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Abstract. Heisenberg spin-1/2 chains are the archetype of quantum integrable one di-
mensional models describing magnetic prop erties of a vide range of compounds, (lik e
the K CuF 3 crystal) which can be prob ed experimentally through neutron scattering
experiments, while being at the same time at the root of the invention of Bethe ansatz
and Yang-Baxter structures that led in turn to quantum groups discovery. The aim of
this lecture is to describe these algebraic ingredients and to show how to obtain from
them (using combined analytical and numerical analysis) dynamical correlation func-
tions of integrable Heisenberg spin-1/2 chain, the Fourier transform of which, the so
called dynamical structure factors, being directly measured in inelastic neutron scat-
tering experiments. Our method is based on the the algebraic Bethe ansatz and the
resolution of the quantum inverse scattering problem. It leads to recent progress in
the computation of integrable Heisenberg spin-1/2 chains correlation functions that we
review here.

1 Intro duction

One of the main tasksof statistical mechanicsis to understand macroscopicquantities
such as speci�c heat, susceptibility, or transport properties for a 
uid or a crystal in
terms of microscopicelementary interactions between the constituents which are for
examplemolecules,or ions. A fundamental theoretical quantit y for this study is the so
called dynamical structure factor (the Fourier transform of the dynamical two-point
correlation function). The importance of thesefunctions originates from the following
facts : (i) They can be measureddirectly via scattering of neutrons or photons at
the material to be studied [1, 2, 3, 4, 5, 7, 6], so that if we are able to compute
these functions within a model given by some Hamiltonian describing microscopic
interactions, wecancomparethis model with the reality. (ii) From thesequantities it is
possibleto computeother fundamental macroscopicquantities of statistical mechanics
for systems in thermodynamical equilibrium and close to this equilibrium, like in
particular transport coe�cien ts (seee.g., [7]).

Thus if one is interested in understanding, for example, magnetic properties of
crystals one should �nd models describing the microscopic interactions between the
spinsof the constituent ions and develop methods to calculate within such models the
dynamical spin-spin correlation functions. This is for a generically interacting quan-
tum Hamiltonian a very involved problem, quite often out of reach of any treatment
by perturbation theory. Hence,the strategy to attack this di�cult task hasbeen�rst
to construct simple enough but representativ e models encoding the main features
of magnetic properties of crystals. A seriousbut not senselesssimpli�cation in this
processis the reduction of the dimensionality of the problem leading in particular to
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considermodelsde�ned in onedimension.Although drastic at �rst sight, this strategy
proved to be quite successful.In fact there exists today an impressive list of magnetic
materials where the interaction between the di�eren t constituents is mainly along
one dimensional chains whereasthe energy exchangebetween the di�eren t chains is
negligible [8]. Strong one dimensional magnetic character is most usually produced
by separating the chains carrying the dominant magnetic interaction by large non
magnetic complex ions, like in CuCl2:2N C5H5. Note however that in thesesystems,
the three dimensional character is usually recovered at su�cien tly low temperature.

A very interesting exampleof such a compound is provided by the (rather exotic)
K CuF3 crystal which displays properties characteristic of one dimensional antiferro-
magnets [9, 8, 10, 11, 12]. Although the K CuF3 crystal is fully three dimensional,
its one dimensional magnetic properties are attributed to the distortion of the octa-
hedral environment of the Cu2+ ions due to the Jahn-Teller e�ect [13]. It leads to a
spatial alignment of the 3d orbitals in Cu2+ resulting in a strong exchangeinteraction
along one axis of the crystal (the chain axis) while in the perpendicular direction the
exchangeinteraction is very small due to poor overlap of the corresponding orbitals.
The ratio betweenthe two interaction constants hasbeenevaluated to be of the order
0:027 [9], making the magnetic behavior of the KCuF3 compound e�ectiv ely one di-
mensional.Further, the Cu2+ ions provide [8] e�ectiv e spin-1/2 dynamical variables
in interaction which is well represented by the Heisenberg spin chain Hamiltonian
[14]. The X X Z spin-1

2 Heisenberg chain in an external magnetic �eld h is a quantum
interacting model de�ned on a one-dimensionallattice with Hamiltonian,

H = H (0) � hSz ; (1)
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Here � is the anisotropy parameter (essentially equal to one for K CuF3), M is
the number of sitesof the chain (and herewe assumefor simplicit y periodic boundary
conditions), h denotes the uniform external magnetic �eld, and � x;y ;z

m are the local
spin operators (here in the spin-1

2 representation) associated with each site m of the
chain. The quantum spaceof states is H = 
 M

m =1 H m , where H m � C2 is called local
quantum space,with dimH = 2M . The operators � x;y ;z

m act as the corresponding
Pauli matrices in the spaceH m and as the identit y operator elsewhere.

Following our above discussion, to be able to compare predictions of such a
one-dimensionalmodel to actual magnetic compounds such as K CuF3, we need to
compute various physical observable quantities such as the dynamical structure fac-
tors; they are the Fourier transform of the dynamical spin-spin correlation functions
which at non zero temperature T , lattice distance m and time di�erence t, are given
as traces over the spaceof states,

S�� (m; t) =
tr (� �

1 eiH t � �
m +1 e� iH t e� H

k T )

tr (e� H
k T )

: (4)
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At zero temperature, this expressionreducesto an averagevalue of the product of
Heisenberg spin operators taken in the ground state j  g i , the normalized (non de-
generatedin the disordered regime) state with lowest energy level of the Heisenberg
chain ,

S�� (m; t) = h g j � �
1 eiH t � �

m +1 e� iH t j  g i : (5)

The Fourier transform (in spaceand time) S�� (q; ! ) of this dynamical correlation
functions is related, at �rst order in the neutron-crystal interaction, to the di�eren tial
magneticcrosssectionsfor the inelastic scattering of unpolarizedneutronso� a crystal
(lik e K CuF3), with energytransfer ! and momentum transfer q through the following
formula [5]:

d�
d
 d!

� (� �� �
q� q�

q2 ) S�� (q; ! ) (6)

Hence, to compare the Heisenberg model to experimental measurements of the
neutron scattering crosssections,we needto compute the dynamical spin-spin corre-
lation functions (4) or (5).

This amounts �rst to determine the spectrum of the Heisenberg Hamiltonian.
Further, we needto identify the action of the local spin operators in the corresponding
eigenstatebasis and obtain their matrix elements to be summed up to perform the
trace, and the scalar products, necessaryin the actual computation of (4) or (5).

The solution to these di�eren t steps turns out to be a fantastic challenge in-
volving deepalgebraic structures hidden in the original Bethe ansatz solution [15] of
the Heisenberg Hamiltonian spectrum and unraveled along its extensions[16, 17, 18,
19, 20] in particular through the associated Yang-Baxter structures [21, 22, 23, 24,
25, 26, 27]; these led, in the search of an algebraic way to construct new integrable
models [28, 29, 30, 31], to the discovery of quantum groups [32, 33, 34, 35]; it was
latter realized that the underlying the symmetry algebra of the Heisenberg model in
the in�nite lattice limit is the quantum a�ne algebra Uq(ŝl2) [36, 37].

The aim of this lecture is to describe the methods used towards the solution
of these successive steps. Someof them are already 75 years old and go back to H.
Bethe [15], while others have been developed only in the last ten years. But before
going into the historical developments and technical details about these tools, and
as a motivation to eventually spend sometime learning about them, I would like to
give here one of the result that we obtained rather recently [38, 39, 40]: the graph-
ical plot (as a function of q and ! ) of the total dynamical structure factor at zero
temperature S(q; ! ) and its successfulcomparisonto experimental neutron scattering
measurements on the K CuF3 crystal (the colorsencode here the value of the function
in the (q; ! ) plane, from blue corresponding to zero value to dark red in the highest
contributions), seeFig. 1.

This computation involvesboth analytical (exact) results about the spectrum of
the Heisenberg Hamiltonian, the matrix elements of the local spin operators between
eigenstatesusing Bethe ansatz techniquesand numerical analysisusedto perform the
sumsover thesematrix elements to obtain the dynamical structure factor S(q; ! ) (see
section 3).

What makestheseresultsat all possibleis the integrablenature of the Heisenberg
Hamiltonian, namely in particular the possibility to determine its exact spectrum.
This model, intro duced by Heisenberg in 1928 [14], can in fact be consideredas the
archetype of a large class of integrable (called also exactly solvable) models in low
dimensions in classical and quantum statistical mechanics and �eld theory. They
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Figure 1: The dynamical structure factor S(q; ! ), on the right computed using Bethe
ansatz techniques and on the left from inelastic neutron scattering experiment on
K CuF3 [11] (experimental data and picture, courtesy A. Tennant)

already found many applications ranging from condensedmatter physics (see e.g.,
[26, 41, 42, 43]) to high energy physics (seee.g., [44, 45, 46]).

The history of theseintegrable models of statistical physicsstarted in fact a bit
before the Heisenberg spin chain, with the proposal by Lenz and by Ising [47, 48]) of
the Ising model to investigate ferromagnetic properties of solids. Ising �rst solved the
onedimensionalcasewherethere is no phasetransition at any �nite temperature to a
ferromagnetic orderedstate. It is rather unfortunate that Ising did not realizeat that
time that this failure was a peculiarity of the one dimensional situation. However,
this was taken by Heisenberg as a motivation to proposehis own model in 1928[14],
basedon a more sophisticated treatment of the interactions betweenthe spins (using
in particular their full quantum operator nature which was simpli�ed drastically in
the Ising case). In this way, the more complicated Heisenberg model was exploited
(successfully)�rst, and only after did theoretical physicists (and chemists!) return to
the somehow simpler Ising model [49, 50, 51, 52, 53].

