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Abstract. Decoherence is an extremely fast and e cien t environment-induced process transforming
macroscopic guantum superpositions into statistical mixtures. It is an essetial step in quantum mea-
surement and a formidable obstacle for a practical use of quantum superpositions (quantum computing
for instance). For large objects, decoherenceis so fast that its dynamics is unobservable. Mesoscopic
elds stored in a high-qualit y superconducting millimeter-w ave cavity, a modern equivalent to Ein-
stein's “photon box', are ideal tools to reveal the dynamics of the decoherenceprocess.Their interaction
with a single circular Rydb erg atom prepares them in a quantum superposition of elds, containing
a few photons, with dieren t classical phases. The evolution of this ‘Schrodinger cat' state can be
later probed with a ‘quantum mouse', another atom, assessingits coherence. We describe here the
experiments performed along these lines at ENS, and stress the deep links between decoherence and
complementarit y.

1 Introduction

Quantum state superpositions are ubiquitous in the microscopicworld. They are at the heart of
any interferometry experiment, be them either the fancy quantum interferencesof laser cooled
atoms or the usual light interferencesobsened, for instance, in the Young's double slit device.

Quite obviously, these quantum superpositions do not invade our macroscopicworld. At out
scale,there is not such a thing that an object following two paths at the sametime or, to quote
oncemore Schredinger's provocative wording, a cat that would be suspendedin quantum limbsin
a quantum superposition of its “dead' and “alive' states. In fact, we obsene only a tiny fraction of
all possiblestates of an immenseHilb ert space.

Decoherencads the extremely e cien t mecanism that con nes the weirdnessof the quantum
world at a microscopic scale and that prevernts the quantum monsters from entering our lives
[1, 2, 3]. Any quantum systemis coupledto an environment. For microscopic systems,made of a
singlespin, a singleatom or a single photon, this coupling resultsin the usual relaxation mecanism,
setting a nite lifetime to the system'senergy for instance.

For a mesoscopicquantum superposition, the ervironment very rapidly transforms it into
a mere statistical mixture, obeying the standard probability laws for exclusive events. The deco-
herencetime scaledecreasesvhen a parameter measuring the distance betweenthe statesin the
superposition increasesFor superpositions of very di erent states,the decoherencdime scaleis ex-
traordinarily short, making the obsenation of such quantum superpositions practically impossible
(seeW. Zurek's and H.D. Zeh's contributions in this Volume).

Observingour classicalworld is a strong indication of the validity of the decoherenceconcept.
It would, obviously, be much more interesting to study the dynamics of the decoherenceto unveil
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Figure 1: Scheme of the ENS cavity QED set-up.

its inner workings and to put our understanding of this essetial phenomenonunder closescrutiny.

Testingexperimentally decoherencés a challengingtask. First, it is soe cien t that thereis no
hope to resolwe its dynamics when it comesto macroscopicobjects, even much simpler than a cat.
One should thus corntrol a single mesoscopiguantum system.Larger than a singleatom or a single
photon, it should be neverthelesssu cien tly isolated from its environment to provide an accessible
decoherencetime scale.It should rst be prepared in a superposition of states at a mesoscopic
“distance' in the system's phase space. Finally, a signal indicating the degree of coherence(of
‘quartumness') of the nal system's state should be obtained and studied as a function of time,
revealing the decoherencedynamics.

Cavity Quantum Electrodynamics[4] and ion trap experimerts [5] are ideally suited for these
experiments. Both implement a simple quantum system, made up of a single two-level system (a
spin-1=2) strongly interacting with a mesoscopiauantum oscillator (a spring). In the cavity QED
case,the oscillator is a single mode of a high quality cavity, interacting with a single atom. In the
ion trap experimernts, the oscillator is the medanical motion of the ion in the trap, coupled by
appropriate laserbeamsto the ion's internal state. In both casesthe spin/spring interaction canbe
tailored to castthe oscillator in a mesoscopiquantum state superposition [6, 7]. The decoherence
dynamics, unveiled for the rst time in a cavity QED experiment [7], has also beenstudied in the
ion trap context [8].

We shall describe here the cavity QED experiments performed at ENS on "Sdiredinger cat
states' of the cavity eld and their decoherencd4]. Theseexperiments usecircular Rydberg atoms
interacting, one at a time, with a superconducting cavity. These cavities are a reasonablemod-
ern approximation of the “photon box' that Bohr and Einstein were using in their heated debates
about quantum medanics. They are able to store microwave elds for long times, up to a millisec-
ond, corresponding to quality factors Q in the 10° range. Their mode, equivalert to an harmonic
oscillator, is thus pretty well isolated from the outside world.

Circular Rydberg states have a high principal quantum number, around 50 in these exper-
iments, and maximum orbital and magnetic quantum numbers. They have a nearly macroscopic
size: the atomic radius is 0:1 m, comparableto the size of a living organism, virus or bacteria.
They are blessedwith remarkable properties [4], being long-lived (radiativ e lifetime about 30 ms)
with a huge dipole strongly coupling the transition between two adjacert states to millimeter-
waves. The atomic transition frequencycan be tuned by Stark e ect in a d.c. electric eld. Finally,
circular atoms can be detectedin a selective and sensitive way using eld ionization.

Figure 1 preseris the ENS experimental scheme.In box B, velocity-selectedrubidium atoms
e using from oven O are preparedin the circular statesjei or jgi, with principal quantum numbers
51 and 50 respectively. The atomic samplesare excited at a given time. Their position is thus
known at any time during their 20 cm transit through the apparatus until they are nally detected
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in the eld-ionization counter D, which discriminatesjei and jgi. The atoms are protected from the
room-temperature backbody eld by a 1K cryogenicenvironment. The atom number in a sample
obeysa Poissonstatistics, with much lessthan oneatom on the average.When an even is recorded
by D (detection e ciency > 80%), the probability that it correspondsto more than one atom is
negligible. The atomic state can be manipulated before or after the interaction with the cavity C
by resonart classicalmicrowave elds producedin the zonesR; and R, by the additional source
Se,

Thejei ! jgi transition, at 51.1GHz, is resonart or nearly resonart with the superconducting
Fabry Perot cavity C. The photon storagetime, T, is of the order of 1 ms. A classicalsource, S,
injects classical elds in C, with cortrolled amplitudes and phases.An electric eld applied across
the mirrors tunes the atomic transition via the Stark e ect in or out of resonancewith C, at well
de ned times, leading to a precisecortrol of the atom-cavity interaction dynamics.

We shall rst, in Section2, describe the quantum optics theoretical tools necessaryto analyze
the decoherenceexperimerts. We rst briey recall the eld quantization in a single mode, equiv-
alert to a one-dimensionalharmonic oscillator. We then describe two important quantum elds,
the coheren states and the Schredinger cat states. The coheren states are the most classical eld
states, being produced by classicalsourcessuch as S. They are also the most stable with respect
to cavity relaxation, the “pointer states' for the eld. The cat states are quantum superpositions
of di erent coheren states and presert remarkable quantum features. Finally, we describe cavity
mode relaxation, either in the Master equation or in the Monte Carlo trajectories approaces,
which shedcomplemenary lights on this important process.

Section 3 is devoted to the production an detection of Schredinger cat statesin the cavity. We
describe rst the atom-cavity interaction in terms of the “dressedsates'. We shaw that the inter-
action with a single, non-resonart atom transforms a coheren state into a cat, whosedecoherence
is then theoretically analyzed. We explain how a probe atom, a "quartum mouse' can be usedto
assesdhe decoherenceof the cavity cat.

Finally, Section4 is dewoted to the perspectivesopenedfor thesedecoherencestudies: creation
of very large cats by resonart atom- eld interaction, direct measuremen of the cat's Wigner
function, providing a detailed insight into the decoherencemedanismsand creation of non-local
cat states, merging the Einstein-Podolsky-Rosen[9] non-locality and decoherence.

2 A quantum eld at the boundary of quantum and classicalworlds

2.1 A quantum cavity mode

A single eld mode is equivalent to a one-dimensionalharmonic oscillator. The non-degenerate
energyeigenstatesare the Fock or “photon number states' fj nig n > 0, whoseenergyis h! ¢(n+ %),
where ! . is the cavity mode angular frequency The ground state is the vacuum jOi. The Fock
states are an orthogonal set:
mijpi = np (1)
The photon annihilation and creation operators a and a¥ connectthe Fock states:
ajni = IOﬁjn 1l ; ajni = IOn+ n+ 1i : 2

The action of a on jOi givesa null vector (it is not possibleto annihilate a photon in vacuum).
All Fock statescan bepggneratedfrom the vacuum by repeated applications of the photon creation
operator: jni = a"j0i  n!. Theseoperators obey a bosoniccommutation rule: a;a¥ = 4.

The cavity Hamiltonian is H; = h! ((a¥a + 1=2). Since we are dealing with a single-made
situation, we can rede ne the energy origin to get rid of the non-vanishing vacuum state energy
We can thus also use the simpler Hamiltonian:

H2=h! ;aa: (3)
The cavity mode electric eld operator at position r writes:

Ec= ik f(r)a f (r)a ; (4)
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Figure 2: Scheme of a microwave Fabry-Perot cavity. The two spherical mirrors separated by
L sustain a Gaussian mode with waist w. The cavity axis normal to the mirrors is Oz. The
sinusoidal standing wave pattern (with eld nodesand antinodes along Oz) is not represerted.
Atoms propagate along Ox axis.

where Ey is a normalization factor. The dimensionlessvector function f(r) = f (r) describesthe
spatial structure of the eld mode (relative eld amplitude f and polarization (). At the point
wherethe eld mode amplitude is maximum, which we also take as the origin, f = 1.

The normalization factor is obtained by equating the Fock states energieswith the integral
over spaceof the expectation value of the electromagneticenergy density " ojE ¢j?:

= —— (5)
0

where we de ne the cavity e ectiv e volume V by:
z

V= jf(n)j2av : (6)

As a speci ¢ example, considerthe caseof the Fabry-Perot cavity brie y described in Section
1. It is made of two spherical mirrors facing eat other (Figure 2). The mode is then a standing
wave with a Gaussiantransversepro le and a sinusoidal eld variation in the longitudinal direction
normal to the mirrors, separatedby the distanceL. The waist w characterizesthe minimum width
of the Gaussian. The mode volume is then V = Lw?=4. For the specic parameters of the
experiment (L = 2:7 cm; w = 6 mm) we haveV = 0:7 cm®. The eld per photon is then:

Ey = 1:510 3 Vicm ; (7)

a rather large value in S.I. units for a quantum eld.
The eld quadrature operators correspond to a medanical oscillator's position and momen-

tum: o, o,
a+ a a a e'!' TFa+é Tcay

X = . P = — = : 8

2 ' 2i 2 (8)

More generally, phasequadratures are linear combinations of a and a:

e a+é @ e'a €& &
X'_f'x"'ﬂ_T' C)]
They satisfy the commutation rules X ;X. , -, = i=2, which correspond to the uncertainty

relations X. X., -, 1=4,where X. and X., -, are conjugate phasequadrature uctu-
ations.
The eigenstateof the quadrature X: corresponding to the real and contin uous eigenvalue x is
a non-normalizable state (in nite energy), which obeysthe orthogonality and closurerelationships:
z

Chkpx%o = (xo x9; jxi. . hxjdx = 1; (10)
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Figure 3: Coherert state. (a) Pictorial represeration of the action of the displacemen operator on
the vacuum state. The displacemen by a complexamplitude amounts to a displacemen by Re
along the X quadrature axis, followed by a displacement by Im along the X -, quadrature. (b)
Time ewolution of a coherert state.

the transformation from the jxi- basisto the conjugate basisjxi.- . -, being a Fourier transform:
z 1 z
i, o = dyjyi. hyjxi., ,=p= dyeVjyi : (11)

Note that two conjugate eld quadratures provide coordinates for the quantum eld phasespace,
equivalent to the Fresnelplane for classical elds.

