a micron sizedisc fully depleted of electronsis realized inside a Hall bar
by etching a 2D electron gas. The width of the Hall bar is locally reducedto a sizelarger but very
closeto the disc size, sud that edgestates running along the Hall bar can passvery closeto the
edgestates circulating around the disc, seeFig.15. Gates, placed nearby the two points where the
outer and inner edgechannelsmeet, allow to cortrol the tunnel coupling.

The disc free of electrons embeddedin the 2DEG forms a so-calledanti-dot (as opposedto
guantum dots which are small disc of electrons). Becauseof the nite size of the perimeter and of
the low temperature used,the available edgestatesdo not appearasa cortin uum but are quantized.
In a semiclassicapicture, the radius ry of the k™ edgestate is givenby B r2 = k ¢ and its energy
is U(rk), where U(r) is the radial potential which con nes the electrons (the kinetic energy has
beensubtracted for presenation). Edge stateswith U(rx) < Er are lled by one electronin the
integer regime or by one third of electronsfor = 1=3. A new state can be lled by increasing
the chargeby Q in the disc or by reducing the magnetic ux by . The lling of a new state is
revealedby equilibrium measuremen of the tunnel conductancebetweenthe upper and lower outer
edgevia the anti-dot. A resonart tunneling conductancepeakis obsened eac time the edgestate
energylevel align with the Fermi energy The experiment shows that the same = o Separates
two consecutive peaks for integer and fractional cases,while the badkgate voltage variation V
separating two peaksis found one third smaller for the fractional case.Knowing the area of the
antidot and the capacitance,the absolute variation of the charge Q is found consistert with e
and e=3 (estimation of the capacitance assumesstrong statemerts about screeningin the QHE
regime, but the numbers are corvincing). The results are shavn in Fig.15.

5 Conclusion

The Fractional Quantum Hall e ect is at preser, the only system in condensedmatter with
fractional quantum numbers. Out of equilibrium or equilibrium tunneling experiments have been
able to directly or indirectly probe fractionalization.

The Luttinger liquid properties which are revealed by power law variations of the tunnel
conductance can not be understood without assaiating carriers with non integer charge. This
fractionally charged carriers has beenobsened directly through the current noiseassaiated with
their tunneling acrossopposite boundaries of FQHE uid. The ewlution of the charge from a
fraction in the weak badkscattering limit at large voltage to an integer in the strong badkscattering
limit at low voltage is consistert with the Luttinger picture and with common intuition. At the
root of the fractional excitations carrying the current is the fraction of chargein the ground state
which lls the individual quantum statesto form Laughlin's wavefunction. This fraction of charge
has beenmeasuredby equilibrium resonart tunneling conductancemeasuremets.

To complete this picture, localized fractional chargeshave beenobsened in a recert exper-
iment using low temperature scanning probe imaging techniques [57]. The experiment is able to
map the charge distribution in a macroscopicsample. The localized chargesdo not participate to
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transport (by de nition) and are responsible for the nite width of the Hall plateau and exact
guantization and is a key point in the understanding of the macroscopicQHE. Localized one third
charge are found both for the 2/3 and the 1/3 FQHE regime.

Fascinating properties of the FQHE excitations are still to be obsene. To cite a few: the frac-
tional statistics which could be revealedby shot noise correlations techniques, the high frequency
singularity in the shot noiseat frequencyeV=(2s + 1)h, the fractional excitations in the non fully
polarized spin regime. The recert progressesn mastering cold atoms suggestthat the QHE could
be obsenein di erent systemswith di erent statistics and interactions. New type of measuremets
may also be possibleand extend our range of investigation of the Quantum Hall E ect.

Acknowledgmernts. The author warmly thanks Patrice Roche, V. Rodriguez, Hubert Saleur, Ines
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