The Bethe solution of the Heisenberg spin chain in 1931gave the starting point
for the development of the �eld of quantum integrable models in one-dimensional
statistical mechanics, using his now famous Bethe ansatz and its further extensions
[15, 17, 18, 20, 21]. The Ising model generatedalso fantastic line of research, starting
with the Onsagersolution of the two-dimensional casein 1942 [51]. It had a major
impact on the theory of critical phenomenaand launches a seriesof study of two-
dimensional exactly solvable models of classicalstatistical mechanics (in fact related
through their transfer matrices to the above quantum one-dimensionalspin chains)
culminating in the works of Baxter in the 70's on the 6-vertex (related to the X X Z
chain) and 8-vertex (related to the X YZ chain) models (seethe book [26] and refer-
encestherein). These remarkable success(also with the works of Gaudin, Yang and
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many others) (see[26, 25, 27] and referencestherein) led to apply these techniques
to a quite interesting continuum model, the Non Linear Schroedinger model, which
wasalsoclassicallysolvable through the inversescattering methods using its Lax pair
structure, see e.g. [54, 55] and referencestherein. This led to the discovery of an
algebraic version of the Bethe ansatz by Faddeev,Sklyanin and Taktadjan [23, 24].
The algebraic structure at work in this method has beencoined sincethis pioneering
work, the Yang-Baxter algebra. It is written as a quadratic algebra of quantum oper-
ators depending on a continuous parameter� (the spectral parameter) and governed
by an R-matrix which in the caseof the Heisenberg X X Z chain is directly related to
the Boltzman weights of the 6-vertex model. For that case,there is four operators,
A; B ; C; D that can be consideredas forming the operator entries of a 2 � 2 matrix,
the monodromy matrix,

T (� ) =
�

A(� ) B (� )
C(� ) D (� )

�
; (7)

This monodromy matrix is constructed from the R-matrix of the model as a speci�c
orderedproduct all along the chain (seethe next section).The quadratic commutation
relations betweenthe operators A; B ; C; D can the be written in a compact way as,

R12(�; � ) T1(� ) T2(� ) = T2(� ) T1(� ) R12(�; � ); (8)

with the tensor notations T1(� ) = T(� ) 
 Id and T2(� ) = Id 
 T (� ). There the R-
matrix appearsas the structure constants of the Yang-Baxter algebra. It is is a linear
operator in the tensorproduct V1 
 V2, whereeach Vi is isomorphic to C2, and depends
genericallyon two spectral parameters� 1 and � 2 associated to thesetwo vector spaces.
It is denoted by R12(� 1; � 2). Such an R-matrix satis�es the Yang-Baxter equation,

R12(� 1; � 2) R13(� 1; � 3) R23(� 2; � 3) = R23(� 2; � 3) R13(� 1; � 3) R12(� 1; � 2): (9)

These commutation relations imply in particular that the transfer matrices, de�ned
as

T (� ) = tr T (� ) = A(� ) + D(� ); (10)

commute for di�eren t valuesof the spectral parameter [T (� ); T (� )] = 0 and alsowith
Sz , [T (� ); Sz ]
= 0. The Hamiltonian (2) at h = 0 is related to T (� ) by the `trace identit y'

H (0) = 2sinh�
dT (� )

d�
T � 1(� )

� = �
2

� 2M cosh� : (11)

Therefore, the spectrum of the Hamiltonian (1) is given by the common eigenvectors
of the transfer matrices and of Sz . They can be constructed by the successiveaction of
operator B (� i ) (or equivalently by the C(� i )) on a referencestate provided the spec-
tral parameters� i satisfy the original Bethe equations.The analysisof theseequations
leadsto the determination of the Hamiltonian spectrum, and to the determination of
the groundstate, in particular in the limit of in�nite chains.

It is interesting to mention that the abovealgebraicstructures havenice classical
limits that are related to Lie-Poissonstructures (see[54, 55] and referencestherein).
It enablesto construct the corresponding classicalintegrable models purely from the
knowledgeof a Lie algebraand its representations. The similar question for the quan-
tum casewas of great importance in constructing new quantum integrable models,
not only on the lattice but also in the continuum [28, 29, 30, 31]. In turn, the full
solution of this problem led to the discovery of quantum groups [32, 33, 34, 35].
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After determining the spectrum, the next task is to considerthe computation of
correlation functions such as(5). There is two main routes to compute dynamical two
point correlation functions of this type, namely, depending on the lattice distance m
and on the time variable t (we assumehere translational invariance):

(i) Compute �rst the action of local operators on the ground state

� �
1 eiH t � �

m +1 e� iH t j  g i = j ~ g i (12)

and then calculate the resulting scalar product to get

S�� (m; t) = h g j ~ g i : (13)

Note however that for dynamical correlation functions this amounts to evaluate the
action of the exponential of the Hamiltonian operator not only on Hamiltonian eigen-
states (which is easy) but also on general states resulting from the action of local
operators on Hamiltonian eigenstates(which is rather complicated).

(ii) Insert the identit y asa sum over a completeset of normalized statesj  i i (for
instance, the basis constructed out of the eigenvectors of the Hamiltonian) between
the local operators to obtain a representation for the correlation function as a sum
over matrix elements of local operators,

S�� (m; t) =
X

i

h g j � �
1 j  i i h i j � �

1 j  g i ei (E i � E g ) t eim (P i � Pg ) ; (14)

where,E i ; Pi and Eg; Pg are the energyand momentum eigenvaluesof the states j  i i
and of the groundstate j  g i respectively. This amounts again to be able to act with
local operators on eigenstates,to compute the resulting scalar products, and �nally
to perform the above sum containing in the X X Z spin-1

2 model casewith M sites
2M terms.

In both approaches,we needto obtain the action of local operators on Hamilto-
nian eigenstatesin a compact and manageableform and then to evaluate the resulting
scalarproduct. This problem turns out to be very involved due to the highly non local
nature of the Bethe eigenstates.Indeed, the creation operators of Bethe eigenstates
(the operators B (� )) are extremely nonlocal in terms of local spin operators � �

i . In
fact (seenext section) they are the sum of 2M terms (M is the number of lattice sites
in the chain), each term being someproduct of spin operators � �

i from the site one
to the site M . As a consequence,A; B ; C; D operators do not have an priori simple
commutation relations with the local spin operators, which is the ingredient we would
needto compute the action of the latter on Bethe eigenstates.It is a major problem
that prevents for very long the computation of correlation functions. In fact, the �rst
caseto be understood was the free fermion point � = 0 (a computation essentially
equivalent to the one for the two-dimensionalIsing model). In that case,thanks to a
Jordan-Wigner transformation, it is possibleto rewrite the Hamiltonian asa quadratic
expressionin the fermionic operators and henceto usethem ascreation operators for
its eigenstateswhile the local spin operators have alsoa simple expressionin terms of
them. It is this property, namely the fact that all relevant quantities can be embedded
inside the sameCli�ord algebra, that �nally opened the possibility to compute the
correlation functions in that case.Nevertheless tremendous work was necessaryto
achieve full answers [51, 52, 53, 56, 57, 58, 59, 60].
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Going beyond the free Fermion casehas been a major challenge for the last
thirt y years.

For integrable quantum spin chains [61, 62, 63] and lattice models [26], the �rst
attempts to go beyond free Fermion models relied on the Bethe ansatz techniques
[23, 64] and was undertaken by A. G. Izergin and V. E. Korepin (seee.g. [61] and
referencestherein). Their approach yields formulae for the correlation functions [61,
65, 66, 67] written as vacuum expectation valuesof somedeterminants depending on
so-called\dual �elds" which wereintro ducedto overcomethe hugecombinatorial sums
arising in particular from the action of local operators on Bethe states.However these
formulae are not completely explicit, since these \dual �elds" cannot be eliminated
from the �nal result.

In the last �fteen years,two main approachesto a more explicit computation of
form factors and correlation functions have beendeveloped, mainly for lattice models.

One of these approacheswas initiated by M. Jimbo, T. Miwa and their collab-
orators [68, 36, 37, 69] and enables,using some(rather well controlled) hypothesis,
to compute form factors and correlation functions of quantum spin chains of in�-
nite length (and in their massive regime) by expressingthem in terms of traces of
q-deformed vertex operators over an irreducible highest weight representation of the
corresponding quantum a�ne algebra. This quantum a�ne algebra is conjectured
to be the in�nite dimensional symmetry algebra of the Heisenberg in�nite chain,
and all relevant quantities can be embedded in this algebra, making the computa-
tion of correlation functions possible.The vertex operators traces turn out to satisfy
an axiomatic systemof equationscalled q-deformedKnizhnik-Zamolodchikov (q-KZ)
equations, the solutions of which can be expressedin terms of multiple integral for-
mulae. Using these equations similar formulae can be conjectured in the massless
regime.Recently , a more algebraic representation for the solution of theseq-deformed
Knizhnik-Zamolodchikov equationshave beenobtained for the X X X and X X Z (and
conjectured for the X YZ ) spin 1/2 chains; in these representations, all elementary
blocks of the correlation functions can be expressedin terms of sometranscendental
functions [70, 71, 72]. A detailed review of the approach can be found in [62].

These results, their proofs, together with their extension to non-zero magnetic
�eld have beenobtained in 1999[38, 73] using the algebraic Bethe ansatz framework
[23, 24, 25] and the actual resolution of the so-called quantum inverse scattering
problem [38, 74]. The main stepsof this method are as follows. Let us �rst note that
any n-point correlation function of the Heisenberg chain can be reconstructed as a
sum of elementary building blocks de�ned in the following way:

Fm (f � j ; � 0
j g) = h g j

mY

j =1

E
� 0

j ;� j

j j  g i : (15)

Here j  g i is the normalized ground state of the chain and E
� 0

j ;� j

j denotesthe elemen-
tary operator acting on the quantum spaceH j at site j asthe 2� 2 matrix of elements

E � 0;�
lk = � l;� 0� k ;� .

A multiple integral representation for these building blocks was obtained for
the �rst time in [68, 69]. We brie
y recall how we derived them in the framework of
algebraic Bethe Ansatz [38, 73] by solving the following successive problems:

(i ) determination of the ground state h g j,
(ii ) evaluation of the action the product of local operators on this ground state,
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(iii ) computation of the scalar product of the resulting state with j  g i ,
(iv ) thermodynamic limit.
The starting point of our method is to use in step (i ) the description of the

eigenstatesobtained via algebraic Bethe Ansatz [23, 61]. They are constructed in
this framework in terms of generalizedcreation and annihilation operators which are
themselves highly non-local. Acting with local operators on such states in step (ii )
is therefore a priori a non-trivial problem. One of the key-ingredient of our method,
which enablesus to compute this action explicitly , is the solution of the so-called
quantum inversescattering problem [38, 74]: local operatorsarereconstructedin terms
of the generatorsof the so-calledYang-Baxter algebra, which contains in particular
the creation/annihilation operators for the eigenstates.Hence,all computations can
now be donein the Yang-Baxter algebra. In particular, the step (ii ) is now completed
using only the quadratic commutation relations satis�ed by these generators [73].
The computation of the resulting scalar products in step (iii ) may also present some
technical di�culties. In the caseof the X X Z Heisenberg chain, it has been solved
using again the algebraic structure of the Yang-Baxter algebra [83, 38]. Finally, the
step (iv ) is obtained using the results of [19, 20].