The expectation value mj X jni of any phasequadrature in a Fock state is zero. There is thus
no preferred phaseneither in the vacuum nor in any Fock state, a feature which shows that these
guantum states are quite dierent from classical elds. For the vacuum, the quadrature uctua-
tions are isotropic and correspond to the minimum value compatible with Heiserberg uncertainty

relations: X = HjX2j0i = 1=2. The probability distribution P© (x) of the eld quadrature

is then a Gaussian: o

. . 2
PO(x)=j joij2= £ e 2 (12)
In summary, the vacuum eld in ead mode hasisotropic Gaussian uctuations around zero eld.

2.2 Coherernt states

To describe situations in which the phaseof the eld is relevant, it is corveniert to expand the
eld on the basisof the coherern states[10, 11], which are more physical than Fock or quadrature
states and are experimentally more accessible.

A coherent state of a single eld mode is de ned as resulting from the translation of the
vacuum eld in phase space. This translation is represered, in its most general form, by the
unitary displacemen operator:

D()=e*" *2; (13)

where = j jexp(i ) is a C-number whosereal and imaginary parts are the projections along the
Xo and X -, directions respectively of the translation vector. The translated vacuum state is the
coherert state j i:

j 1=D()joi: (14)

The translated “padket’, whoseewlution is determined in the Schredinger picture by the free eld
Hamiltonian [Eq. (3)], subsequeltly rotates at frequency! . in phasespace,without deformation:
j (i =je "<l This correspondsto the bestpossibleapproximation of a classicalfree oscillator
motion. Fig. 3(a,b) shavs how the vacuum state is transformed by translation into a coheren state
and how this state freely ewlvesin phasespace.In Fig. 3(b), the coheren states are pictorially
shown as uncertainty circles of radius unity at the tip of the classicalamplitude, a represenation
that we shall repeatedly usein the following.
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Figure 4: Photon number statistical distributions. (a) Coherert eld with m = 1 photons on the
average.(b) Coherernt eld with m= 20.

In order to make the translation operation more explicit, it is conveniert to split the expo-
nertial in Eg.(13) in two, separating the contributions of the real and imaginary parts of . We
make useof the Glauber relation [12] e**B = e*eBe AB 172 (valid if [A; B] commutes with A and
B) and we get:

D():eilzeZiZXOGZi 1X=2; (15)

Using a medanical oscillator analogy, the displacemen D( ) canthus be viewed as a translation
along spaceby an amount ; = Re( ), followed by a ‘momertum kick' of magnitude , = Im( ).

Let us compute the probability amplitude for nding the value x when measuringthe quadra-
ture operator Xo on a eld in state j i. A straightforward calculation using Egs.(14) and (15)

yields:
1=4

j i= g el 1 2g2 2Xg (X 1)2; (16)

a Gaussianwave packet certered in 1, with a phasemodulation at frequency , describing the
momertum kick. The probability for nding the value x for the quadrature is thus:

> 1=2 h i
PX)= = exp 2(x 1)° ; (17)

a translated ground state distribution.
An alternativ e and useful expressionof the displacemen operator is obtained by using again

the Glauber relation, separating this time the a and &¥ terms:

!
.2

D()=e*" 2= exp J?J e?’e 2 (18)

This form correspondsto the “normal ordering' in quantum optics. If we expand the exponertial
of operators in series,all the a" terms are on the right and the a¥" terms on the left. The action of
the exp( a) operator on the right leavesthe vacuum unchanged, sinceonly the zero-orderterm
in the expansionyields a non-zeroresult. Combining Eqgs.(14)and (18), we get:

|

X o jj> "
= a()jni with ¢ ()= exp 2 P (19)
The distribution of photon numBeLsin a coheren state obeysa Poissonstatistics. Fig. 4 shows this
distribution for = land = 20. The averagephoton number i and photon number variances
n are:
. .2 n 1

ﬁ:JJ ; ?:j_j:

3|_!T"‘

(20)
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Figure 5: Pictorial represertation of a -phasecat in phasespace.

The relative uctuation of the photon number is thus inversely proportional to the squareroot of
its average.For large elds, this uctuation becomesnegligible (classical limit).

Coherert statesare eigenstatesof the photon annihilation operator a. This essetial property
is easily derived from Eqgs.(2) and (19):

aji= ji and hja = hj : (21)

It is also usefulto recall the expressionof the scalar product of two coherert states:
hji=el 1721 i"=2+ . jhjoiff=e (22)
which shaws that the overlap of two such states decreasesxponertially with their “distance’ in
phase space. Although they are never strictly orthogonal, they become practically so when the
distance of their certers is much larger than 1, the radius of the uncertainty circle.
The coherent states constitute a complete set of statesin the mode's Hilb ert space:
z

1 4.d,jinj=1: (23)

Note however that the non-orthogonal coherert state basisis over-complete. The expansionof a
state over it is not unique.

Coherert states are easily produced experimentally, by the classical microwave source S
weakly coupled to the cavity mode (see gure 1). The ewlution operator for the mode state
under the coupling with a classicalcurrent is the displacemen operator, transforming the initial
vacuum in a coherert state whoseamplitude and phaseare under experimenter's control.

As a classical eld, a coherert state is de ned by a complex amplitude, ewlving in the
Fresnel plane. The non-vanishing quantum uctuations of the eld quadratures is represertied by
the uncertainty circle in Figure 3. For very small elds (about one photon on the average) the
amplitude is comparableto the uncertainties and quantum uctuations play an important role.
For very large amplitudes, quantum uctuations are negligible and the coherert state can be viewed
as a classical object, with well de ned phase and amplitude. Coherert states stored in a cavity
thus spanthe quantum to classicaltransition, with the mere adjustment of the sourcecortrols.

2.3 Sdrodinger cat states

We give here a special attention to superpositions of two quasi-orthogonal coherert states, rep-
reseried in the Fresnel plane by two non-overlapping circles. These states are prototypes of
Sdredinger cats [13, 14]. We will seelater how they can be prepared and used to study the
dynamics of decoherenceWe enumerate rst someof their properties. As a simple example, we
considera linear superposition with equal weights of two coheren stateswith opposite phases(see
Fig. 5). This superposition, called a -phasecat in the following, writes:

jooeni= g il L A= 2Gi+j i) ; (24)
2 1+e 2
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where is the amplitude of the eld (takenreal). The superscript “even’ will be explained below.
The denominator in the rst r.h.s. term is a normalization factor, taking into accourt the overlap
ofj i andj i.Ifj j 1,this overlap is negligible and the cat state is expressedby the simpler
form given by the secondr.h.s. term in Eq.(24).

The coherencebetweenthe two states is an essetial feature which distinguishesit from a
mere statistical mixture. This is made clear by expressingthe eld density operator:

cat E(thJ+J ih j+jih j+j ihj): (25)

The cat coherenceis described by the o -diagonal part of this density operator [last two terms in
the r.h.s. of Eq.(25)].

This coherences displayed by analyzing the eld quadrature distribution. Suppose rst that
we measureX . Its probability distribution is the sum of two Gaussians,certered at

Po(cat) (X) g]é— e 2(x )? +e 2(x+ )? : (26)
The probability amplitudes for measuringx in state j+ i and j i do not appreciably overlap

and thus cannot interfere: the resulting distribution is simply the sum of those corresponding to
the state componerts. The state coherenceis not apparent here. If we measureinstead X -, the
probability distribution is:

t 1 . . .2
P00 5 ) iv o) 0 27)
where the index =2 in -,lx]j indicates an eigenstate of X -,. The probability P(szt) (x) is the
square of the sum of two amplitudes which are both non-zero. These amplitudes are easy to

compute. The scalar product of jxi -, with j i is equal to the product of jxig with j i i, asa
mere rotation in phasespaceindicates. Using Eq.(16), we get:

1=2
P(szlt) 2 e 2°(1+ cosd x): (28)

The probability distribution is a Gaussiancertered at x = 0, modulated by an interference
term with fringes having a period 1=4 , inverselyproportional to the “cat size' . This interference
is a signature of the coherenceof the superposition.

The distribution of any phasequadrature X can be obtained in the sameway. The inter-
ferenceterm exists only when' is closeto =2. A graphical represenation is very corveniert to
understand why it is so (Fig. 6). For a coheren state, a eld quadrature takesnon-zerovaluesin
an interval corresponding to the projection of the state uncertainty circle on the direction of the
guadrature. For a Schredinger cat state, there are two sud intervals, corresponding to the two
state componerts. If land' = 0 [Fig. 6(a)], the two intervals are non-overlapping and there
is no interference.For a' value between0 and =2 [Fig. 6(b)], the two intervals are closerthan for
' = 0, resulting in two still non-overlapping gaussianswithout interference.lIt is only when' gets
very closeto =2 that the two projected intervals overlap along the direction of the quadrature,
leading to a large interferenceterm [Fig. 6(c)].

Another aspect of the cat states coherenceis revealed by considering their photon number
distribution. The state given by Eq.(24) developsonly along even number states, sincethe proba-
bility for nding n photonsin it is proportional to 1+ ( 1)", justifying the superscript “even' in
its name. Similarly the cat state:

o= a0 g (29)

dewelops only along the odd photon numbers. We call it an “odd phasecat’. The periodicity of
the photon number is related to the coherenceof the state, since a statistical mixture of j i and
] i contains all photon numbers. The modulated photon number distribution is a signature of
the even and odd cats coherenceasis the existenceof dark fringesin their X -, quadrature.
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Figure 6: Quadratures of an even Schredinger cat. (a) The X quadrature exhibits well separated
Gaussianpeakscorresponding to the cat's componerts. (b) For X -4, the Gaussianpeaksdistance
is reduced. (c) For X -, the two peaksmergeand fringes show up.

It is henceconveniert to introduce the photon number parity operator P [12] which admits
as eigenstatesall the superpositions of even photon numbers with the eigervalue +1 and all the
superpositions of odd photon number states with the eigenvalue 1:

p=¢ @a; (30)

The odd and even phasecatsj i | i are eigenstatesof P with the +1 and 1 eigervalues.
From Eq.(21), the action of the annihilation operator on an even (odd) phasecat results in the
switching of the cat parity:
aj i j il= 01 i]: (31)
Let usremark nally:
Pjxi- =j xi- : (32)

2.4 A pictorial represertation of eld states

We usedup to now qualitativ e phase-spacaepreserations. These pictures are made fully quanti-
tativ e by assaiating unambiguously to the eld state, pure or statistical mixture, two functions, Q
and W, taking real valuesin phasespace[15) and extending in the quantum realm the probability
distributions over phasespace,which are pivotal in statistical mechanics. They can be plotted and
give a vivid description of the state. The knowledge of any one of them is su cien t to reconstruct
the eld density operator and thus the result probability distribution for any measuremen

2.4.1 The Q function

The eld is described by the density operator . Its Q function at the point in phasespacede ned
by the complex amplitude is:

Q)=2hjji=2Trrjing: (33)

For a pure state, Q is the square of the overlap with a coheren state whoseamplitude spansthe
Fresnelplane. It is a real, positive and normalized quartit y: the integral of Q over the whole phase
spaceis equalto 1. An alternativ e de nition of Q is, using Eq.(14):

Q()= 1Tlr[J'OihOJ'D( )D ()]: (34)

Thus, Q( ) is the expectation value of the projector on the vacuum, in the state of the eld
translated by  , leading, as shown below, to a simple experimental determination of Q [16].

It resultsdirectly from Egs.(33)and (22) that Q( ) isa Gaussiancerteredin for the coheren
state j i [Fig. 7(a)]. The Q function of a Schredinger cat de ned by Eq.(24) is essetially the
superposition of two gaussians,certered at [Fig. 7(b)]. There is a small additional interference
term taking non-zerovaluesbetweenthesetwo gaussianshut it is of the order of the scalarproduct



34 J.-M. Raimond Seminaire Poincare

Figure 7: Plots of Q functions. (a) 5 photons coherert state (real amplitude). (b) Scredinger
even cat state, superposition of two 5 photon coherent stateswith opposite phases.Note the weak
interferencepattern near the origin. (c) Two-photon Fock state.

of the two cat componerts, vanishingly small as soon asthey are separated.The Q function is thus
not appropriate to describe the coherenceof a cat. Fig. 7(c) shows the Q function of an = 2 Fock
state, a circular rim around the origin asintuitiv ely expected.

2.4.2 The Wigner function

The Wigner distribution W( ) = W(x + ip) [17] is de ned by:
Z 0 0
W (x; p) = 1 x% 2%°Phy + XEJ jx XEi ; (35)
It is the Fourier transform of an o -diagonal matrix elemeri of in a quadrature represeration.
The W function is real and normalized. Contrary to Q, it can take negative valuesin domains of
phasespace,making it clearthat it is not a probability distribution. Negative valuesare, asshown
below, a signature of non-classicalstates.

The W function of coher%n_states are again Gaussianfunctions certered at the amplitude
of the state, but their width is 2 times smaller than the oneof Q. The W function of a -phase
cat is made up of two Gaussianpeaksand a large interference pattern betweenthese peakswith
an alternance of positive and negative ridges [Fig.8(a)]. This pattern is a signature of the cat's
coherenceJacking in the W function of a statistical mixture. The W function is thus much better
adapted than Q for the study of a cat's coherenceFig. 8(b) and (c) presen the W function of the
n = 1and n = 2 Fock states which also exhibit negative parts.

By inverseFourier transform of Eq.(35), the matrix elemers of the eld density operator are:

Z
x0 x0 0
X + Ej jx Ei = dpe* PW(x;p) : (36)

The eld density operator is thus fully determined by W. In particular, the probability density of
the quadrature X, is: 7

tj jxi = dpW(x; p) : (37)
The probability that X, takes a given value x is obtained by integrating W for this x value,

along all valuesof p. This property holds for any set of orthogonal quadratures. Schredinger cats,
for instance, have quadratures values occurring with O probability (see Figure 6), a signature of
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Figure 8: Plot of W functions. (a) Schredinger cat, superposition of two 5-photon coheren states
with opposite phases.(b) One-photon Fock state. (¢) Two-photon Fock state.

their non-classicalnature. The integral of W along the orthogonal quadrature vanishes,which is
possibleonly if W preserts alternations of positive and negative values. We thus understand that
negativities of W are related to non-classicality.

We concludeby giving an alternativ e expressionof W ([18] and L. Davidovich, private com-
munication). Using:

0 ) 0
ix Zi=e ™ XPDx+ip) i (38)
and
x0 x0 - 0
e+ Zj=h=iD( X ip)e *+xIp - (39)

which follow directly from the de nition of D( ) and replacing jx  x°=2i in Eq.(36) by the ex-
pressionsgiven by Egs.(38) and (39), noting nally that Pjx%=2i = j x%2i [seeEq. (32)], we
get:

W(x;p) = 2Tr[D( )D ( )P]: (40)

The Wigner distribution at is the expectation value in the state translated by of the eld
parity operator. This property leadsto a simple experimental determination of W described in
Section4.2.

2.5 Field mode relaxation
2.5.1 Master equation

Decoherenceis the result of a dissemination of information about a system via its entanglement
with an ervironment E. For all practical purposes,this information is buried in E on which no
measuremen can be performed in practice. The systemdensity operator is obtained by tracing
over E the system/environment entangled state.

The system relaxation is then described by a master equation, di erential equation for
alone. This equation can be derived from a simple ervironment model [12], a bath of harmonic
oscillators, for instance, spanning a wide range of frequenciesaround the system'seigenfrequencies,
in thermal equilibrium at a nite temperature T. Quite remarkably, the nal form of the master
equation is model-independen.
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Figure 9: An ervironment B detecting the photon lost by the cavity eld.

For the sake of simplicity, we consideronly the zero temperature case.The master equation
then writes in the standard Lindblad form:

%: IE[HS; I+ 5 2aa’ @a a’a ; (41)
where = 1=T; = ! ;=Q the damping rate of the cavity mode energy The rst term in the r.h.s.
describesthe Hamiltonian ewolution. The seconddescribesthe e ect of photon escage into E.

Remarkably, this equation depends only upon the classicalenergy damping time T, = 1=,
which can be measuredwith macroscopic elds. At nite temperature, additional terms, propor-
tional to ny, , the mean number of thermal photons per mode, describe the creation of thermalex-
citations in the mode.

It is easyto derive from Eq.(41) the ewolution of the photon number distribution p(n) =

= Mj jni:

dp(n) _

& (n+ p(n+ 1) np (n) : (42)

This equation describesa cascadein the Fock statesladder. The lifetime of state jni is thus of the
order of T.=n, decreasingwhen the number of photon increasesWe show below that the lifetime of
a coheren state is independert upon its amplitude. That non-classicalFock statesare more fragile
than semi-classicalcoherent onesis a rst insight into decoherenceWe defer to the next Section
the application of the master equation to a cat state.

2.5.2 Monte Carlo trajectories

The master equation does not provide a detailed insight into the medanisms of relaxation. The
Monte Carlo wavefunction approach is more corveniert for computational purposesand also more
insightful. We give here the recipes for the Monte Carlo method in the cavity caseand discuss
briey its physical contents. A more detailed accourt can be found in [19, 20].

The master equation is obtained by tracing over all possibleresults of a virtual measuremen
performed over the ervironment. Let us imagine instead that this measuremet is explicity made
and its results recorded.What happensthen? For the sake of de niteness, the cavity will be owned
by a rst operator, called Alice, and Bob has a complete control over the environment.

Bob is to monitor relaxation events, corresponding to the loss of a photon by the mode. He
could, for instance (see gure 9) couplethe cavity with a detector, registering a click whenewer a
photon escafes.

Let us considera short time interval . At the beginning, the cavity isin apure statej (*)i and
Bob's detector in a neutral state jO(®)i. During the time interval , the system ewolvesaccording
to the in nitesimal unitary transformation:

P—

j ™i jo®in 1 % (@a) j Mi jo®i+ " Tg Wi j1®i (43)

in which j1(®)i, orthogonal to jO(B)i, is the detector's state after photon detection. The time interval
being very short, the probability for loosing two photons is negligible. The cavity/environment
state is entangled, an essetial feature of decoherence.
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At the end of this time interval, Bob performs a measuremen on its detector, in the fj 0(B)j,
j1(®)ig basis. The probabilities p; and pp for nding the ervironment (equivalert to a single qubit
in this simple situation) in j1®)i or jo®)i are:

pp=1 po= h®ja¥aj Bj: (44)

Depending on the outcome of the measuremet, the cavity state is projected in one of the states

de ned as:
i (A

: . a
P M= B—; (45)
P1
for a photon click and:
Ay, 1L avaj A
j o= —2p— : (46)
Po
when no click is recorded. Eq.(45) justies the “jump operator' name coined for p_a, since it

describes the discortinuous change of the mode state when B is found in j1(®)i. In the evert
that B doesnot change, Eq.(46) shows that the oscillator state is also modi ed. It ewolvesunder
the e ect of an in nitesimal non-unitary transformation produced by the anti-hermitian pseudo-
Hamiltonian ih a Ya. This non-unitary transformation can be described asa renormalization of the
oscillator frequency by the addition of an imaginary term in its frequency(! ! ! i=2).It does
not consene the norm of the state, hencethe necessiy to normalize it by the (po) =2 factor.

That the cavity state evolveswhen no photon is recordedby Bob might seemcounterintuitiv e.
Recall however that a null measuremen provides information on the system and, hence,modi es
its state. Recording no photon during is an indication that the number of photons is more likely
to be small. The pseudo-Hamiltonian describesthe reduction of the eld energyassaiated to this
information. We give below a more detailed insight into this evolution.

At the end of the time interval, the cavity is yet in a pure state, depending upon the mea-
suremen result recordedby Bob. A Monte Carlo trajectory is then de ned by a seriesof random
measuremen results assiated to successie time bins of duration . At ead step, the eld state
undergoesthe action of either [1 a¥a=2] or a, depending upon the measuremen result. It is
computed by iterating the process,making a random decisionaccordingto the probability law (44)
to determine whether B is found in j1(B)i or jO(B)i at ead stage.The state of A at the beginning
of the (n + 1)1 step is determined by the outcome of the n" measuremen and B is initialized to
jO(®)i at the beginning of ead step.

The master equation result is recoveredby assumingthat Bob's measuremets are left unread.
The cavity mode endsup, at the end of the rst time interval , in the density operator averaged
over the two possibleoutcomes:

()=poj §"ih §Vj+ poj $Vin (47)

Plugging in this equation the expressions(45) and (46) and keepingthe rst order termsin , we
get: h i

() i Ainh (A)j - - aya;j Ainh (A)j . + aj Ainh (A)jay : (48)

where [;]+ is an anti-commutator. Identifying ( ( ) j ®ih ®A)j)= with d =dt, we recover the
master equation (41).

The Monte-Carlo approach has many advantages. Assuming that Bob is observing the envi-
ronment and communicating the results of his measuremeis to Alice meansthat shecan, at all
times, describe her systemby a wavevector which ewvolvesrandomly, accordingto the unpredictable
outcomesof the measuremets. Calculating a set of Monte Carlo trajectories can be much more
economical, for large photon numbers, or more generally for high-dimensionality systems, than
solving the master equation.

Moreover, this approad is adapted to the description of a single realization of an experimert
manipulating a unique guantum system.In many modern experiments, an information is cortinu-
ously extracted from the system'senvironment and its wave function follows a random tra jectory
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exhibiting explicit quantum jumps [21, 22, 23]. The statistics of these jumps is reproduced by a
Monte Carlo simulation involving an ervironment with as many states as the number of possible
exclusive measuremets outcomes.In most cases,this number is small and a few quantum states
of the environment detectors owned by Bob are enoughto simulate the experimental results.

The Monte Carlo procedure is easily applied to the relaxation of a Fock state jni. Being
an eigenstate of the pseudo-Hamiltonian, a Fock state doesnot ewlve between quantum jumps.
Each quantum jump is a transition betweentwo adjacert Fock states. The cavity is always in a
Fock state and the photon number undergoesa staircaseewolution, with random jumps. The usual
exponertial decay is recovered by averaging many trajectories. We now turn to the interesting
caseof an initial coherert state. A Monte Carlo scenariofor Schredinger cat decoherencewill be
consideredin the next Section.

2.5.3 The coherert state paradox

Let us describe the Monte Carlo trajectories starting from a coherent state j i. The probability
for counting a photon in the rst time intervalisp; = hja¥aj i = j j>= _ n.If aphotonis
counted, the state is unchangedsincej i is an eigenstateof the jump operator ~ "a . An ewolution
occursif no photon is recorded. The imaginary frequency cortribution to the pseudoHamiltonian
producesa decreaseof the state amplitude:

jil je (49)

This situation is paradoxical, sincethe eld loosesenergyonly if no photons are counted! How
comesthat the state doesnot changewhen one photon has beenlost? We have the combination of
two e ects, which tend to changethe photon number in opposite directions. One the onehand, the
loss of a quantum reducesthe averageenergyin the cavity. On the other hand, the photon click
provides an information about the state in which the eld wasjust beforethe photon was emitted,
which tends to increasethe photon number.

To understand this point, let us ask a simple question: knowing that it has emitted a photon
at a given time, what is the probability pc(n) that the cavity contained n photons just before
the click? If the photon emission probability were independert on n, p.(n) would be equal to

p(n) = e "a"=n!, the photon number distribution in the coheren state. In fact, the probability for
losing a photon is proportional to n. It follows that p.(n) = knp(n), wherek = 1=n is determined
by normalization. Thus:

pe(y = P = o T

- CEETRLGEEE (50)

For a coherent state, pc(n) is equal to p(n 1), the unconditional probability that the initial
eld contains n 1 photons. The maximum of p(n 1), henceof p¢(n), occurs for n = m + 1.
The knowledgethat a click has occurred biasesthe photon number distribution before this click
towards larger n values, with a photon number expectation exceedingthe a priori averagevalue
by oneunit. The lossof the photon signaledby the click brings this number back down to n. The
two e ects exactly canceland the state of the eld has not changed!

This is a peculiar property of coherert states. For non-poissonian elds with larger uctu-
ations, the e ect could be even more counter-intuitiv e and result in an overall increase of the
photon expectation number, just after the lossof a photon! This situation requires uctuations in
the initial eld energy It doesnot occur for a Fock state, which loosesits energyin an intuitiv e
way.