Note that this procedureremainsessentially the samein the caseof the two-point
correlation functions. The main di�erence is that, in step (ii ), the reconstruction of
the corresponding local operators from the solution of the inverseproblem givesrise to
a more complicated combination of the generatorsof the Yang-Baxter algebra,sothat
the use of their commutation relations to determine their action on the eigenstates
involvesa more complicated combinatoric.

At zero magnetic �eld our method gives a complete proof of the multiple inte-
gral representations obtained in [68, 69, 37] both for massive and masslessregimes.
Hence,together with the works [68, 69], it alsogivesa proof that correlation functions
of the X X Z (inhomogeneous)chain indeed satisfy (reduced) q-deformed Knizhnik-
Zamolodchikov equations.Moreover, time or temperature dependent correlation func-
tions can also be computed [80, 63, 81] using such techniques.

This method allows also for the computation of the matrix elements of the local
spin operators and the above elementary blocks of the correlation functions for the
�nite chain. Hence, thermodynamic limit can be consideredseparately. In particu-
lar, using both analytical results from Bethe ansatz for thesematrix elements of the
spin operators [84, 38, 73, 74] and numerical methods to take the summation over
intermediate states it hasbeenpossiblerecently to compute [39, 40] dynamical struc-
ture factors (i.e., Fourier transform of the dynamical spin-spin correlation functions)
for �nite X X Z Heisenberg spin chain in a magnetic �eld (with for example 500 or
1000sites) and to comparesuccessfullythese theoretical results with actual neutron
scattering experiments, for exampleon KCuF3 as shown in Fig. 1.

This article is meant to be a rather brief review on the problem of correlation
functions in quantum integrable modelsand more speci�cally in the X X Z Heisenberg
model. More detailed account of the results sketched here together with their proofs
canbe found in the original articles [84, 38, 73, 74, 75, 76, 77, 78, 79, 63, 80, 85, 86] and
in [39, 40, 87]. This lecture is organizedasfollows.The spaceof statesof the Heisenberg
spin chain will be described in the next section. It includes a brief intro duction to
the algebraic Bethe ansatz and to various tools of importance in the computation of
correlation functions, like in particular the solution of the quantum inversescattering
problem and the determinant representations of the scalarproducts of states.Section
3 is devoted to the correlation functions of the �nite chain and the description of
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the method leading to Fig. 1. Correlation functions in the thermodynamic limit are
studied in the section 4. In the section 5 we describe several exact and asymptotic
results together with some open problems. Conclusions and some perspectives are
given in the last section.

2 Heisenberg spin chain and algebraic Bethe ansatz

The spaceof states is of dimension2M asit follows from the de�nition of the Hamilto-
nian in (1). Apart from the completely ferromagneticstateswith all spinsup or down,
the construction of the Hamiltonian eigenvectors is rather non trivial. The purpose
of this section is to brie
y explain the basicsof the knowledgeof the spaceof states
in the framework of the algebraic Bethe ansatz, leading in particular to the determi-
nation of the spectrum of (1).

2.1 Algebraic Bethe ansatz

The algebraic Bethe ansatz originated from the fusion of the original (coordinate)
Bethe ansatz and of the inverse scattering method in its Hamiltonian formulation
[23, 24, 25]. At the root of the algebraic Bethe ansatz method is the construction of
the quantum monodromy matrix. In the caseof the X X Z chain (1) the monodromy
matrix is a 2 � 2 matrix,

T (� ) =
�

A(� ) B (� )
C(� ) D (� )

�
; (16)

with operator-valued entries A; B ; C and D which depend on a complex parameter �
(spectral parameter) and act in the quantum spaceof states H of the chain. One of
the main property of theseoperators is that the trace of T , namely A + D, commutes
with the Hamiltonian H , while operators B and C can be usedas creation operators
of respectively eigenvectorsand dual eigenvectorsof A + D and henceof H itself. The
monodromy matrix is de�ned as the following ordered product,

T (� ) = L M (� ) : : : L 2(� )L 1(� ); (17)

where L n (� ) denotesthe quantum L-operator at the site n of the chain:

L n (� ) =
�

sinh(� + �
2 � z

n ) sinh� � �
n

sinh � � +
n sinh(� � �

2 � z
n )

�
: (18)

The parameter � is related to the anisotropy parameter as � = cosh� . It follows
from this de�nition that the monodromy matrix is an highly non local operator in
terms of the local spin operators � x;y ;z

n . However, the commutation relations between
the operators A; B ; C; D can be computed in a simple way. They are given by the
quantum R-matrix,

R(�; � ) =

0

B
B
@

1 0 0 0
0 b(�; � ) c(�; � ) 0
0 c(�; � ) b(�; � ) 0
0 0 0 1

1

C
C
A (19)

where

b(�; � ) =
sinh(� � � )

sinh(� � � + � )
; c(�; � ) =

sinh(� )
sinh(� � � + � )

; (20)
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The R-matrix is a linear operator in the tensor product V1 
 V2, where each Vi is
isomorphic to C2, and depends generically on two spectral parameters � 1 and � 2

associated to thesetwo vector spaces.It is denoted by R12(� 1; � 2). Such an R-matrix
satis�es the Yang-Baxter equation,

R12(� 1; � 2) R13(� 1; � 3) R23(� 2; � 3) = R23(� 2; � 3) R13(� 1; � 3) R12(� 1; � 2): (21)

It givesthe following commutation relations among the operators entries of the mon-
odromy matrix,

R12(�; � ) T1(� ) T2(� ) = T2(� ) T1(� ) R12(�; � ); (22)

with the tensor notations T1(� ) = T(� ) 
 Id and T2(� ) = Id 
 T (� ). These commu-
tation relations imply in particular that the transfer matrices, de�ned as

T (� ) = tr T (� ) = A(� ) + D(� ); (23)

commute for di�eren t valuesof the spectral parameter [T (� ); T (� )] = 0 and alsowith
Sz , [T (� ); Sz ]
= 0. The Hamiltonian (2) at h = 0 is related to T (� ) by the `trace identit y' (11).

Therefore, the spectrum of the Hamiltonian (1) is given by the common eigen-
vectors of the transfer matrices and of Sz .

For technical reasons,it is actually convenient to intro duce a slightly more gen-
eral object, the twisted transfer matrix

T� (� ) = A(� ) + �D (� ); (24)

where � is a complex parameter. The particular caseof T� (� ) at � = 1 corresponds
to the usual (untwisted) transfer matrix T (� ). It will be also convenient to consider
an inhomogeneousversion of the X X Z chain, for which

T1::: M (� ; � 1; : : : ; � M ) = L M (� � � M + � =2) : : : L 1(� � � 1 + � =2): (25)

Here, � 1; : : : ; � M are complex parameters (inhomogeneity parameters) attached to
each site of the lattice. The homogeneousmodel (1) corresponds to the casewhere
� j = � =2 for j = 1; : : : ; M .

In the framework of algebraic Bethe ansatz, an arbitrary quantum state can
be obtained from the vectors generatedby multiple action of operators B (� ) on the
referencevector j 0 i with all spins up (respectively by multiple action of operators
C(� ) on the dual referencevector h0 j),

j  i =
NY

j =1

B (� j )j 0 i ; h j = h0 j
NY

j =1

C(� j ); N = 0; 1; : : : ; M : (26)

2.2 Description of the spectrum

Let us consider here the subspaceH (M =2� N ) of the spaceof states H with a �xed
number N of spins down. In this subspace,the eigenvectors j  � (f � g) i (respectively
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h � (f � g) j) of the twisted transfer matrix T� (� ) can be constructed in the form (26),
where the parameters � 1; : : : ; � N satisfy the system of twisted Bethe equations

Y� (� j jf � g) = 0; j = 1; : : : ; N : (27)

Here, the function Y� is de�ned as

Y� (� jf � g) = a(� )
NY

k=1

sinh(� k � � + � ) + � d(� )
NY

k=1

sinh(� k � � � � ); (28)

and a(� ), d(� ) are the eigenvalues of the operators A(� ) and D(� ) on the reference
state j 0 i . In the normalization (18) and for the inhomogeneousmodel (25), we have

a(� ) =
MY

a=1

sinh(� � � a + � ); d(� ) =
MY

a=1

sinh(� � � a): (29)

The corresponding eigenvalue of T� (� ) on j  � (f � g) i (or on a dual eigenvector) is

� � (� jf � g) = a(� )
NY

k=1

sinh(� k � � + � )
sinh(� k � � )

+ � d(� )
NY

k=1

sinh(� � � k + � )
sinh(� � � k )

: (30)

The solutions of the systemof twisted Bethe equations(27) have beenanalyzed
in [88]. In general,not all of thesesolutions correspond to eigenvectors of T� (� ).

De�nition 2.1 A solution f � g of the system(27) is called admissible if

d(� j )
NY

k=1
k6= j

sinh(� j � � k + � ) 6= 0; j = 1; : : : ; N ; (31)

and un-admissible otherwise. A solution is called o�-diagonal if the corresponding
parameters � 1; : : : ; � N are pairwise distinct, and diagonal otherwise.

One of the main result of [88] is that, for generic parameters � and f � g, the set of
the eigenvectors corresponding to the admissibleo�-diagonal solutions of the system
of twisted Bethe equations (27) form a basis in the subspaceH (M =2� N ) . It has been
proven in [80] that this result is still valid in the homogeneouscase� j = � =2, j =
1; : : : ; N , at least if � is in a punctured vicinit y of the origin (i.e. 0 < j� j < � 0 for � 0

small enough). Note however that, for speci�c values of � and f � g, the basis of the
eigenvectors in H (M =2� N ) may include some states corresponding to un-admissible
solutions of (27) (in particular in the homogeneouslimit at � = 1).

At � = 1, it follows from the trace identit y (11) that the eigenvectors of the
transfer matrix coincide, in the homogeneouslimit, with the onesof the Hamiltonian
(1). The corresponding eigenvaluesin the caseof zero magnetic �eld can be obtained
from (11), (30):

H (0) j  (f � g) i = (
NX

j =1

E(� j )) � j  (f � g) i ; (32)

where the (bare) one-particle energyE(� ) is equal to

E(� ) =
2sinh2 �

sinh(� + �
2 ) sinh(� � �

2 )
: (33)
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2.3 Drinfel'd twist and F-basis

As already noted, the operators A, B , C, D are highly non local in terms of local
spin operators. There exists however an interesting description of theseoperators by
meansof a changeof basisof the spaceof states. In particular, this basiswill provide
a direct accessto the scalarproducts of states. The root of this new basisis provided
by the notion of Drinfel'd twist [35] associated to the R-matrix of the X X Z chain.
It leads to the notion of factorizing F -matrices. To be essentially self-contained we
brie
y recall here their main properties and refer to [84] for more details and proofs.

De�nition 2.2 For inhomogeneity parameters � j in generic positions and for any in-
teger n one can associate to any element � of the symmetric group Sn of order n a
unique R-matrix R �

1:::n
(� 1; : : : ; � n ), denoted for simplicity R �

1::: n , constructed as an ordered product (depend-
ing on � ) of the elementary R-matrices R ij (� i ; � j ).

We have the following property for arbitrary integer n :

Proposition 2.1

R�
1::: n T1::: n (� ; � 1; : : : ; � n ) = T� (1) :::� (n ) (� ; � � (1) ; : : : ; � � (n ) ) R�

1:::n : (34)

We can now de�ne the notion of factorizing F -matrix :

De�nition 2.3 A factorizing F -matrix associated to a given elementary R matrix is
an invertible matrix F1::: n (� 1; : : : ; � n ), de�ned for arbitrary integer n, satisfying the
following relation for any element � of Sn :

F� (1) :::� (n ) (� � (1) ; : : : ; � � (n ) ) R�
1::: n (� 1; : : : ; � n ) = F1:::n (� 1; : : : ; � n ): (35)

In other words, such an F -matrix factorizesthe corresponding R-matrix for arbitrary
integer n. Taking into account the fact that the parameters � n are in one to one
correspondencewith the vector spacesH n , we can adopt simpli�ed notations such
that

F1:::n (� 1; : : : ; � n ) = F1::: n ;

F� (1) :::� (n ) (� � (1) ; : : : ; � � (n ) ) = F� (1) :::� (n ) :

Theorem 2.1 [84] For the X X Z model with inhomogeneity parameters � n in generic
positions, there exist a factorizing, triangular F -matrix. It is constructed explicitly
from the R-matrix.

It has two important properties :

Proposition 2.2 [84] In the F -basis, the monodromy matrix eT

eT1::: M (� ; � 1; : : : ; � M ) = F1::: M T1::: M (� ; � 1; : : : ; � M ) F � 1
1:::M ; (36)

is total ly symmetric under any simultaneous permutations of the lattice sites i and of
the corresponding inhomogeneity parameters � i .
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The secondproperty givesthe explicit expressionsof the monodromy matrix in
the F -basis. For the X X Z - 1

2 model, the quantum monodromy operator is a 2 � 2
matrix with entries A; B ; C; D which are obtained assumsof 2M � 1 operators which
themselves are products of M local spin operators on the quantum chain. As an
example, the B operator is given as

B1:::M (� ) =
NX

i =1

� �
i 
 i +

X

i 6= j 6= k

� �
i (� �

j � +
k ) 
 ij k + higher terms; (37)

wherethe matrices 
 i , 
 ij k , are diagonal operators acting respectively on all sitesbut
i , on all sites but i; j; k, and the higher order terms involve more and more exchange
spin terms like � �

j � +
k . It meansthat the B operator returns one spin somewhereon

the chain, this operation being however dressednon-locally and with non-diagonal
operators by multiple exchangeterms of the type � �

j � +
k .

So, whereastheseformulas in the original basisare quite involved, their expres-
sions in the F -basissimplify drastically :

Proposition 2.3 [84] The operators D , B and C in the F -basis are given by the for-
mulas

eD1::: M (� ; � 1; : : : ; � M ) =
M



i =1

�
b(�; � i ) 0

0 1

�

[i ]
: (38)

eB1::: M (� ) =
MX

i =1

� �
i c(�; � i ) 


j 6= i

�
b(�; � j ) 0

0 b� 1(� j ; � i )

�

[j ]
: (39)

eC1::: M (� ) =
MX

i =1

� +
i c(�; � i ) 


j 6= i

�
b(�; � j ) b� 1(� i ; � j ) 0

0 1

�

[j ]
; (40)

and the operator eA can be obtained from quantum determinant relations.

We wish �rst to stress that while the operators eA; eB ; eC; eD satisfy the same
quadratic commutation relations as A; B ; C; D , they are completely symmetric
under simultaneous exchangeof the inhomogeneity parametersand the of the spaces
H n . It really means that the factorizing F -matrices we have constructed solve the
combinatorial problem induced by the non-trivial action of the permutation group
SM given by the R-matrix. In the F -basisthe action of the permutation group on the
operators eA; eB ; eC; eD is trivial.

Further, it can be shown that the pseudo-vacuum vector is left invariant, namely,
it is an eigenvector of the total F -matrix with eigenvalue 1; in particular, the algebraic
Bethe ansatz can be carried out also in the F -basis. Hence,a direct computation of
Bethe eigenvectorsand of their scalarproducts in this F -basisis madepossible,while
it was a priori very involved in the original basis.There, only commutation relations
between the operators A; B ; C; D can be used, leading (see[61]) to very intricate
sumsover partitions.

2.4 Solution of the quantum inverse problem

The very simple expressionsof the monodromy matrix operators entries D , B , C in

the F -basissuggeststhat any local operator E
� 0

j ;� j

j , acting in a local quantum space
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H j at site j , can be expressedin terms of the entries of the monodromy matrix. This
is the so-calledquantum inversescattering problem. The solution to this problem was
found in [38, 74]:

Theorem 2.2

E
� 0

j ;� j

j =
j � 1Y

� =1

T (� � ) � T� j ;� 0
j
(� j ) �

jY

� =1

T � 1(� � ): (41)

The proof of this theorem is elementary (see[38, 74]) and henceit can be obtained
for a large classof lattice integrable models. It relies essentially on the property that
the R-matrix R(�; � ) reducesto the permutation operator for � = � . An immediate
consequenceof this theorem is that the operators A, B , C, and D generatethe space
of all operators acting in H .

2.5 Scalar products

We give here the expressionsfor the scalar product of an eigenvector of the twisted
transfer matrix with any arbitrary state of the form (26). Thesescalarproducts can be
expressedasdeterminant of rather simple matrices. The root of all thesedeterminants
is in fact the determinant representation for the partition function of the 6-vertex
model with domain wall boundary conditions [89]. Let us �rst de�ne, for arbitrary
positive integers n; n0 (n � n0) and arbitrary sets of variables � 1; : : : ; � n , � 1; : : : ; � n

and � 1; : : : ; � n 0 such that f � g � f � g, the n � n matrix 
 � (f � g; f � gjf � g) as

(
 � ) j k (f � g; f � gjf � g) = a(� k ) t(� j ; � k )
n 0
Y

a=1

sinh(� a � � k + � )

� � d(� k ) t(� k ; � j )
n 0
Y

a=1

sinh(� a � � k � � ); (42)

with

t(�; � ) =
sinh �

sinh(� � � ) sinh(� � � + � )
: (43)

Proposition 2.4 [83, 38, 63] Let f � 1; : : : ; � N g be a solution of the system of twisted
Bethe equations (27), and � 1; : : : ; � N be generic complex numbers. Then,

h0 j
NY

j =1

C(� j ) j  � (f � g) i = h � (f � g) j
NY

j =1

B (� j )j 0 i

=

NQ

a=1
d(� a )

NQ

a;b=1
sinh(� b � � a )

NQ

a>b
sinh(� a � � b) sinh(� b � � a )

� det
N

�
@

@� j
� � (� k jf � g)

�

(44)

=

NQ

a=1
d(� a )

NQ

a>b
sinh(� a � � b) sinh(� b � � a )

� det
N


 � (f � g; f � gjf � g):

(45)
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These equations are valid for any arbitrary complex parameter � , in particular at
� = 1. In this casewe may omit the subscript � and denote

( ; � ; Y; 
) = ( � ; � � ; Y� ; 
 � )j � =1 .

If the setsf � g and f � g are di�eren t, the eigenvector j  � (f � g) i is orthogonal to
the dual eigenvector h � (f � g) j. Otherwise we obtain a formula for the norm of the
corresponding vector [90, 82, 38],

h � (f � g) j  � (f � g) i =

NQ

a=1
d(� a )

NQ

a;b=1
a6= b

sinh(� a � � b)
� det

N

 � (f � g; f � gjf � g)

= (� 1)N

NQ

a=1
d(� a )

NQ

a;b=1
a6= b

sinh(� a � � b)
� det

N

�
@

@� k
Y� (� j jf � g)

�
:

2.6 Action of operators A, B , C, D on a general state

An important step of the computation of correlation function is to expressthe action
of any product of local operators on any Bethe eigenvector. From the solution of the
quantum inversescattering problem, this is given by the successive action of A, B , C,
D operators on a vector constructed by action of C operators on the referencevector.
Action of A, B , C, D on such a vector are well known (seefor example [61]). They
can be written in the following form:

h0 j
NY

k=1

C(� k ) A(� N +1 ) =
N +1X

a0=1

a(� a0)

NQ

k=1
sinh(� k � � a0 + � )

N +1Q

k=1
k6= a0

sinh(� k � � a0)
h0 j

N +1Y

k=1
k6= a0

C(� k ); (46)

h0 j
NY

k=1

C(� k ) D (� N +1 ) =
N +1X

a=1

d(� a )

NQ

k=1
sinh(� a � � k + � )

N +1Q

k=1
k6= a

sinh(� a � � k )
h0 j

N +1Y

k=1
k6= a

C(� k ): (47)
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The action of the operator B (� ) can be obtained similarly,

h0 j
NY

k=1

C(� k ) B (� N +1 ) =
N +1X

a=1

d(� a )

NQ

k=1
sinh(� a � � k + � )

N +1Q

k=1
k6= a

sinh(� a � � k )
�

�
N +1X

a0=1
a06= a

a(� a0)
sinh(� N +1 � � a0 + � )

N +1Q

j =1
j 6= a

sinh(� j � � a0 + � )

N +1Q

j =1
j 6= a;a 0

sinh(� j � � a0)
h0 j

N +1Y

k=1
k6= a;a 0

C(� k ); (48)

and the action of C is obvious.

3 Correlation functions : �nite chain

To compute correlation functions of some product of local operators, the following
successive problemshave to be addressed:(i ) determination of the ground state h g j,
(ii ) evaluation of the action of the product of the local operators on it, and (iii )
computation of the scalarproduct of the resulting state with j  g i . Using the solution
of the quantum inverse scattering problem together with the explicit determinant
formulas for the scalar products and the norm of the Bethe state, one seesthat ma-
trix elements of local spin operators and correlation functions can be expressedas
(multiple) sums of determinants [73]. It should be stressedthat this result is purely
algebraic and is valid for �nite chains of arbitrary length M .