Why, now, are coherert states loosing their energy when no photon clicks are registered?|f
no photon is detected, it is more likely that the photon distribution has lessphotons that was a
priori assumed.To consider an extreme situation, a coherert eld has a small probability, e ™,
for containing no photon at all. This is the probability that the detector will never click, however
long one waits. The longer the period without click, the more likely it becomesthat the eld is
e ectiv ely in vacuum. Its wave function ewlvescontinuously, without jump, under the e ect of the
non-unitary ewvolution and endsup in jOi!
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The insensitivity of coheren states to jumps make their Monte Carlo trajectories certain.
To determine the state at time t, we have concatenate ewvolutions during the successie intervals
between jumps ti, tp;:::t;;:::ty adding up to t. Whatever the distribution of these intervals,
the nal state,j e (i+t*=+Wn)=2j = j e ¥ 2j remains pure: coherent states are impervious to
ertanglemert with the ervironment. They are the “pointer states' of cavity decoherence.

3 Cat state generation and decoherencestudies

In the last Section, we described Schredinger cat states, quantum superpositions of coherert com-
ponerts with di erent classicalphases.These states are ideal for decoherencestudies, since they
are pretty well isolated from their ervironment, being stored in a high-Q cavity. Moreover, their
“size', measuredby the distance betweenthe two componerts, can be varied from the microscopic
range (single photon elds) to the mesoscopicone. We describe in this Section how the interac-
tion betweena single Rydberg atom and a coherert state can be harnessedto produce and probe
Sdcredinger cat states. We rst give a brief description of the atom/ eld interaction.

3.1 The atom/cavity system

We consider a two-level atom whose upper level jei is connectedto level jgi by a dipole electric
transition at angular frequency! 4. This systemis equivalert to a spin-1/2 ewolving in an abstract
space,with amagnetic eld, oriented alongthe “vertical' Z axis, accourting for the energydi erence
betweenjei andjgi. Thesestatescorrespond to the eigenstatesof the spin along Z, which we denote
by j+i andji

Any spin or atomic operator can be expanded over the basis made up of the three Pauli
matrices x, v and 7z togetherwith the unity 4. The atomic Hamiltonian isH, = h! g z=2.The

atomic raising and lowering operators are = (x 1 vy)=2,with ji =j+i j+i=ji
+j¥i =0 ] i = 0. Theseatomic excitation creation/annihilation operators have a fermionic
commutation f ; .g = 1, where f;g denotes an anti-commutator. There is a clear analogy

between  and the photon creation and annihilation operators.
The atomic dipole operator is:

D=d(a + 4+); (51)

where is a complexunit vector describingthe transition polarization. For the circular stateswith
principal guantum numbers 51 and 50, the transition is -polarized and d = 1776atomic units, a
remarkably large value due to the huge size of the Rydberg states.

The complete atom-cavity Hamiltonian writes:

H=Ha+ H+ Hae ; (52)

whereH, and H? are the atom and cavity Hamiltonians. The couplingterm, H,e,is D Eg, where
E. the electric eld operator at the atomic location. The Hamiltonian H has beenintro duced by
Jaynesand Cummings [24] as an approximation to matter- eld coupling in free space.lt is only in
a cavity that it provides a precisedescription of the atomic dynamics, sincethe interaction with a
single mode dominates the ewolution.
We assumerst that the atom is sitting at cavity certre [f (r) = 1]. The coupling Hamiltonian
is then:
Hac = d[ & + a +] 1B ca cay : (33)

Its expansioninvolvesfour terms. Two are proportional to  aand . aY. The rst correspondsto

a transition from jei to jgi, together with the annihilation of a photon. The seconddescribesthe

emissionof a photon by an atom in a transition from jgi to jei. When the cavity and atomic tran-

sition frequencies,! ¢ and ! o, are comparable, theseterms correspond to non-resonarn processes.

They can be neglected(Rotating Wave Approximation). The two others, proportional to . a and
&, correspond to photon absorption or emissionand the atom-cavity coupling reducesto:

Hac = ih70 a., a (54)
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where we intro duce the “single photon Rabi frequency', o:

dEy o
0= 2 EO; : (55)

We assumedthat , . is real and positive, hence (. The frequency ( measuresthe strength
of the atom- eld coupling. It is proportional to the interaction energy of the atomic dipole with
a classical eld corresponding to a single photon stored in C. In our experiments o = 2 50
kHz, a rather large value. It is much larger than the cavity relaxation rate, achieving the “strong
coupling regime' of cavity QED.

The “uncoupled states', eigenstatesof H, + H?, are the tensor products je;ni and jg; ni of
atomic energyeigenstatesand cavity Fock states, with the energiesh(! ¢g=2+ n! ¢) and h( ! =2+
n! ¢). The ground state of H, + H? is the non-degeneratejg; 0i state. When the atom-cavity
detuning, ¢ = !eg !¢, is much smaller than the atomic frequency the uncoupled states je;ni
and jg;n + 1li are degenerate( . = 0) or nearly degenerate.They form a ladder of equally-spaced
two-level manifolds, which are not coupled by H,.. The diagonalization of the full Hamiltonian
amournts to solving separatetwo-level problems.

3.1.1 Eigenenergiesand eigervectors

We consider here the restriction H, of the Jaynes and Cummings Hamiltonian to the manifold
spannedby je;ni and jg;n + 1i. Taking the energyreferenceat the mid-point betweentheselevels,
H, writes in matrix form:

h i
H. = — c n .
n 2 | q c ' (56)
where p
n= o h+1: (57)

The Rabi frequency  is proportional to P n+ 1, relative eld amplitude in the n-photons Fock
state.
The eigervaluesof H, are:

hp ——
En= 5 2+ %7 (58)
and the eigervectors, the “dressedstates":
j ;ni=cos ,je;ni+isin jjgn+1i; (59)
are generally entangled atom-cavity states. The mixing angles ,, are given by
P
tan , = ¢ n : (60)

n

The positions of the dressedenergiesare represerted as a function of . on Figure 10. For
large detunings, the dressedenergiesalmost coincide with the uncoupled ones h .=2. At zero
detuning, the uncoupled levels cross. The atom-cavity coupling transforms this crossinginto an
avoided crossing,the minimum distance betweenthe dressedstates beingh . We examine now
two limiting casesthe resonan case( = 0) and the detunedcase( . ).

3.1.2 Resonarn coupling

In the resonart case,the mixing anglesare ,, = =4 and:
j ;ni= pl—é[ie;ni ijg;n+ 1] : (61)

The separation of the dressedstates at resonanceh ,, correspondsto the frequency of the atom-
eld reversible energy excdhange. We consideran atom in state jei at time t = 0 inside the cavity
cortaining n photons. The initial state,j ((0)i = je;ni, expandson the dressedstates basisas:

i (0= pl—i[j+;ni+j ini] (62)
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Figure 10: Dressedstates energiesas a function of the atom-cavity detuning .. The uncoupled
states energiesare represerted as dotted lines.

and becomesat time t:
1 h _ _ i
J oe(®)i= F’—Q jtinie ' "2+ snid "2 (63)

The probabilities for nding the atom in jei or jgi are obtained by returning to the uncoupled
basis: ) ¢
i e(t)i = cosT”je;ni + sin T”jg;n +1i: (64)

The coupling results in a reversible exchange betweenje;ni and jg;n + 1i at frequency .
This is the Rabi oscillation phenomenon.It can be understood as a "quartum beat' betweenthe
two dressedstates [seeEq.(63)]. For the initial state je;0i (or jg;1i), this oscillation occurs at the
frequency .

3.1.3 Non-resonart atom/cavity coupling

We give herea perturbativ e treatment valid for large detunings[25, 26]. Weassyme ¢ = !¢ !>
0,with , 1. We dewelop the eigenstatesand eigenenergiesn powersof o n+ 1= . To rst
order for states and to secondorder for energies:

+
j+;ni je;ni+702 1jg;n+1i
C
p____
+
j oini jgon+ 1i + 2 n 1je;ni
C
1 ! 2in+ 1
REvn =l 2y T
1 eg 5(n+ 1)
2+ - |
hE n=(M+ 1, > 4 (65)

The dressedstatesj+;ni andj ;ni arevery closeto the uncoupled states, which are slightly
“cortaminated' by the atom- eld coupling. The energiesof theselevels are shifted to secondorder
by an amount proportional to n+ 1, combination of a light shift, proportional to n, and of a Lamb
shift e ect.
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Assume now that we couple an atom in level jei with a coherert eld j i and let the two
systemsinteract for a time t. Expanding the coherert state on a Fock state basisand taking into
accourt that je;ni is very closeto the j+;ni dressedstate, we get:

. . . .. . X . .
j e (0)i =jelji=  cjeni)
X n
j e (t)| che in! cte il egt=Ze i S(n+1) t=4 °je;ni : (66)
n
which, in interaction picture yields:
E X 2 _ o2, D2
ee; (t) Ch e i g(n+l) t=4 Cje;ni el ot=4 °jei g | ot=4 ¢ : (67)
n
Similarly, for an atom initially in level jgi we obtain:
E x ., {24 F
€q (1) €l M cjgini = jgi et ot e (68)
n
The cavity is in a coheren state, phaseshifted by anangle ¢ = 2t=4 . depending upon

the atomic state. This e ect is interpreted by attributing to the atom anindexN; = 1 3=4 !,
with the + and  signscorresponding respectively to an atom in jei or jgi. With the parameters
of our experimert we nd, for = 3, jN;1j= 10 7, a huge value for a single atom e ect. Note
that this index is linear for extremely low elds only and saturates for average photon numbers
of the order of ( = ()2, sincethe dispersive regime condition is no longer ful lled. Note also the
global quantum phaseshift of the system's state when the atom is in jei. This is a cavity Lamb
shift e ect.

Up to now, we have consideredthe atom as motionless at cavity certer. In the actual ex-
periment, the atom ies acrossthe cavity mode waist w. The atom- eld coupling, proportional to
the relative mode amplitude f, is thus a time-dependen quartity. In the dispersive regime, the
previous results still hold, when the time t is replaced by an e ectiv e interaction time t¢ taking
into accourt the integrated atom- eld coupling. For a full crossingof the mode:

r _

tid: 5

<|=

: (69)

Note that the sameapproadc can be usedin the resonart case,with a di erent e ectiv e interaction
time tf:
_P-w

tr
v

(70)

3.2 Dispersive cat generation

The phaseshift produced by a single atom on a coherert state takesopposite valuesfor levels jei
and jgi. Phaseshift values as large as a few radians can be reached. The ability of a single atom
to shift by a macroscopicangle the phaseof a eld containing many quanta provides an ideal tool
for experiments with cat states. When an atom is sert acrossthe cavity in a superposition of jei
and jgi, a mesoscopiccat is producedin the cavity.

3.2.1 Readingthe phaseimprint of a single atom

We rst measurethese phaseshifts. The usual method to measurethe phaseof a coherert “signal’
in quantum optics is homodyning: the signal is mixed with a referenceof same frequency and
variable phase' . The phasedistribution of the signal is obtained by measuring the intensity of
the mixed signal + referenceas a function of ' .

We have adapted this generalmethod to our set-up and measuredby homodyning the phase
shift induced by a single atom on a coherert eld [27]. The experimental sequenceinvolvestwo
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successie eld injections in the cavity, and two atoms. First, a signal eld with amplitude is
injected by connecting the cavity to the sourceS for 2 s. The modulus of is calibrated in an
independert experiment, using the light shift on a non-resonar atom [28]. An 0 -resonant index
atom A; (atom-cavity detuning (), preparedwith velocity v in level jei or jgi, is then sert across
the cavity and imprints its phaseshift o onthe eld whoseamplitude becomes exp( i o).
The ¢ valueis adjusted by an independert cortrol of the . and v parameters.The detuning
¢ istunedfrom a fewtensto a few hundred kHz by Stark-shifting the atomic transition frequency
A secondreference eld injection follows beforethe cavity eld hashad time to appreciably decay.
This referencehas a complex amplitude = exp(i' ). Its modulus is the sameas the one of
the signal eld, but its phase' can be cortinuously adjusted.