3.1 Matrix elements of local operators

We begin with the calculation of the one-point functions. Theseresults follow directly
from the solution of the quantum inverse scattering problem, the above action of
operators A, B , C and D, and the determinant representation of the scalarproducts.
We consider,

F �
N (m; f � j g; f � k g) = h0 j

N +1Y

j =1

C(� j ) � �
m

NY

k=1

B (� k ) j 0 i ; (49)

and

F +
N (m; f � k g; f � j g) = h0 j

NY

k=1

C(� k ) � +
m

N +1Y

j =1

B (� j ) j 0 i ; (50)

where f � k gn and f � j gn +1 are solutions of Bethe equations.

Proposition 3.1 For two Bethe states with spectral parameters f � k gN and f � j gN +1 ,
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the matrix element of the operator � �
m can be represented as a determinant,

F �
N (m; f � j g; f � k g) =

� m � 1(f � j g)
� m � 1(f � k g)

N +1Q

j =1
sinh(� j � � m + � )

NQ

k=1
sinh(� k � � m + � )

�

�
detN +1 H � (m; f � j g; f � k g)

Q

N +1 � k>j � 1
sinh(� k � � j )

Q

1� � <� � N
sinh(� � � � � )

; (51)

� m (f � k g) =
NY

k=1

mY

j =1

b� 1(� k ; � j ); (52)

and the (N + 1) � (N + 1) matrix H � is de�ned as

H �
ab(m) =

' (� )
' (� a � � b)

�
a(� b)

N +1Y

j =1
j 6= a

' (� j � � b + � ) � d(� b)
N +1Y

j =1
j 6= a

' (� j � � b � � )
�

(53)

for b < N + 1;

H �
aN +1 (m) =

' (� )
' (� a � � m + � )' (� a � � m )

: (54)

The matrix element F +
N (m; f � k g; f � j g) we get,

F +
N (m; f � k g; f � j g) =

� m (� k ) � m � 1(� k )
� m � 1(� j ) � m (� j )

F �
N (m; f � j g; f � k g): (55)

The matrix elements of the operator � z
m between two Bethe states have been

obtained similarly [38].

3.2 Elementary blocks of correlation functions

In this section we consider a more general caseof correlation functions : the ground
state meanvalue of any product of the local elementary 2� 2 matrices E � 0;�

lk = � l;� 0� k ;� :

Fm (f � j ; � 0
j g) =

h g j
mQ

j =1
E

� 0
j ;� j

j j  g i

h g j g i
: (56)

An arbitrary n-point correlation function can be obtained as a sum of such mean
values.Using the solution of the quantum inversescattering problem, we reducethis
problem to the computation of the ground state mean value of an arbitrary ordered
product of monodromy matrix elements,

Fm (f � j ; � 0
j g) = � � 1

m (f � g)
h g jT� 1 ;� 0

1
(� 1) : : : T� m ;� 0

m
(� m )j  g i

h g j g i
; (57)

To calculate thesemean valueswe �rst describe generically the product of the mon-
odromy matrix elements. For that purpose, one should consider the two following
sets of indices, � + = f j : 1 � j � m; � j = 1g, card(� + ) = s0, maxj 2 � + (j ) � j 0

max ,
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min j 2 � + (j ) � j 0
min , and similarly � � = f j : 1 � j � m; � 0

j = 2g, card(� � ) = s,
maxj 2 � � (j ) � j max , min j 2 � � (j ) � j min . The intersection of these two sets is not
empty and corresponds to the operators B (� j ). Consider now the action,

h0 j
NY

k=1

C(� k )T� 1 ;� 0
1
(� N +1 ) : : : T� m ;� 0

m
(� N + m ); (58)

applying oneby onethe formulae (46)-(48). For all the indices j from the sets� + and
� � oneobtains a summation on the corresponding indicesa0

j (for j 2 � + , correspond-
ing to the action of the operators A(� ) or B (� )) or aj (for j 2 � � , corresponding to
the action of the operators D(� ) or B (� )). As the product of the monodromy matrix
elements is ordered thesesummations are also ordered and the corresponding indices
should be taken from the following sets,A j = f b : 1 � b � N + m; b 6= ak ; a0

k ; k < j g
and A 0

j = f b : 1 � b � N + m; b 6= a0
k ; k < j; b 6= ak ; k � j g. Thus,

h0 j
NY

k=1

C(� k ) T� 1 ;� 0
1
(� N +1 ) : : : T� m ;� 0

m
(� N + m ) =

=
X

f a j ;a 0
j g

Gf a j ;a 0
j g(� 1; : : : ; � N + m )h0 j

Y

b2 A m +1

C(� b) (59)

The summation is taken over the indices aj for j 2 � � and a0
j for j 2 � + such

that 1 � aj � N + j; aj 2 A j ; 1 � a0
j � N + j; a0

j 2 A 0
j . The functions

Gf a j ;a 0
j g(� 1; : : : � N + m ) can then be easilyobtained from the formulae (46)-(48) taking

into account that � a = � a� N for a > N :

Gf a j ;a 0
j g(� 1; : : : ; � N + m ) =

Y

j 2 � �

d(� a j )

N + j � 1Q

b=1
b2 A j

sinh(� a j � � b + � )

N + jQ

b=1
b2 A 0

j

sinh(� a j � � b)

�

�
Y

j 2 � +

a(� a0
j
)

N + j � 1Q

b=1
b2 A 0

j

sinh(� b � � a0
j

+ � )

N + jQ

b=1
b2 A j +1

sinh(� b � � a0
j
)

: (60)

Now to calculate the normalized mean value (57) we apply the determinant
representation for the scalar product. It should be mentioned that the number of
operators C(� ) has to be equal to the number of the operators B (� ), as otherwise
the mean value is zero, and hencethe total number of elements in the sets � + and
� � is s + s0 = m. Taking into account that in (57), for b > N; � b = � b� N one has to
consider the following scalar products,

h0 j
Q

b2 A m +1

C(� b)
NQ

k=1
B (� k )j 0 i

h0 j
NQ

k=1
C(� k )

NQ

k=1
B (� k )j 0 i

;
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for all the permitted valuesof aj ; a0
j . Finally we obtain:

Fm (f � j ; � 0
j g) =

1
Q

k<l
sinh(� k � � l )

X

f a j ;a 0
j g

H f a j ;a 0
j g(� 1; : : : ; � N + m ); (61)

the sum being taken on the same set of indices aj ; a0
j as in (59). The functions

H f a j ;a 0
j g(f � g) can be obtained using (60) and the determinant representations for

the scalar products.

3.3 Two-point functions

The method presented in the last section is quite straightforward and givesformally
the possibility to compute any correlation function. However, it has beendeveloped
for the computation of the averagevalues of monomials in the monodromy matrix
operators entries, leading to the elementary building blocks, whereas the study of
the two-point functions involvesbig sums of such blocks. Indeed, let us consider for
example the correlation function h� z

1 � z
m +1 i . Then, according to the solution of the

inversescattering problem (41), we needto calculate the expectation value

h (f � g) j (A � D )( � 1) �
mY

a=2

T (� a) � (A � D )( � m +1 ) �
m +1Y

b=1

T � 1(� b) j  (f � g) i : (62)

Since j  (f � g) i is an eigenvector, the action of
Q m +1

b=1 T � 1(� b) on this state merely
producesa numerical factor. However, it is much more complicated to evaluate the
action of

Q m
a=2 T (� a ). Indeed, we have to act �rst with (A � D)( � 1) on h (f � g) j (or

with (A � D)( � m +1 ) on j  (f � g) i ), which givesa sum of states which are no longer
eigenvectorsof the transfer matrix, and on which the multiple action of T is not simple.
In fact, the product

Q m
a=2 (A + D)( � a) would lead to a sum of 2m � 1 elementary blocks.

This is not very convenient, in particular at large distance m. Therefore, to obtain
manageableexpressionsfor such correlation functions, it is of great importance to
develop an alternativ e and compact way to expressthe multiple action of the transfer
matrix on arbitrary states or, in other words, to make an e�ectiv e re-summation of
the corresponding sum of the 2m � 1 terms. This can be achieved in the following way
:

Proposition 3.2 Let � , x1; : : : ; xm and � 1; : : : ; � N be genericparameters.Then the ac-
tion ofQ m

a=1 T� (xa ) on a state of the form h0j
Q N

j =1 C(� j ) can be formally written as

h0 j
NY

j =1

C(� j )
mY

a=1

T� (xa ) =
1

N !

I

� f x g[ � f � g

NY

j =1

dzj

2� i
�

mY

a=1

� � (xa jf zg) �
NY

a=1

1
Y� (za jf zg)

�
NY

j;k =1
j <k

sinh(zj � zk )
sinh(� j � � k )

� det
N


 � (f zg; f � gjf zg) � h0 j
NY

j =1

C(zj ); (63)
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where the integration contour � f xg [ � f � g surrounds the points1 x1; : : : ; xm and
� 1; : : : ; � N and does not contain any other pole of the integrand.

One of the simplest applications concernsthe generating function of the two-
point correlation function of the third components of spin, which is de�ned as the
normalized expectation value hQ�

l;m i of the operator

Q�
l;m =

mY

n = l

�
1 + �

2
+

1 � �
2

� � z
n

�
=

l � 1Y

j =1

T (� j ) �
mY

j = l

T� (� j ) �
mY

j =1

T � 1(� j ); (64)

where j  (f � g) i is an eigenvector of T (� ) in the subspaceH (M =2� N ) . The two-point
correlation function of the third components of local spinsin the eigenvector j  (f � g) i
can be obtained in terms of the second`lattice derivative' and the secondderivative
with respect to � of the generating function hQ�

l;m i at � = 1:

h� z
l � z

l+ m i = h� z
l i + h� z

l+ m i � 1

+ 2
@2

@� 2 hQ�
l;l + m � Q�

l;l + m � 1 � Q�
l +1 ;l + m + Q�

l +1 ;l + m � 1 i
� =1

: (65)

Due to the translational invariance of the correlation functions in the homogeneous
model, we will simply considerthe expectation value hQ�

1;m i . For any given eigenvec-
tor, we obtain the following result:

Theorem 3.1 Let f � g be an admissibleo�-diagonal solution of the systemof untwisted
Betheequations, and let us consider the corresponding expectation valuehQ �

1;m i in the
inhomogeneous �nite X X Z chain. Then there exists � 0 > 0 such that, for j� j < � 0,
the following representationshold:

hQ�
1;m i =

1
N !

I

� f � g[ � f � g

NY

j =1

dzj

2� i
�

mY

a=1

� � (� a jf zg)
� (� a jf � g)

�
NY

a=1

1
Y� (za jf zg)

� det
N


 � (f zg; f � gjf zg) �
detN 
( f � g; f zgjf � g)
detN 
( f � g; f � gjf � g)

; (66)

The integration contours are such that the only singularities of the integrand which
contribute to the integral are the points � 1; : : : ; � m and � 1 : : : ; � N .

From this result, we can extract a compact representation for the two-point
function of � z [79]. Similar expressionsexists for other correlation functions of the
spin operators, and in particular for the time dependent case[79, 63]. Moreover, this
multiple contour integral representation permits to relate two very di�eren t ways to
compute two point correlation functions of the type, g12 = h! j� 1� 2j! i , namely,
(i) to computethe action of local operatorson the ground state � 1� 2j! i = j ~! i and then
to calculate the resulting scalar product g12 = h! j ~! i as was explain in the previous
sections.
(ii) to insert a sum over a complete set of states j! i i (for instance, a complete set of

1More precisely, for a set of complex variables f � 1 ; : : : ; � l g, the notation � f � g should be un-
derstood in the following way: � f � g is the boundary of a set of poly-disks D a (r ) in CN , i.e.
� f � g = [ l

a=1
�Da (r ) with �Da (r ) = f z 2 CN : jzk � � a j = r ; k = 1; : : : ; N g.
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eigenvectorsof the Hamiltonian) betweenthe local operators � 1 and � 2 and to obtain
the representation for the correlation function as a sum over matrix elements of local
operators,

g12 =
X

i

h! j� 1 j! i i � h! i j� 2j! i : (67)

In fact the above representation as multiple contour integrals contains both expan-
sions. Indeed there is two ways to evaluate the corresponding integrals : either to
compute the residuesin the poles inside �, or to compute the residuesin the poles
within strips of the width i� outside �.

The �rst way leads to a representation of the correlation function h� z
1 � z

m +1 i
in terms of the previously obtained [75] m-multiple sums. Evaluation of the above
contour integral in terms of the poles outside the contour � gives us the expansion
(ii) of the correlation function (i.e. an expansion in terms of matrix elements of � z

betweenthe ground state and all excited states). This relation holds also for the time
dependent case[79, 63].

3.4 Towards the comparisonwith neutron scattering experiments

In this section, we �rst brie
y review all elements necessaryfor the computation of
the dynamical spin-spin correlation functions of the anisotropic Heisenberg model,
following [39, 40] and leading in particular to the successfulcomparisonwith neutron
scattering experiments, seeFig. 1. We start by giving our notations and discussingthe
eigenstatesin somedetails. The referencestate is taken to be the state with all spins
up, j0i = 
 M

i =1 j "i i . Since the total magnetization commutes with the Hamiltonian,
the Hilb ert spaceseparatesinto subspacesof �xed magnetization, determined from
the number of reversed spins N . We take the number of sites M to be even, and
2N � M , the other sector being accessiblethrough a changein the referencestate.

Eigenstatesin each subspaceare completely characterized for 2N � M by a set
of rapidities f � j g, j = 1; :::; N , solution to the Bethe equations

�
sinh(� j + i� =2)
sinh(� j � i� =2)

� M

=
NY

k6= j

sinh(� j � � k + i� )
sinh(� j � � k � i� )

; j = 1; :::; N (68)

where � = cos� . In view of the periodicit y of the sinh function in the complex
plane, we can restrict the possible values that the rapidities can take to the strip
� � =2 < Im� � � =2, or alternately de�ne an extended zone scheme in which � and
� + i� Z are identi�ed.

A more practical version of the Bethe equations is obtained by writing them in
logarithmic form,

atan
�

tanh( � j )
tan( � =2)

�
�

1
M

NX

k=1

atan
�

tanh( � j � � k )
tan �

�
= �

I j

M
: (69)

Here, I j are distinct half-integers which can be viewed as quantum numbers: each
choice of a set f I j g, j = 1; :::; N (with I j de�ned mod(M )) uniquely speci�es a set of
rapidities, and therefore an eigenstate.The energyof a state is given as a function of
the rapidities by

E = J
NX

j =1

� sin2 �
cosh2� j � cos�

� h(
M
2

� N ); (70)
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whereasthe momentum hasa simple representation in terms of the quantum numbers,

q =
NX

j =1

i ln
�

sinh(� j + i� =2)
sinh(� j � i� =2)

�
= � N +

2�
M

NX

j =1

I j mod 2� : (71)

The ground state is given by I 0
j = � N +1

2 + j , j = 1; :::; N , and all excited states are
in principle obtained from the di�eren t choicesof sets f I j g.

To study dynamics, some ingredients have to be added to the Bethe Ansatz:
the matrix elements of spin operators betweeneigenstates(form factors). In terms of
form factors for the Fourier-transformed spin operators Sa

q = 1p
M

P M
j =1 eiq j Sa

j , the
structure factor can be written as a sum

Sa�a(q; ! ) = 2�
X

� 6= GS

jhGSjSa
q j� ij 2� (! � ! � ) (72)

over the whole set of intermediate eigenstatesj� i (distinct from the ground state
jGSi ) in a �xed magnetization subspace.Each term in (72) can be obtained [38]
as a product of determinants of speci�c matrices, which are fully determined for
given bra and ket eigenstatesby a knowledgeof the corresponding setsof rapidities.
The analytical summation of this seriesremains for the moment out of reach, but
numerically, for chains of length a few hundred sites, quite feasible. Moreover, we
know that the correlation functions of the �nite chain approach their thermodynamic
limit with errors of order 1

M , henceif M = 200 for example the error is usually quite
acceptableto make comparisonwith experiments.

The strategy to follow is now clear. We compute the Szz and S� + structure
factors by directly summing the terms on the right-hand side of equation (72) over a
judiciously chosensubsetof eigenstates.The momentum delta functions arebroadened
to width � � 1=M using � � (x) = 1p

� � e� x 2 =� 2
in order to obtain smooth curves.We scan

through the eigenstatesin the following order. First, we observe that the form factors
of the spin operators between the ground state and an eigenstatef � g are extremely
rapidly decreasingfunctions of the number of holes that need to be inserted in the
con�guration of the lowest-energystate (in the same base) in order to obtain the
con�guration f I g corresponding to f � g. We therefore scan through all basesand
con�gurations for increasing number of holes, starting from one-holestates for Szz ,
and zero-hole states for S� + . Although the number of possible con�gurations for
�xed base and number of holes is a rapidly increasing function of the number of
holes, we �nd that the total contributions for �xed basesalso rapidly decreasefor
increasinghole numbers.We therefore limit ourselvesto stateswith up to three holes,
corresponding to up to six-particle excitations. We can quantify the quality of the
present computational method by evaluating the sum rules for the longitudinal and
transverse form factors. Namely, by integrating over momentum and frequency, we
should saturate the values

Z 1

�1

d!
2�

1
M

X

q

Szz (q; ! ) =
1
4

� hSz i 2 =
1
4

�
1 � (1 �

2N
M

)2
�

(73)

Z 1

�1

d!
2�

1
M

X

q

S� + (q; ! ) =
1
2

� hSz i =
N
M

: (74)
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In Fig. 2, we plot the longitudinal structure factor as a function of momentum
and frequency for anisotropy � = 0:75, for four values of the magnetization. Fig. 3
contains the transversestructure factor for the sameanisotropy and magnetizations.

For all intermediate states involving strings, we explicitly check that the devi-
ations from the string hypothesis are small. We �nd in general that states involving
strings of length higher that two are admissiblesolutions to the Bethe equations for
high enoughmagnetizations. At zero �eld, only two-string states have exponentially
small deviations � , and all higher-string states must be discarded.

The relative contributions to the structure factors from di�eren t basesis very
much dependent on the systemsize,the anisotropy, and the magnetization. In general,
we �nd that two- and four-particle contributions are su�cien t to saturate well over
90% of the sum rules in all cases,for system sizesup to M = 200. Interestingly,

Figure 2: Longitudinal structure factor as a function of momentum q and frequency
! , for � = 0:75, and N = M =8; M =4; 3M =8, and M =2. Here, M = 200 and all
contributions up to two holesare taken into account. The sumrule is thereby saturated
to 98.6%,97.0%,95.4%and 97.8%.

however, we �nd that string states also contribute noticeably in many cases.For
example, in Fig. 4, we plot the zero-�eld transverse structure factor contributions
coming from intermediate states with one string of length two and up to three holes.
Around six or seven percent of the weight is accounted for by thesestates,and similar
or somewhatlower �gures are found in other cases.Strings of length higher than two
do not contribute signi�can tly . For example,we �nd only around 5.7e-8% of the sum
rule from states with one string of length three, for the longitudinal structure factor
for � = 0:25 at M = N=4 with N = 128. For � = 0:75, we �nd 6.3e-7%. For the
transversecorrelators, the �gures are 2.3e-12% and 3.1e-12%. Even though these
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numbers would increaseif we could go to larger systemsizes,we do not expect them
to ever becomenumerically signi�can t.

Figure 3: Transversestructure factor asa function of momentum q and frequency! , for
� = 0:75, and N = M =8; M =4; 3M =8, and M =2. Here, M = 200and all contributions
up to two holesare taken into account. The sum rule is thereby saturated to 99.3%,
97.8%,96.5%and 98.8%.

The imperfect saturation of the sum rules that we obtain in general can be
ascribed either to higher states in the hierarchy which are not included in our partial
summations, or states that are in principle included, but which are rejected in view
of their deviations from the string hypothesis. As the proportion of excluded string
statescan be rather large (ranging anywherefrom zeroto �ft y percent), we believe the
latter explanation to be the correct one. In any case,theseresults are preciseenough
to be compared successfullyto di�eren t data from neutron scattering experiments
for several magnetic compounds. From our results covering the whole Brillouin zone
and frequencyspace,it is straightforward to obtain space-timedependent correlation
functions by inverseFourier transform:

hSa
j +1 (t)S�a

1 (0)i c =
1

M

X

� 6= GS

jhGSjSa
q�

j� ij 2e� iq � j � i! � t : (75)

It is possibleto comparetheseresults to known exact results for equal-time correlators
at short distance,and to the large-distanceasymptotic form obtained from conformal
�eld theory. This comparison can only be made at zero �eld, where both sets of
results are known exactly. The comparisonturns out to be extremely good, as can be
expected from the high saturation of the sum rules [40].
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Figure 4: The two-string contributions to the transversestructure factor at zeromag-
netic �eld, as a function of momentum q and frequency ! , and for anisotropy 0:75.
The density scalehasbeenenhancedascomparedto that usedin the previous �gures.
Here, M = 200 and contributions up to three holesare taken into account. The sum
rule contributions from thesestates is 6.3 %.