To probethe nal cavity eld, we usea secondatom, A,. This atom is sert in jgi. It is tuned
at resonancewith the mode and absorbsthe homodyned eld. The information provided by the
probe atom absorption is used, in a repetitive experiment, to reconstruct the Q function of the
phase-shifted eld [16]. Let us recall that Q( ) is 1= times the probability p(0) for nding the
cavity in the vacuum, after the eld has been translated by the amplitude [seeEq.(34) in
Section 2.4]. This translation is realized by reference eld injection.

Ideally, we want a dichotomic signal indicating whether the nal number of photons is zero
or not. Let us call P¢(n) the probability for nding A, in jei when there are n photons in C.
Obviously P¢(0) = 0. A dichotomic signal would be obtained if Po(n) were dierent from 0 and
independert of n for all n 1. This is not the casefor an arbitrary atom- eld e ectiv e interaction
time t{, sincethe atom undergoesa Rabi oscillation whoseperiod is n-dependert.

It is neverthelesspossibleto selectan optimal e ectiv e interaction time t{ = topt = 5 =2 o,
for which Pe(1), Pe(2) and Pe(3) are approximately equal to 1=2. For larger n's, this condition
is not ful lled for an ideal quantum Rabi oscillation. However, experimental imperfections wash
out the oscillations for large photon numbers. Practically, we also get, to a good approximation,
Pe(n) = 1=2 for n > 3. Hence,the probability P for detecting A, in jei is Pe = [1 p(0)]=2 and
Q( ) = (1 2Pg)= . The variation of P, when' is swept determines directly Q along a circle
of radius j j. The experiment is performed with an index atom A; either in jei or in jgi or, for
reference,without sendingA;. The experimental signalsare shown in Figure 11( =2 = 50kHz,
v = 200 m/s). The coherent eld contains 29 photons in average.The open circles represen Q
when A; is not sert. This peak seres as a referencefor the signals shonvn as black circles and
black squares,which correspond respectively to A; in level jei or jgi. The obsened phase shift,

o= 39 isin agreemen with the theoretical expectations.

3.2.2 Trapping a cat in an atomic interferometer

This single-atomindex e ect can be exploited to generatecat states of the eld. We merely have
to castA;, preparedinitially in jei, in a superposition of statesjei and jgi by a classicalmicrowave
pulse R; before A; erters the mode. The eld then acquirestwo distinct classicalphasesat once
and gets entangled with the atom. This entanglemert can be analyzed by nally detecting the
atomic state after the atom exits C. This analysisis carried out by combining a secondmicrowave
pulse R, with a state selective detector D.

Let us follow the %lgcessie stagesof this experiment. The atom is prepared by R; in the
superposition (jei + jgi)= 2. After it hascrossedC, the atom- eld systemewolvesinto the entangled
state:

o

jli:—p7jei jei°i+pl—§jgi j e oi: (71)

This is atypical quantum measuremen situation, in which alarge ‘meter’ (the eld) points simulta-
neouslytowards di erent directions corresponding to two orthogonal states of a microscopicsystem
(Ai). If Aj weredirectly detected at the cavity exit in jei or jgi, the eld would be projected in
the corresponding coherent state and the quantum ambiguity lost. The atom's measuremei would
tell us whether the dispersive index had taken one value or the other.

The secondmicrowave pulse R, can be usedto presene the blurred state of the meter by
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Figure 11: Phase-shift of a coherent eld. Field phase distribution Q(' ) as a function of the
displacemen phase' in degrees.Open squares:reference29 photons coherert eld. Solid circles
(squares): phase distribution after interaction with an atom in jei (jgi). The error bars depict
statistical uctuations. The solid lines are Gaussian ts.

erasingthe information about the atomic index. Let us apply in R, the transformations:

jei ! pl—i jei+€ jgi;  jai! pl—é jg e'je ; (72)
where can be adjusted freely by setting the relative phaseof the R; and R, pulses.Immediately
after R,, the combined atom- eld state is:

J o2l = e e e % e e’ +
2 h |
+%jgi el Ddjeloj+jeoj : (73)

Th& two states jei and jgi are now correlated to two cat states, mutually orthogonal when ¢ >
1= n. The phase ofthe secondRamseyzonecanbe adjustedto simplify alittle bit the expressions
of the cat states. Setting = o, we get:

i o

j o= e jel o jei°i+%jgi jelci+jeoi: (74)

This equation shows that the nal detection of the etgm projects with equal probabilities the
eld into oneof the two cat states[j e ' °i | € °i]= 2.When = =2, thesestatesbecome
the even and odd -phasecat states [Eq.(24) and (29)]:

o= el G0 ilegig [+ il 7

where = i . It isimpossibleto predict the eld state evertually obtained, which is revealed
only by the outcome of the atomic measuremen

We shall describe later how this cat can be probed by a "quartum mouse'. Before that, the
simple detection of the index atom A; provides someinformation about the cat generation and
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shedsan intersting light onto this experiment. What are then the probabilities for detecting A; in
either levels?

Let ussuppose rst that we apply onto A; only the R; and R, pulses.We recognizea Ramsey
atomic interferometer [29], widely used in high-precision atomic clocks. The probability, Py, for
observing nally the atom in level jgi exhibits modulations (Ramsey fringes) as a function of the
relative pulse phase : Pg = (1+ cos )=2. This modulation results from a quantum interference
e ect. When the atom is nally in jgi, the transition may occur either during the rst pulse, Ry,
or during the second,R,. Thesetwo quantum paths are indistinguishable and the corresponding
probability amplitudes interfere.

When the cavity is inserted betweenR; and R, the interferometric signal provides an infor-
mation about the atom-cavity interaction. We shall, rst, considerthe caseof an empty cavity. By
setting = 0in Eq.(73), we obtain for the nal atom-eld system:

i oh [ h [
j(@i=%_ "1 eit o je;0i+% 1+€C 9 jg0i; (76)
which yields the probabilities P and P = 1 P? for nding the atom in jei or jgi:

1 cog 0) .

S )

Pd=1 PJ=
The fringes are phaseshifted by an angle o with respect to their position if there were no cavity
betweenR; and R;. The phaseshift of the atomic superposition betweenthe two pulsesre ects
the transient Lamb shift of level jei in the empty cavity mode (Section 3.1).

When the cavity contains a coherert eld with i photons on average,this eld undergoes
di erent phaseshifts, depending on the state of the atom betweenR; and R,. The nal cavity eld
amplitude measuresthe atomic state betweenthe two pulses.We recognizehere the ingredients of
a “which-path' experimert.

Sudch gedanken experiments have been discussedin the early days of quantum theory. A
Young interferometer, for instance, producesfringes due to the interferencebetweentwo quantum
paths corresponding to its two slits. Bohr's complemenarit y states that these fringes are incom-
patible with any unambiguous information about the path actually followed by the particle in the
interferometer.

We are thus discussinghere a cqgn_plemertarit y situation. If the two nal cavity states are
orthogonal, which occurs for ¢ > 1= n, they could, by the detection of their phase,tell away
the path of the atom. This is enoughto destroy the fringes. In more quartitativ e terms, the
cortrast of the fringes revealsthe amount of entanglemen betweenthe atom and the eld. When
this entanglemert is maximum, the fringes are fully suppressed.They have, on the other hand, a
maximum contrast when the two systemsare separable.

More precisely the probabilities for nding the atom in jei or jgi when the cavity corntains a
coherent eld with m photons on averageare obtained from Eq.(73):

n h io
Pe = 1 Pg=35 1 Reél® Jhe'jé i
n

1 _ ~ 0
= 5 1 cog o Tsin@2 g)e M cs@ ol (78)

We recognizein the rst line the scalarproduct of the two nal eld componerts, whoseanalytical
expressionis givenin the last line. The argument N[1 cog2 ;)] of the last exponertial in Eq.(78)
represens the square of the distance in phase spaceof the two eld componerts. The Ramsey
fringes appear to be phase-shiftedby an angle proportional to i and their amplitude is suppressed
by a factor decreasingexponertially with the separation of the eld componerts.

We have obsened these Ramsey fringes for m = 9:5 and t¢ = 19 s [7] for dierent phase
splittings o obtained by varying .. The signals for three dierent valuesof ¢ are shown in
Figure 12(a) with, in the insets, the nal eld states phase spacerepresenations. The collapse
of the fringe amplitude when the eld componerts separateis conspicuous.The fringe contrast
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Figure 12: Schredinger cat and complemeniarit y. (a) Ramseyfringesfor = 3:1 and three di erent

o values(0.1, 0.2 and 0.69radians, correspondingto =2 = 712 347 and 104 kHz respectively
from top to bottom). The insets give a pictorial represenation of the two eld phasecomponernts.
(b) Ramseyfringes cortrast versus . The solid line corresponds to the theoretical predictions,
scaledby the nite Ramseyinterferometer cortrast. (c) Fringes shift (in radians) versus . The
slope of the tted line provides a calibration of the photon number.

is showvn versus ¢ in Figure 12(b) and the fringe phaseshift in Figure 12(c). In these plots, the
points are experimental and the curvesgiven by theory, with an overall contrast adjustment taking
into accourt the imperfections of the Ramsey interferometer. Note that the theoretical formula
(78), valid in the dispersive limit, does not apply for the smallest detuning . = 104 kHz. An
exact expressionof the phaseshifts basedon the exact dressedstates is usedfor the largest values
of o.
The experimert is found in excellet agreemem with the theory. This is a clear indication
that the eld componerts are separatedin phase space.The variation of the fringe phase with
o revealsthe light shift e ect experiencedby the atom. This variation [Figure 12(c)] yields the
calibration of the photon number. Moreover, this experiment presens a direct illustration of the
complemenarit y conceptin a simple interferometer arrangemen. Note that other complemenarit y
tests have beenperformed with the sameset-up [30].

3.3 Decoherenceof cavity cats

Before coming to the detection of the cat coherencewe brie y describe its relaxation. We presert
three di erent approades,which shedcomplemenary lights. We give, rst, the formal solution of
the master equation. We preser then an enlightening interpretation of its results, using again the
complemenarit y concept. Finally, we discussMonte Carlo tra jectories for the eld parity. For the
sake of simplicity, we consideronly the zerotemperature case.
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Figure 13: Evolution of the Wigner function of a cat state (10 photons on the average).(a) to (d):
t=10,t= T,=20,t = Tc=5 andt = T./2 respectively.

3.3.1 Solution of the master equation

Under relaxation, a coheren state remains coherert, with an amplitude (t) = e ¥ ? decajing
exponertially with time. Its density operator reducesto a projector (t) = j (t)ih (t)j. Coherent
states are “pointer states' of the eld, impervious to entanglemernt with the erwvironment. It is
conveniert to study the ewolution of an arbitrary state by expanding it on a coheren state basis.
We do not recall here the derivation of the cat density operator versustime [31], leading to:

1h
0 = 51 @h@i+j @i ()]

|
e 2 e ) )yih ®i+] ®)h ©) : (79)

The fast decay of the coherenceterms is described by the exponertial coe cien t of the o -diagonal
terms in Eq.(79). It decays at short times asexp( 2nt ) and the coheren cat turns, for t > 1= ,
into a mixture of states. This relaxation processexhibits the essetial features of the decoherence
of a mesoscopicstate superposition. It is much faster than the cavity energy relaxation and gets
faster and faster whenthe “size'of the cat, measuredby the averagephoton number in the coheren
componerts, increases.

This fast decoherences pictorially exhibited by the Wigner functions, represered at four
dierent times in Figure 13 for an even cat state containing m = 10 photons on average. The
decoherencegrocessappearsclearly on theseplots, which exhibit two very di erent time constarts.
After a very short time, the interference pattern near the origin, the “cat whiskers', which are a
signature of its coherence,have been washed out, leaving only the two Gaussian peaks, which
slowly relax down to vacuum.

3.3.2 Decoherenceand complemertarit y

The master equation approach does not provide a deepinsight into decoherencemechanisms. We
give now a heuristic derivation of Eq.(79), directly describing the environment ewolution. This
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intuitiv e approach emphasizeshe deeplink betweendecoherenceand complemenarity [32].

A standard model for the ervironment E is a bath of harmonic oscillators labeled by the
index i, linearly coupledto C. Their frequenciesspan a wide range around ! .. Starting from a
coherent statej i at time t = 0 and an empty ervironment, the global cavity-environment system
ewlvesat time t into a non-ertangled state:

. CE P . Y P .
RCIES NI RIGIY (80)

where ()= e ¥ 2and i(t) is the very small complex amplitude at time t of the i!" oscillator
in E. Due to the linear coupling betweenC and the environment oscillators, the phaseof ;(t) is
linearly related to the phaseof . Energy consenation requiresmoreover that the total number of
guanta in E equalsthe number of photons lost by C:

‘ jimii=m1 et (81)

Supposenow that we prepareat t = O the eld in a cat state:

. o _dar o dz
Jcat(o)lzﬁflel*'ﬁ?le i (82)

The state of the C + E systemat time t is obtained by superposing the cortributions of the two
parts of the cat, eac being given by an expressionof the form (80). Noting that, when is phase

shifted by , the sameshift is experiencedby the ;(t) amplitudes, we have:
CE s g, .. Y .
j caa®i = Pl (e i ji(e i+
i
ei 2 . Y .
+19?J' (e ' i ji(e i (83)
i
The two parts of the cat are correlated to two states of E:
Y .
JET@i= e i; (84)
i
and Y ‘
JE ®i= jite'i; (85)

ead of which is the product of minute copiesof the cavity cat componerts disseminatedin the
environment. Each oscillator in E is involved in a superposition of two states with a very small
amplitude ; and a large phasesplitting 2, a “Sdredinger kitten' soto speak. The statesjE™* (t)i
and jJE (t)i get quickly mutually orthogonal. Using Eqgs.(22) and (81), we nd:

" #

X
hE (1)JE™ (1) exp i1 é

= exp N1 e YH)a &) ; (86)

an expressionwhich goesvery rapidly to zeroast increases.The fast lossof coherences a comple-
mentarity e ect. It is a matter of information about the cat state leaking into E. The nal states
of each oscillator in E have a near unity overlap (sincej ;j> 1), but there are very many of them
and the product of their scalar products quickly vanishes.

In other words, an information about the phase of the cat state componerts could not
be obtained from a single ervironment oscillator whose amplitude is very small and hencephase
uctuations very large. It could however be recovered, at least in principle, from a measuremenh
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of the ervironment as a whole, combining small amounts of information disseminatedamong the
elemenary oscillators. This is enoughto kill the cat coherenceand the interferencee ects assciated
to it. When tracing over E, the cat coherences multiplied by HE (t)JE* (t)i and (t) nally writes:

n

(t) = % j (e ih (e j+j (e’ ih (e j+
0
+HE ()JE* ()ie t ) (1) ih (t)e ' j+ hec. : (87)
Setting = =2and i 2= 0or ,werecover, asexpected, Eq.(79) giving the ewolution of an

evenor odd -phasecat.

3.3.3 Parity jumps of a -phasecat

We now turn to the Monte Carlo picture. Let us imagine that we use the set-up of Figure 9 to
follow the evolution of a eld initially preparedin the evencat statej ;,(0)i = [j i+j i]= 2
The photon clicks are counted in successie time bins of duration . Until the rst click at time
t1, the non-unitary ewolution simply shrinks the amplitude of the cat componerts, turning i|51to

(t1) = e '172. The cat state is continuously changedinto j L (t1)i = [} (to)i+j (t2)i]= 2.

The rst click corresponds to a cavity state quantum jump, described by the annihilation
operator a. According to Eq.(31), the cat parity,suddenly switches,the eld state jumping from
j oeatt)i 0] ()i = [ (t)i j  (to)il= 2. The shrinking of the cat componerts then
resumesuntil a secondjump restoresthe initial parity and soon. As long asthe eld energyhas
not appreciably decayed, the probability of occurrenceof a click in atime binisp; = 7 and the
averageduration betweenclicksis p = 1=( n). On eath Monte Carlo trajectory, a fast random
parity jumping is combined with a slow deterministic shrinking of the amplitude. The characteristic
rates of these ewolutions are in the ratio m.

The information provided by a click has an immediate e ect on a eld in a superposition of
two coherert states, evenif ead of them, prepared separatelyin C, would remain unchanged. This
is a geruine quantum e ect. The information provided by the click changesthe relative quantum
phasebetweenthe two parts of the eld wave-function and, hence,its parity.

Assumingthat the photon courter is perfect, the parity of the number of clicks recordeduntil
time t would tell us without ambiguity whether the eld is in the state j [, (t)i orj ., (t)i. We
could thus follow a Monte Carlo trajectory in which the eld would be a perfect, albeit random
cat state. Observing the environment makesit thus possible,at least in principle, to keepthe cat
coherencealive for a time of the order of T, = 1= . This contin uous obsenation doesnot give us
the power, though, to chooseat a given time the parity of the cat. We can merely record it.

Monitoring the ervironment is of coursebut a gedanlen experimert. It is more realistic, if
extremely dicult, to keepthe cat's coherenceby monitoring the cavity itself. As we shall see
in the next Section, the cavity photon number parity can be measurednon-destructively [33]. A
stream of probe atoms could then record in real time the decaying cat's parity jumps.

In this ideal situation, the action of thesejumps may be, to someextent, canceled.Whenewer
the cat parity changes,an atom is sert into the cavity, interacts resonartly with it and emits a
photon in the mode, restoring the parity. Numerical simulations show that a cat state's coherence
could be presened, by this quantum feedbad procedure, over times of the order of T, [34, 35]

As soon as we give up to monitor parity jumps, the eld is described by a density operator

, obtained by averaging Monte Carlo tra jectories. After a time of the order of p = 1=n there
are statistically asmany trajectorieswith even or odd click numbers. The density operator is then
the sum with equal weights of projectors on even and odd cats:

AL> ) 5i i i+ 5 (i o0 (89)

It can be equivalertly expressedas an incoherert sum with equal weights of projectors on the
j ()i andj (t)i states. We thus retrieve the result predicted by an exact solution of the master
equation.
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Figure 14: The interfering paths in the two atom experimert.

3.4 Probing the cat with a quantum mouse

The detection of the index atom A; leavesin C a Sdredinger cat. How can we probe its fast
relaxation towards a statistical mixture of coherert componerts? We must rely on an atomic
signal to get an indirect information about the eld. After somefree ewolution time, we probe C
with a secondatom, A,. Elaborating on Schredinger's metaphor, A, is a ‘quartum mouse'sert in
C to probe the coherenceof the relaxing cat state left by A;.

Let us rst discussthis experiment in simple qualitativ e terms. Atom A;, interacting with
the initial coherent statej i, leavesin C a quantum superposition of j expi oi andj exp i oi.
The mouseA, undergoesthe sametransformations as A; in R; and Rz and producesthe same
guantum superposition of phaseshifts on the cavity eld. Each of the phasecomponerts left by A;
is thus again split in two parts dephasedby o- This processis pictorially represerted in Figure
14.

The cavity nally contains a three-componerts cat. The phases 2 ¢ correspond to the situ-
ations in which A; and A, crossedC in the samestate [(jei;jei) or (jgi;jgi)]. Two dierent paths,
(jei;jgi) or (jgi;jei), leadto a componernt with zerophase.The atomic states, here, correspond to
the cavity crossing. The Ramseypulse R, mixes the states at the exit of C. The atomic detection
in D thus doesnot provide any information about the statesin C (a "quartum eraser' situation).
The two paths leading to the zero-phasecomponert are indistinguishable, resulting in a quantum
interference. This interferencevanisheswhen decoherencehas turned the cat superposition into a
statistical mixture before A, enters C. Let us shov now that this interference processre ects on
an atomic signal

= Pyig  Pejg (89)
where Pgjq and Pgjq are the conditional probabilities for detecting the mouseatom A, in jgi or jei,
provided A; hasbeendetectedin jgi.

Let us thus follow the successie state transformations, taking relaxation into accourt with
the simple kitten model preserted in the previous Section. When A; has been detected in jgi,
accordingto Eq.(74), the eld hasbeenpreparedat t = O in:

j*oi:pl—éjei°i+jei°i : (90)
We assumehere that the decoherencetime scaleis much longer than the atom- eld interaction
time t?. Decoherenceis then negligible during t¢ and only takes place during the time interval t
betweenthe A; and A,. When A, erters the apparatus, the eld state hasbeenpartially entangled
with E, the cavity+environment state being:

i CE(@)i= pl—i jel i JE (i+jé i JEY(@) ; (91)
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Figure 15: Theoretical value of the correlation signal (t) for 2 o= =2, asa function of nt.

where JE (t)i and JE* (t)i are the environment states de ned by Egs.(84) and (85). The probe
atom A, then interacts with C. As A;, it crossesC in a time short comparedto the decoherence
time. The environment remainsspectator during this interaction. Using the superposition principle,
we can compute separately the e ect of the A,  C interaction on the two parts of the cat state
and add the resulting contributions:

h
j AEAR(b)i = 4%—_ el djei  jed oo jio+
2 2 i
+igl  je? i+ JE ()i +
1 h &2
+p—e ' Ojei ji |+
*3 jei i i
+igpi  ji+]j € o JE* ()i : (92)

We get the three phase componerts represeried in gure 14. The rst two and last two lines in
the r.h.s. describe the "o springs' ofthej e ' °i andj e"' °i componerts of the cat left by A; in
C. Each oneis tagged by a dierent ervironment state, carrying someinformation about its the
phase.We get thus the probabilities Pg;q and Pgj4 for detecting the secondatom in jgi or jei (after
having found A; in jgi):

1 1 N
Pgig 5+ ZRerE (JE™ (V)i ;
1 1 g an
Pgig > ZRerE (DJE™ (D) : (93)

Replacing lE  (t)JE™* (t)i by its expression(86), we obtain in the case2 , 6

1 .
(t) Pgig  Pejg = éRe exp nl e )Y@ &)

- %e 2 e s’ o cosm(l e )sin@2 o) (94)

For t 1 this expressioncan be approximated by:

(t) %e 2mt sin® o0 codmtsin (2 o)] (95)

The two-atom correlation signal varies from 1=2 to 0 as decoherenceproceeds.lts ewolution
is described by the product of a decaying exponertial by a cosinefunction of time. The deca rate
of the exponertial, 1=Tp = 2 Tsin®> ,, is the cavity damping rate  multiplied by the squareof
the distance in phasespaceD? = 2asin®> , of the initial cat componerts. This is, onceagain, a
characteristic feature of decoherenceThe cosinefactor is very closeto 1 at the beginning of the
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Figure 16: Two-atom correlation signal asafunction of t=T for an atom-cavity detuning =2 =
170 kHz (open circles) and =2 = 70 kHz (solid triangles). The points are experimental, with
statistical error bars. The curves presert the theoretical signal, scaled by a factor taking into
accourt experimental imperfections. The cat phase componerts are pictorially depicted in the
insets.

ewolution. When (t) is already strongly reduced,this factor can changesign, adding a modulation
in the tail of the (t) function. Figure 15 represens the theoretical variation of (t) for 2 o =2.
Note that the maximum value is twice larger (1) when o = =2, becausethen the two states
j e 2 ciandj €' ¢j coincide. This givesrise to another interferencee ect in the Pgjq and Pgjq
probabilities.

Sending pairs of atoms acrossthe Ramsey interferometer, we have obsened the ewolution
of [7]. The cavity damping time in this early experiment was 160 s, making the decoherence
fast and limiting the experiment to small values of n. The cat state prepared by the rst atom
cortained n = 3:3 or 5:1 photon on average.The phasesplitting 2 o was set at two values (100
and 50 degrees)by choosing the detuning . (70 kHz and 170 kHz respectively). The separation
t betweenthe two atoms was varied between30 sand 250 s.

Figure 16 shows (t) for m = 3:3 and two splitting angles. The points are experimental
and the lines theoretical. Note that the theory is not restricted to the simple perturbativ e analysis
developed above. It includeshigher ordertermsin o= . correcting the expressionof the cat states
at .= 70kHz. We have alsoincorporated the nite Ramseyfringes contrast, which explains why
the maximum correlation is only 0:18.