4 Correlation functions : in�nite chain

In the thermodynamic limit, M ! 1 and at zero magnetic �eld, the model exhibits
three di�eren t regimesdepending on the value of � [26]. For � < � 1, the model is
ferromagnetic, for � 1 < � < 1, the model has a non degeneratedanti ferromagnetic
ground state, and no gap in the spectrum (masslessregime), while for � > 1, the
ground state is twice degeneratedwith a gap in the spectrum (massive regime). In
both cases,the ground state has spin zero. Hencethe number of parameters� in the
ground state vectorsis equalto half the sizeM of the chain. For M ! 1 , theseparam-
eterswill be distributed in somecontinuousinterval accordingto a density function � .

4.1 The thermodynamic limit

In this limit, the Bethe equations for the ground state, written in their logarithmic
form, becomea linear integral equation for the density distribution of these � 's,

� tot (� ) +
Z �

� �
K (� � � )� tot (� ) d� =

p0
0tot

(� )
2�

; (76)

where the new real variables � are de�ned in terms of generalspectral parameters �
di�eren tly in the two domains. From now on, we only describe the masslessregime
(see[73] for the other case) � 1 < � < 1 where � = � . The density � is de�ned as
the limit of the quantit y 1

M (� j +1 � � j ) , and the functions K (� ) and p0
0tot

(� ) are the
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derivativeswith respect to � of the functions � � ( � )
2� and p0tot (� ):

K (� ) =
sin2�

2� sinh(� + i� ) sinh(� � i� )

p0
0(� ) =

sin �

sinh(� + i �
2 ) sinh(� � i �

2 )

for � 1 < � < 1; with � = i� ; (77)

with p0
0tot

(� ) =
1

M

MX

i =1

p0
0(� � � k � i

�
2

); (78)

where � k = � k . The integration limit � is equal to + 1 for � 1 < � < 1. The solution
for the equation (76) in the homogeneousmodel where all parameters� k are equal to
� =2, that is the density for the ground state of the Hamiltonian in the thermodynamic
limit, is given by the following function [19]:

� (� ) =
1

2� cosh( � �
� )

For technical convenience,we will also usethe function,

� tot (� ) =
1

M

MX

i =1

� (� � � k � i
�
2

):

It will be alsoconvenient to consider,without any lossof generality, that the inhomo-
geneity parameters are contained in the region � � < Im� j < 0. Using these results,
for any C1 function f (� -periodic in the domain � > 1), sumsover all the valuesof
f at the point � j , 1 � j � N , parameterizing the ground state, can be replaced in
the thermodynamic limit by an integral:

1
M

NX

j =1

f (� j ) =
Z �

� �
f (� )� tot (� ) d� + O(M � 1):

Thus, multiple sumsobtained in correlation functions will becomemultiple integrals.
Similarly, it is possibleto evaluate the behavior of the determinant formulas for the
scalar products and the norm of Bethe vectors (and in particular their ratios) in the
limit M ! 1 .

4.2 Elementary blocks

From the representations as multiple sums of these elementary blocks in the �nite
chain we can obtain their multiple integral representations in the thermodynamic
limit. Let us now consider separately the two regimes of the X X Z model. In the
masslessregime � = � i� is imaginary, the ground state parameters � are real and
the limit of integration is in�nit y � = 1 . In this casewe consider the inhomogene-
it y parameters � j such that 0 > Im( � j ) > � � . For the correlation functions in the
thermodynamic limit one obtains the following result in this regime:
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Proposition 4.1

Fm (f � j ; � 0
j g) =

Y

k<l

sinh �
� (� k � � l )

sinh(� k � � l )

s0
Y

j =1

1� i�Z

�1� i�

d� j

2i�

mY

j = s0+1

1Z

�1

i
d� j

2�

mY

a=1

mY

k=1

1
sinh �

� (� a � � k )

Y

j 2 � �

0

@
j � 1Y

k=1

sinh(� j � � k � i� )
mY

k= j +1

sinh(� j � � k )

1

A

Y

j 2 � +

0

@
j � 1Y

k=1

sinh(� 0
j � � k + i� )

mY

k= j +1

sinh(� 0
j � � k )

1

A
Y

a>b

sinh �
� (� a � � b)

sinh(� a � � b � i� )
;

where the parameters of integration are ordered in the following way f � 1; : : : � m g =
f � 0

j 0
max

; : : : ; � 0
j 0

min
; � j min ; : : : ; � j max g:

The homogeneouslimit (� j = � i� =2; 8j ) of the correlation function Fm (f � j ; � 0
j g)

can then be taken in an obvious way. We have obtained similar representations for
the massive regime, and also in the presenceof a non-zero magnetic �eld [73]. For
zero magnetic �eld, theseresults agreeexactly with the onesobtained by Jimbo and
Miwa in [69], using in particular q-KZ equations. It means that for zero magnetic
�eld, the elementary blocks of correlation functions indeed satisfy q-KZ equations.
Recently , more algebraicrepresentations of solutions of the q-KZ equationshave been
obtained that correspond to the above correlation functions [70, 71]. From the �nite
chain representation for the two-point function, it is also possibleto obtain multiple
integral representations for that caseaswell, in particular for their generatingfunction
[75, 76]. They correspond to di�eren t huge re-summationsand symmetrization of the
corresponding elementary blocks, as in the �nite chain situation [75]. Moreover, the
caseof time dependent correlation functions as also been obtained [79, 63]. Finally,
let us note that at the free fermion point, all the results presented here lead, in a very
elementary way, to already know results [76, 80, 63].

5 Exact and asymptotic results

5.1 Exact results at � = 1=2

Up to now, two exact results have beenobtained for the caseof anisotropy � = 1=2
: the exact value of the emptinessformation probabilit y for arbitrary distance m [77]
and the two point function of the third component of spin [85]. Thesetwo results follow
from the above multiple integral representations for which, due to the determinant
structure of the integrand, the corresponding multiple integrals can be separatedand
henceexplicitly computed for this special value of the anisotropy.

5.1.1 The emptinessformation probabilit y

This correlation function � (m) (the probabilit y to �nd in the ground state a ferro-
magnetic string of length m) is de�ned as the following expectation value

� (m) = h g j
mY

k=1

1 � � z
k

2
j g i ; (79)
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where j g i denotesthe normalized ground state. In the thermodynamic limit (M !
1 ), this quantit y can be expressedasa multiple integral with m integrations [68, 69,
37, 38, 73].

Proposition 5.1 For � = cos� , 0 < � < � , � (m) = lim � 1 ;::: � m !� i�
2

� (m; f � j g), where

� (m; f � j g) =
1

m!

1Z

�1

Zm (f � g; f � g)
mQ

a<b
sinh(� a � � b)

detm

 
i

2� sinh �
� (� j � � k )

!

dm �; (80)

Zm (f � g; f � g) =
mQ

a=1

mQ

b=1

sinh ( � a � � b ) sinh ( � a � � b � i� )
sinh( � a � � b � i� ) �

�
det m

�
� i sin �

sinh( � j � � k ) sinh( � j � � k � i� )

�

mQ

a>b
sinh( � a � � b )

: (81)

The proof is given in [75]. Due to the determinant structure of the integrand, the
integrals can be separatedand computed for the special case� = 1

2 (� = � =3):

Proposition 5.2 Let � k = " k � i� =6 and " ab = "a � "b, we obtain,

� (m; f " j g) =
(� 1)

m 2 � m
2

2m 2

mY

a>b

sinh3"ba

sinh"ba

mY

a;b=1
a6= b

1
sinh"ab

� detm

 
3sinh " j k

2

sinh 3" j k

2

!

; (82)

� (m) =
�

1
2

� m 2 m � 1Y

k=0

(3k + 1)!
(m + k)!

: (83)

Observe that the quantit y Am =
Q m � 1

k=0 (3k + 1)!=(m + k)! is the number of alternating
sign matrices of sizem. This result was conjectured in [91].

5.1.2 The two point function of � z

The two point functions can be obtained, as in the �nite chain situation, from a gen-
erating function hQ� (m)i ; in the thermodynamic limit, we usethe following multiple
integral representation [79]:

hQ� (m)i =
mX

n =0

� m � n

n!(m � n)!

I

� f� i� =2g

dm z
(2� i )m

Z

R� i�

dn �
Z

R

dm � n � �
mY

j =1

' m (zj )
' m (� j )

nY

j =1

(

t(zj ; � j )
mY

k=1

sinh(zj � � k � i� )
sinh(zj � zk � i� )

)
mY

j = n +1

(

t(� j ; zj )
mY

k=1

sinh(� k � zj � i� )
sinh(zk � zj � i� )

)

mY

j =1

mY

k=1

sinh(� k � zj � i� )
sinh(� k � � j � i� )

� detm

 
i

2� sinh �
� (� � z)

!

: (84)

Here,

� = cos� ; t(z; � ) =
� i sin �

sinh(z � � ) sinh(z � � � i� )
; ' (z) =

sinh(z � i �
2 )

sinh(z + i �
2 )

;

(85)
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and the integrals over the variables zj are taken with respect to a closedcontour �
which surrounds the point � i� =2 and doesnot contain any other singularities of the
integrand. The equation (84) is valid for the homogeneousX X Z chain with arbitrary
� 1 < � < 1. If we consider the inhomogeneousX X Z model with inhomogeneities
� 1; : : : ; � m , then one should replacein the representation (84) the function ' m in the
following way:

' m (z) !
mY

b=1

sinh(z � � b � i� )
sinh(z � � b)

; ' � m (� ) !
mY

b=1

sinh(� � � b)
sinh(� � � b � i� )

: (86)

In order to come back to the homogeneouscase,one should set � k = � i� =2, k =
1; : : : ; m in (86). In the inhomogeneousmodel, the integration contour � surrounds
the points � 1; : : : ; � m , and the integrals over zj are therefore equal to the sum of the
residuesof the integrand in thesesimple poles. It turns out that again for the special
case� = 1

2 integrals can be separatedand computed to give [85] :

Proposition 5.3

hQ� (m)i =
3m

2m 2

mY

a>b

sinh3(� a � � b)

sinh3(� a � � b)

mX

n =0

� m � n
X

f � g= f � 
 + g[f � 
 � g
j 
 + j = n

det
m

�̂ (n )

�
Y

a2 
 +

Y

b2 
 �

sinh(� b � � a � i�
3 ) sinh(� a � � b)

sinh2(� b � � a + i�
3 )

;

�̂ (n ) (f � 
 + g; f � 
 � g) =

0

B
B
@

�( � j � � k ) �( � j � � k � i�
3 )

�( � j � � k + i�
3 ) �( � j � � k )

1

C
C
A ; �( x) =

sinh x
2

sinh 3x
2

:

Here the sum is taken with respect to all partitions of the set f � g into two disjoint sub-
setsf � 
 + g[ f � 
 � g of cardinality n and m� n respectively. The �rst n lines and columns
of the matrix �̂ (n ) are associated with the parameters � 2 f � 
 + g. The remaining lines
and columns are associated with � 2 f � 
 � g.