The correlation signals decreasewith t, revealing directly the dynamics of decoherenceThe
agreemen with the theoretical model is excellert. Most strikingly , decoherenceroceedsat a faster
rate whenthe distancebetweencat state componerts increasesA decoherencgime 0:24= , much
shorter than the photon decay time, is found for the larger cat ( . = 70kHz). A similar agreemen
with theory is obtained when comparing, for the same = 70kHz, (t) for dierent nmvalues(5:1
and 3:3).

The CQED cat experimerts are, asdiscussedabove, modelsof an ideal quantum measuremen
The coherent eld is a meter measuringthe state of the rst atom crossingthe cavity and ewolving
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under the e ect of their interaction into a mesoscopicsuperposition. This decoherenceexperiment
illustrates vividly the fast ewvolution of the atom+meter state towards a statistical mixture and the
increasingdi cult y to maintain quantum coherencewhen the distance betweenthe componerts of
the mesoscopicsuperposition is increased.

4 The future of cavity cats

We have preseried above a rst experiment on decoherencalynamics. It would be quite interesting
to dive deeper into the quantum/classical transition and to test our understanding of decoherence
in this textb ook situation. It is thus essetial to get more information on the relaxing cat state than
provided by the correlation . Finally, it would be interesting to mergetwo of the most intriguing
features of the quantum world: decoherenceand non-locality. We addressthese issueshere. We
show rst that the resonart atom- eld interaction can producee cien tly very large cat states. We
presert a direct measuremen of the cavity eld Wigner function. Finally, we discussan experimert
under construction aiming at the preparation of non-local Schredinger cat states.

4.1 Generation of large cats by resonant atom- eld interaction

In the preceding Section, we learned how to generate Schredinger cats via the dispersive atom-
cavity interaction, valid when the atom-cavity detuning is large and the photon number small. It
is tempting to increasethe photon number and to decrease . in order to generate larger' cats.
What happensthen when . goesall the way to zero?What is the index of refraction of a single
resonart atom? In the classicalLorentz model of harmonically bound electrons[36], the answer is
simple: the index is one. When it comesto a mesoscopiceld, the situation is more interesting.
The atom is indeed in a quantum superposition of two very large indices, resulting in the e cien t
generation of a Schredinger cat state.

4.1.1 Quantum Rabi oscillations in a mesoscopiceld

We thus return to the interaction of a single atom, initially in jei, with a coherent state j i =

. Cnjni containing I = j j2 photons on the average.The initial atom-cavity state, jei j i, can
be expandedon the dressedatom state basisj ;ni and the evolution easily computed. The state
at the e ectiv e interaction time t; is:

1
i I=p—§[1 i+ 2] (96)
where " #
1 X P
ja=ps we MU Gerni djgin+ 1i) (97)
n
and " #
1 X R
j 2= P chne o MU= (Geni + ijgin+ 1i) (98)

This is an exact expression.The probability Pe(t) for nding the atom in jei is simply:

X 1+ cos IOn+1t-
Pe(t) = jcnj? 5 L

n

(99)

a sum of terms oscillating at the frequencies Op n + 1, weighted by the probability for getting the
corresponding photon number n in the initial coherert cavity state.

Figure 17 shows Pg(t) for m = 15. This Rabi oscillation signal presens remarkable features,
which attracted a lot of interest in the early days of quarﬁum optics [37, 38]. At short times,
when n 1, an oscillation is obsened at a frequency o N+ 1, proportional to the classical
eld amplitude. This oscillations is quite rapidly damped away and P, reaches a stationary 1=2
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Figure 17: Quantum revivals: computed probability Pe(t) for nding the atom in state jei versus
the interaction time t in units of 2 = . The cavity contains initially an i = 15 photons coheren
eld.

value. This “collapse'is due to the dispersion of Rabi frequenciesin Eq.(99). At much longer times,
howewer, the oscillations ‘revive', due to the rephasing of the nite set of oscillating terms in
Eq.(99). This revival is directly linked to the quantization of the Rabi oscillation spectrum and,
hence,to the eld energyquantization itself. This explains the theoretical interest dewvoted to this
phenomenon[39, 40, 41, 42]. We give below an enlightening interpretation of the collapse and
revival in terms of complemenarit y.

The expression(96) is explicit, but doesnot provide a physical insight into the eld ewolution.
We proceedthus to obtain a more explicit, if approximate, expressionof the atom-cavity state,
following [40]. We separatethe ketsj i andj »i into an atom and a eld part. With a mere
rede nition of the running index n:

y "

. . 1 X H pT]_v—Z- . X H p_,—z. .

jai=ps ae MU=Zjerni i 6 1€ © ™ Fgini (100)
n n

. . . P

still an exact expression.We now assumethat nm and the photon number variance N = ' 1 are
much larger than 1. The ¢, amplitudes are slowly varyilbg functions of n and we cansetc, ¢, 1.
We use,in the exponentials, a rst order expansionof = n+ 1.

p——r p—
o n+1y o Nt Qi
+ — ; 101
2 2 4P" n ’ ( O )
which leadsto: " # .
1 X oo h P i
j 1= P che o Mi=2jpj g oti=d Mg jgi (102)
n
a product of independert atom and eld states.
We then expandthe ™ n term around n = 1, up to the rst order:
p_
p_ n n
n= —+ — 103
2 " 7 (03
This is legitimate since N 0. We get:
" #
1 pﬁti_4 X

i 0= g o
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h p_ i
e o= Mg jgi (104)
The eld state reducesthus to:
X : _P= I
Cnem oti=4 njni =j e| oti=4 ni : (105)
n

a coherert state obtained from the initial one by a phaseshift oti:4p m.
A similar calculation is performed for j i. Grouping all the terms, we nally obtain the
atom- eld wavefunction as:

h i
. . 1 e S .
()i Ps ()i J )i+ o ()i o ()i (106)
where the atom wavefunctions write:
T L
jai=pse Po Mi=2 g 1 oti=4 Mg jigi (107)
and the eld ones: b ‘ p_
jogi=e o Mt gl ootizd Ty (108)

Equation (106) describes a qL@r_Ium superposition involving two coherent states rotating
slowly, at an angular frequency (=4 1, in opposite directions in phasespace,away from the initial
statej i. Thesecomponerts are correlatedto atomic states, superpositions of jei and jgi with equal
weights, alsorotating slowly in opposite directions in the equatorial plane of the Bloch sphere,so
that the phase relationship between the atomic dipole and the assaiated eld componerts are
kept throughout the ewolution.

In other words, a resonart atom, initially in state jei, is in a quantum superposition of
two opposite indiceﬁgf refraction and leadsto a cat state preparation. The componerts angular
frequencies, =4 T, goto zeroin the cIassicaIFLin_wit of a very large eld (obtained by letting
n! 1 and (! Osothat the Rabi frequency o ™ remainsconstart). This phaseseparationis
thus a mesoscopideature, directly related to the photon graininess.lIts velocity is larger than for
any nite atom-cavity detuning, much faster than in the dispersive regime. The resonart method
is thus optimal for the preparation of photonic cats with many photons.

We have so far overlooked the global phasefactors multiplying the expressionsof the j i
andj i states.They ewlve at frequenciesabout 1 times larger than the phasedrift frequency In

the (j 1i+] 2i)= 2 superposition, though, their role is essetial. They giveriseto the interference
e ect responsiblefor the Rabi oscillation. The study of the photonic cat evolution is thus intimately
related to the dynamics of the precessionbetweenjei and jgi.

This leadsto a simple interpretation of the quantum Rabi collapse and revivals, again in
terms of complementarit y. At short times, the two coherert componerts overlap and the quantum
interferenceand hencethe Rabi oscillations shav up. Soon, the two coherert componenrts separate.
The cavity eld actsthen asa which-path detector for the interfering atomic states, and the Rabi
oscillations disappear. The ewlution doesnot stop, though, sinthDe slow rotation of the coherent
statesin phasespacegoeson. After atime t; such that t, (=4 N = , the coheren states have
undergonea rotation in opposite directions. They again overlap. The which-path information is
erasedand the atom- eld entanglemert is broken. The Rabi oscillations revive. A seriesof revivals
is thus expected, corresponding to the periodic overlaps of the counter-rotating elds. That these
revivals get progressiwely broadened,with a lower than unity contrast, asconspicuouson gure 17,
is due to higher order terms neglectedin our approximations.

4.1.2 Observing the eld phaseseparation

We have evidencedthe resonan phaseseparationvia a measuremen of the nal eld phasedistri-
bution [43]. The experimert is similar to the measuremen of the dispersive phaseshifts described
above. It involvestwo successie eld injections and two atoms. A rst coherert state j i is pre-
pared, with m between10 and 40. A resonart atom A, is sert acrossthe cavity at a xed velocity
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Figure 18: Phase distribution Q(e " ) (in units of 1= ) for the resonar cat state. Top curve:
initial coherert eld, with 29 photons on the average.Bottom: phasedistribution at t; = 52 s.
The points are experimental and the solid curvesare Gaussian ts.

vi = 335m/s or v, = 200 m/s (corresponding to a total e ectiv e interaction time t; = 32 sor
52 s).

A secondcoherert eld j i =] e i, with the sameamplitude asthe rst, but a variable
phase' , is then addedin C. A probe atom, A, alsoresonart with C, follows. Its absorption yields
as above the Q function of the eld left in the cavity by A,.

Figure 18 preseris Q(e ' ) versus' for m = 29 and t; = 52 s. As expected, a double
peak distribution is obtﬁiﬂed, with a phasesplitting of 1.3 radians, in good agreemen with the
theoretical value otj=2" = 1:5 radians. We have cheded that the splitting is proportional to t;
and inversely proportional to . The obsened phaseshifts are in good agreemen with the simple
rst order calculation preserted above and in excellert agreemem with a numerical simulation of
the exact atom-cavity interaction [43]. The maximum phasesplitting, for n = 15andt; = 52 s,
was 90 , a phasespaceseparationmuch larger than what can be obtained in the dispersive regime.

4.1.3 Cheding the cat coherence

The Q function measuremen doesnot provide any hint about the coherent nature of the super-
position. The simplest coherenceassessmenwould be the spontaneous Rabi revB@I obsenation.
Unfortunately, evenfor arelatively small cat with m = 13, the revivaltime t, =4 ~ n= = 260 s
is prohibitiv ely long.

It is possibleto bypassthis di cult y and to forcethe systemto undergoan early revival. The
trick isto let the eld componerts separatein phasespaceuntil atime T, shorter than t; =2, then to
force them to comebadk on their tracks and to reconbine at the initial phase.The reconbination
time, 2T, can then be shorter that t,. This method, reminiscen of the spin echoesusedin NMR,
has beenproposedby Morigi et al. [44].

The system'sewolution is ruled by the JaynesCummings Hamiltonian, givenat resonanceand
cavity certer by H ;¢ [seeEq.(54)]. Wetime the ewvolution with a “clock' synchronizedonthe e ectiv e
interaction time t;. The experiment can be described asif the atom was sitting at cavity certer.
In an echo sequencethe systemevolution from time 0to T is described by the evolution operator
U; = exp( iH 4 T=h). The atom undergoes,at time T, a percussionalphasekick corresponding to
the unitary operation . This kick can be producedby an electric eld pulse, transiently shifting
the atomic levelsvia Stark e ect. This pulse phaseshifts by the atomic dipole states, reversing
their phase relationship with the assaiated coherert componert. The ewolution of the coupled
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atom- eld states is then reversed, both in the Fresnel plane and in the equatorial plane of the
Bloch sphere.

More quartitativ ely, after the phaseshifting pulse, the Jaynes-Cummingsewolution resumes
for the remaining time t; T, with the ewolution operator U, = exp[ iH 4 (ti T)=h]. The overall
ewolution operator is:

U=U; zUi= 2Up zUp= ze Ha@T t)=h (109)
where we have usedthe identity 2 = 1 and:
ZHaC 7z = Hac . (110)

Eq.(110) meansthat the ewolution after the phasekick is the time-mirror image of the evolution
between0 and T. At time t; = 2T, the ewolution brings the systembad to its initial state, up to
a global -phaseshift betweenthe amplitudes assaiated to levelsjei and jgi. Provided the whole
ewlution hasbeencoheren, Rabi oscillations, exactly identical to the initial ones,show up around
2T.

Figure 19: Experimental echo signals. Probability Pe for detecting the atom in jei as a function
of the atom-cavity e ectiv e interaction time t;. The points are experimental with statistical error
bars and the solid lines are a theoretical t. (a) Rabi collapsewithout Stark pulse. (b) and (c)
Stark pulseapplied at 18and 22 srespectively (vertical arrows). The rst part of the signal (open
circles) is reproduced from (a) for visual convenience.

We have applied this time reversal method to the study of the Rabi oscillation in our CQED
set-up [45]. The atomic velocity is setat v = 156 m/s and m = 13:6. The atom is tuned into
resonancewith C at t; = 0. The Rabi oscillation starts and collapseswhile the atom is still near
cavity erntrance. In a preliminary experimert, this signal is recorded by freezing the ewolution at
increasingtimes. The nal atomic state is recorded and we reconstruct the probability Pe(t;) for
nding the atom in level jei. The Rabi collapsesignal is shown in Figure 19(a).

We then perform the echo experiment. The Stark phasekicking pulse is applied to the atom
whenit reachescavity certer, long after the Rabi collapseis complete. The atomic frequencythen
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resumesits resonar value and the atomic ewolution proceedsuntil a nal time t; = t;, at which the
atom is suddenly detuned. The frozen atomic state is analyzedby the atomic detector. Traces19(b)
and (c) show the signalsobtained whenthe kicking pulseoccursat the e ectivetimet; = T = 18 s
and 22 srespectively. The echo signalsaround time 2T are clearly obsened, with a contrast about
50% of the ideal value. The kicking time T = 22 s correspondsto 2:5 damping times of the initial
Rabi signal. The maximum sepatration of the eld compone[51§ reaches 0:90 radians, about three
times the phase uctuation of the initial coherent eld (1= m = 0:27 radian). The componerts
of the eld are thus well separated,before being reconmbined by the time reversal operation. This
edo signal revealsthe existenceof a mesoscopiccoherencein the atom- eld system betweenthe
collapseand the induced revival time.

The induced revival signal could, in principle, be used to assesshe decoherenceprocess.
The obsened echo contrast should be directly related to the decoherenceantegrated from t; = 0 to
ti = 2T. In practice, this analysiscannot be carried out becausehe echois a ected by experimental
imperfections. A numerical simulation of the system'sewolution (including the e ect of decoherence
due eld damping in the cavity and all known causesf imperfections), showvn assolid linesin gure
19, indicates that the contrast reduction is dominated by mundane imperfections. Decoherence
would take over for longer echo times, whose obsenation requires the use of slower atoms, not
readily available.

4.1.4 How big a cat?

What is the maximal practical sizeof a cat in thesecavity QED experiments? The longest cavity
damping time obtained in 2005,is T, = 14 ms, a two-order of magnitude increasewith respect to
the 1996experiment [7], opening the way to much fatter photonic cats. The limit to the cat sizecan
be evaluated by comparing the time required to prepareand probeit to its decoherencein}g._With
the optimal resoBa_rl coupling, the e ectiv einteraction time t; needsto besud that otj=2 N ,
ie.ti (2 = o) n. It should be shorter than the decoherencdime 1=2 nm = T.=2n, thus:

— OTc 2= OQ 2= .
m< > = 3 (1112)
An increasein T, and Q by two orders of magnitude correspondsto a 10°°3  20-fold improvemert
over the limit (m  5) of the early cat experiments. Cat states with m aslarge as 100 are thus in
view.

The Q factor is still limited by mirror imperfections. With ideally smooth mirrors, and low
enoughtemperature we could reach the di raction limit, whenthe lossesoccur by photon scattering
at the edge of the mirrors. With the current Fabry-Perot geometry, this would correspond to
Q  4:10Y, or T, = 1:4 s, again a two orders of magnitude improvemert. We can dream of
another 20-fold increasein the cat sizeup to 2000 photons. This limit would be di cult to break,
but it leavesa lot of room for decoherenceexperiments.

4.2 Imaging Scredinger cats: a direct determination of the cavity eld Wigner function

The smoking gunsof cat coherenceobtained sofar do not provide afull insight into the cavity state.
It would be much more interesting to reconstruct the eld's Wigner function W, which provides a
full information about the cat and its coherenceWe madea rst stepin this direction by measuring
the Wigner distribution of a non-classicalcavity eld, herean approximate single-photonstate [33].

The method was proposedby Lutterbach and Davidovich [46]. Let us recall Eq.(40): W( ) is
the averageof the parity operator P in the eld translated by . This translation, action on C
of a displacemen operator D1, is easily produced by the sourceS. To measurehPi [33], we send
acrossC a probe atom A,, initially in jgi, tuned o -resonance from C. The jei ! jgi transition is
transiently light-shifted by the cavity eld, resulting in a phaseshift of the atomic coherence We
adjust the atom-cavity detuning, =2  105kHz, and the atomic velocity, v = 154 m/s, sothat
a single photon producesa -phaseshift on the jei=jgi coherence.
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This phaseshift is revealed by the Ramsey interferometer sandwiching C. The probability
Pe for detecting Ap in jei is modulated versusthe relative phase of the R; and R> Ramsey
pulsesresonart with the jei ! jgi transition: P = (1 + cos )=2. An n-photon eld in C shifts
the ilﬁ;erferencepattern by n . When the photon distribution is p, after D1, Pe becomesPe( ) =
[+ ,( D"pncos ]=2= [1+ hPicos ]=2. Hence,W is directly related to the Ramseyfringes
cortrast c( ):

w=2pi= 2o )= 2P0; ) Pol ;)] (112)

Figure 20: Determination of the “one-photon' Wigner function. (a) Ramsey fringes for = 0.
Probability P, for detecting the atom in state jei asa function of the Ramseyinterferometer phase
= . Dots are experimental with statistical error bars. The solid curve is a sine t. (b) Ramsey
fringes for = 0:81. (c) Dots: W( ) with error bars re ecting the uncertainty on the Ramsey
fringes t. The solid line is a theoretical t. (d) Corresponding photon number distribution py.

We have applied this procedureto the residual thermal eld in the cavity and to an approx-
imate single-photon Fock state, prepared through an atomic emissionin C. The latter results are
shown in gure 20.Panels(a) and (b) presen the Ramseyfringes for two displacement amplitudes

= 0and = 0:81 (W being phase-indegndert, we need not tune the phaseof D; and can
assumethat s real). The fringe phaseis shifted by betweenthesetwo values,indicating a sign
changefor W, from negative (small ) to positive (large )

The fringesare tted with sinecurves|[solid linesin g. 20(a)-(b)], providing the contrast c( )
( 0.02uncertainty). Figure 20(c) presers the Wigner distribution valuesdeducedfrom these ts
(dots). The measuremets are a ected by the nite intrinsic corntrast of the Ramseyinterferometer.
We thus multiply the raw data by a 4.16 factor, in order to obtain a normalized Wigner function.
The measuredW function is negative around the origin, revealing the non-classicalnature of the
cavity state. The solid line in Fig. 20(c) isa t on a mixture of Fock states with an adjustable
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photon distribution, p,. The inferred p, is shown in Fig. 20(d). It exhibits a 71% probability for
the one-photonstate. This valueis in agreemen with a model of experimental imperfectionstaking
cavity relaxation into accourt.

This measurememh opens interesting perspectives for the monitoring of the cat relaxation.
It should be possible,in the near future, to reconstruct experimentally the ewolution of the cat's
Wigner function shown in gure 13.

4.3 Towards non-local cats

The Wigner function measuremeih can be used for the investigation of a new type of quantum
eld, mergingtwo intriguing aspectsof quantum medanics:a non-local Scdhredinger cat state. This
state is a mesoscopi@uantum superposition, exhibiting a fast decoherencesthe cats encourtered
sofar. At the sametime, it exhibits the non-local properties of an EPR pair of particles and could
lead to the obsenation of a violation of Bell inequalities [47]. This violation should be rapidly
washedout by decoherenceprocess.

We havein mind an experiment with two cavities, C; and C,, tuned slightly o -resonancewith
the jgi | jei transition, initially preparedin the samecoheren state j i by two classicalsources
S; and S;. An atom is prepared,in a rst RamseyzoneR; beforeCy, in a coherert superposition
(jgi + jii)= 2, wherejii is the circular state with principal quantum number 49. When in jii, the
atom is far o -resonance and leavesthe cavity elds unchanged.When in jgi, the atom produces
instead a -phaseshift of both elds. A secondRamseyzone,R», after C, mixesagainjgi and jii,
erasing any information about the atomic state in the cavities. The atomic detection in jgi then
projects the two cavities into:

ji=p%(j;i+j ;) (113)

where N is a normalization factor, closeto 2 for large values. This is a mesoscopicquantum
superposition and also a non-local pair, since the two cavity eld amplitudes exhibit quantum
correlations.

In EPR experiments with spin pairs [48, 49, the Bell inequalities involve averagesof products
of binary spin obsenables( 1 or +1) for four settings of the detection axes.In the two- eld mode
case,the spin obsenablesare replacedby the photon number parity P, another binary obsenable.
Independently adjustable displacemerts in both cavities play the role of the detection axessettings.
The Bell signal, Sy, involvesthen four valuesof the joint cavities four-dimensional Wigner function

W( 1; 2) [47:

2
So = —IW( S 9+w( 9+w(% ) W@ )i (114)

It should be lower than 2 for any local re&li_stic description. It canreacd Zp 2 for large values. It
is already 2.6 for a two-photoncat ( = = 2).

The joint Wigner function can be determined as for a single cavity, with independert dis-
placemens of the cavity elds performed by S; and S, followed by a probe atom prepared in
R1 in a superposition of jei and jgi, whosecoherenceundergoestwo -phaseshifts per photon in
both cavities. The accurulated phase shift is probed in R,. The contrast of the Ramsey fringes
is then directly proportional to W. We have numerically simulated this experiment for two cavity
damping times, T, = 30 ms and 300 ms, taking into accourt the exact atom- eld interaction [50].
The results are preseried in gure 21 asa function of the delay T betweenstate preparation and
measuremen The Bell signal is above the classicallimit for a short time interval and undergoesa
fast decoherence.

This experiment puts sewere requiremert on the cavity quality, sincethe decoherenceof the
Bell signal is pretty fast. However, as mentioned above, we have recertly obtained T, = 14 ms,
already such that a violation of a Bell inequality could be obsened in a short time interval for
small photon numbers. This is certainly a strong incertiv e to build a two-cavity experimert.
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Figure 21: Bell signal S, asa function of the time delay T betweenstate preparation and analysis.
The dots correspond to experimental simulations with T, = 30 ms (squares)and 300 ms (circles).
The lines are linear ts.

5 Conclusion

Cavity QED experiments with circular Rydberg atoms and superconducting cavities are well
adapted to the experimental study of the decoherencedynamics. The interaction of a single atom
with a mesoscopiceld, either in the resonart or dispersive regimes,producesquantum superpo-
sitions of coherent componerts with di erent classicalphases,mesoscopicversions of the famous
Sdredinger cat state. The decoherencdransforms thesesuperpositions into statistical mixtures in
a time much shorter than the cavity energylifetime. Probing the eld quantum state with another
atom makesit possibleto unveil directly the decoherenceprocess.

There is clearly much to do after the rst qualitativ e measuremets preseried here. The
developmert of new techniquesto image the cavity state, such asthe direct determination of the
cavity eld Wigner function, the realization of cavities with a much higher quality factors, open
the way to detailed, ‘'metrologic' studies of the decoherenceof pretty large Schredinger cats.

A newexperimental set-upis presertly in construction in our laboratory. It should circumvent
many of the limitations of the presert apparatus. It will incorporate two separatecavities, making
it possibleto prepare and probe the non-local cats described above. Besidesthese fundamertal
aspects,it will alsobe well suited for the realization of complexquantum information manipulations

[4].
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