Thus, we have obtained an explicit answer for the generating function hQ� (m)i
of the inhomogeneousX X Z model. It is also possible to check that the above sum
over partitions remains indeed �nite in the homogeneouslimit � k ! 0. Finally, for
small distancesit is possibleto compute the aboveexpressionsexplicitly aspolynomial
functions of the variable � of degreem. Interestingly, it turns out that all coe�cien ts
are integer numbers divided by 2m 2

[85], meaning a possiblecombinatorial interpre-
tation of these numbers as for the emptinessformation probabilit y computed in the
previous section.

5.2 Asymptotic results

An important issueis the analysis of the multiple integral representations of correla-
tion functions for large distances.There it meansanalyzing asymptotic behavior of
m-fold integrals for m large.An interesting exampleto study in this respect is provided
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by the emptinessformation probabilit y. This correlation function reducesto a single
elementary block. Moreover, we already described its exact value for an anisotropy
� = 1

2 in the previous section. In fact, it is possibleto obtain the asymptotic behavior
of � (m) using the saddle-point method for arbitrary valuesof the anisotropy � > � 1
. This was performed for the �rst time in [76] in the caseof free fermions (� = 0),
but it can be applied to the general caseas well. We present here the results in the
masslessand massive regimes[78, 63].

To apply the saddle-point method to the emptinessformation probabilit y, it is
convenient to expressits integral representation in the following form:

� (m) =
Z

D

dm � Gm (f � g) em 2 Sm ( f � g) ; (87)

with

Sm (f � g) = �
1

m2

mX

a>b

log[sinh(� a � � b + � ) sinh(� a � � b � � )]

+
1
m

mX

a=1

log[sinh(� a + � =2) sinh(� a � � =2)]

+
1

m2 lim
� 1 ::: � m ! � =2

log
h� � 2i�

sinh �

� m
�

det � (� j ; � k )
� 2

Q

a6= b
sinh(� a � � b)

i
(88)

and

Gm (f � g) = lim
� 1 ::: � m ! � =2

detm
�

i
2� t(� j ; � k )

�

detm � (� j ; � k )
: (89)

In (87), the integration domain D is such that the variable of integration � 1; : : : ; � m

are ordered in the interval C = [� � h ; � h ] (i.e. � � h < � 1 < � � � < � m < � h in the
masslesscase,and � i � h < i� 1 < � � � < i� m < i � h in the massive case).

The main problem in the saddlepoint analysis is that, a priori, we do not know
any asymptotic equivalent of the quantit y Gm (� ) when m ! 1 . Nevertheless,in the
caseof zero magnetic �eld, it is still possible to compute the asymptotic behavior
of (87) in the leading order, provided we make the following hypothesis: we assume
that the integrand of (87) admits a maximum for a certain value � 0

1; : : : ; � 0
m of the

integration variables� 1; : : : ; � m , that, for largem, the distribution of theseparameters
� 0

1; : : : ; � 0
m can be described by a density function � s(� 0) of the form

� s(� 0
j ) = lim

m !1

1
m(� 0

j +1 � � 0
j )

; (90)

on the symmetric interval [� � ; �] and that, at the leading order in m, we can replace
the sumsover the set of parametersf � 0g by integralsweighted with the density � s(� 0).

First, it is easyto determine the maximum of the function Sm (f � g). Indeed, let
f ~� g be solution of the system

@� j Sm (f ~� g) = 0; 1 � j � m: (91)

In the limit m ! 1 , if we suppose again that the parameters ~� 1; : : : ; ~� m become
distributed according to a certain density ~� s(� ) and that sums over the ~� j become
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integrals over this density, the system(91) turns again into a single integral equation
for ~� s, that can be solved explicitly in the caseof zero magnetic �eld. It gives the
maximum of Sm (f � g) when m ! 1 2.

The secondstep is to show that the factor Gm (f � g) gives always a negligible
contribution comparedto Sm (f ~� g) at this order in m, at least for any distribution of
the variables � j satisfying the previous hypothesisof regularity. We obtain,

lim
m !1

1
m2 logGm (f � g) = 0 (92)

for any distribution of f � g with good properties of regularity, in particular for the
saddlepoint. This meansthat, at the main order in m, the factor Gm (f � g) doesnot
contribute to the value of the maximum of the integrand.

Finally we obtain the following result concerning the asymptotic behaviour of
� (m) for m ! 1 (see[78, 63]):

S(0) (�) = lim
m !1

log � (m)
m2 ; (93)

= �
�
2

�
1X

n =1

e� n�

n
sinh(n� )

cosh(2n� )
; (� = cosh� > 1); (94)

= log
�
�

+
1
2

Z

R� i 0

d!
!

sinh !
2 (� � � ) cosh2 ! �

2

sinh � !
2 sinh ! �

2 cosh! �
; (� 1 < � = cos� < 1): (95)

It coincideswith the exact known results obtained in [92, 76] at the free fermion point
and in [91, 77] at � = 1=2, and is in agreement with the expected (in�nite) value in
the Ising limit. Similar techniquescan be applied to the two point function. However,
the result that has been extracted so far is only the absenceof the gaussianterm.
Unfortunately , we do not know up to now how to extract the expected power law
corrections to the gaussianbehavior from this saddle point analysis. More powerful
methods will certainly be neededto go further.

5.3 Asymptotic behavior of the two-point functions

The long-distanceasymptotic behavior of physical correlation functions, such as the
two-point functions, have attracted long-standing interest. In the caseof the X X Z
model, somepredictions were made already a long time ago. These predictions are
con�rmed by the numerical sum over the exact form factors that we performed for
the X X Z model in the disorderedregime [40].

In the massive regime (� > 1), spin-spin correlation functions are expected to
decay exponentially with the distance and the exact value of the correlation length
was proposedin [94]. For the X X Z chain in the masslessregime (� 1 < � � 1), zero
temperature is a critical point and the correlation length becomesin�nite in units of
the lattice spacing. The leading long-distance e�ects can be predicted by conformal
�eld theory and the correlation functions are expected to decay as a power of the

2At this main order in m, there exists a unique solution of the integral equation for ~� s , and we
know it corresponds to a maxim um becauseSm (f � g) ! �1 on the boundary of D .
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distance. In particular, one expects that, at the leading order,

h� x
j � x

j + n i = (� 1)n A
n� � � + � � � ; (96)

h� z
j � z

j + n i = �
1

� (� � � )
1
n2 + (� 1)n Az

n
�

� � �
+ � � � : (97)

A conjecture for the non-universal correlation amplitudes A and Az can be found in
[95, 96, 97]. The exact value of the critical exponents in (96)-(97) was proposedfor
the �rst time in [98].

However, there does not exist at the moment any direct derivation of these
predictions from the exact expressionsof the correlation functions on the lattice. In
the last subsectionwe have shown how to determine, at least in the main order, the
asymptotic behavior of the emptiness formation probabilit y using the saddle-point
method. We could expect to be able to apply the sametechnique to the new multiple
integral representation of the two-point function.

In particular, one can notice immediately that each term of the representation
of the generating functional hQ�

1;m i has a structure very similar to the one for the
emptiness formation probabilit y. Indeed, it is possible to apply to the whole sum a
slight modi�cation of the saddle-point technique presented here. It shows that, as it
should be, there is no contribution of order exp(�m 2) when m ! 1 .

However, to obtain the preciseasymptotic behavior of the two-point function,
one should be able to analyze sub-leading corrections to this saddle-point method,
which is technically quite di�cult. It is not obvious in particular from theseexpressions
that, in the masslessregime,the leadingasymptotic behavior of the two-point function
is only of power-law order.

It is alsoquite interesting (and relevant experimentally) to considerother lattice
models such as spin chains with magnetic or non magnetic impurities [99, 100, 101]
or modelswith electrons(carrying both spin and charge) like the Hubbard model and
to compute in particular their transport properties.

Conclusion and perspectives

In this article, we have reviewed recent results concerningthe computation of correla-
tion functions in the X X Z chain by the methods of the inversescattering problem and
the algebraic Bethe ansatz. In conclusion,we would like to discusssomeperspectives
and problems to be solved.

One of the most interesting open problems is to prove the conformal �eld theory
predictions [98, 93] concerning the asymptotic behavior of the correlation functions.
This is certainly a very important issuenot only for physical applications but also
from a theoretical view point. Moreover, it also would open the route towards the
generalization of the methods presented here to quantum integrable models of �eld
theory. We have seenthat in particular cases,the multiple integral representations
enablefor a preliminary asymptotic analysis . Nevertheless,this problem remainsone
of the main challengesin the topics that have beendescribed in this article.

A possibleway to solve this problem would be to �nd the thermodynamic limit of
the master equations (lik e the one obtained for the two point correlation functions).
It is natural to expect that, in this limit, one should obtain a representation for
these correlation functions in terms of a functional integral, which could eventually
be estimated for large time and distance.
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Note that the master equation shows a direct analytic relation between the
multiple integral representations and the form factor expansionsfor the correlation
functions. It seemslikely that similar representations exist for other models solvable
by algebraic Bethe ansatz. It would be in particular very interesting to obtain an
analogueof this master equation in the caseof the �eld theory models, which could
provide an analytic link betweenshort distance and long distance expansionsof their
correlation functions. Other models of interest include models with magnetic [99] or
non magnetic impurities, meaningdi�eren t integrable boundary conditions [100, 101],
and alsothe Hubbard model the transport properties of which havehigh experimental
interest, seee.g. [102] and referencestherein.
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