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Abstract. Gravitational Wave Astronom y progressively becomesthis new window on the
univ erse that we expected since tens of years. The technology has now reached a point
where large instrumen ts meet a level of sensitivit y relevant for astrophysics. Depending
on the sector of physics to be addressed, i.e. depending on the frequency domain, ground
or spaceinstrumen ts are required. Ground based antennas are already built in Europ e,
in Japan and in the USA and begin to deliver science data. The ESA/NASA space
mission LISA is not yet de nitiv ely approved, but a number of teams endeavour to
successfully pass the coming project reviews. We review the general principles of the
optical detection of gravitational waves.

1 Introduction

More and more highly relativistic objects are directly seeneven in our galaxy. These
objects are mainly compact systemsinvolving neutron stars or black holesending by
an inspiral phaseof variable time duration. Systemsinvolving objects of stellar class
(up to a few tens of solar masses)on compact orbits emit gravitational waves(GW)

roughly in the acoustic band (from a few Hz to a few kHz), whereasmore heavy
systems,and especially supermassiwe black holesare expectedto causegravitational

everts of very low frequency (below 0.1 Hz). General Relativity simultaneously pro-
vides models for these processesvhere strong gravity deeply di er from Newtonian
theory, and the right messenge(GW) for carrying the relevant information. For un-
coding this information, seweral types of GW antennas have been proposedin the
past, and a few of them survive under the form of large instruments or projects on
Earth or in space.The fact that the expected dimensionlessamplitudes of GW corre-
spond to a space-timestrain amplitude lessthan 10 2?2 is the causeof all technological
issuesencourtered during the R&D phaseof all projects. At this level, all possible
ervironmental or instrumental noise sourcesmust be carefully investigated, and so-
lutions must be found in order to obtain a signal to noiseratio consistert with the
obsenational goals. For ground basedinstruments like LIGO [1] and Virgo [2], the
most challenging issueswere the seismicinsulation, the vacuum system, the mirrors

processing,the laser stabilization. The ultimate residual fundamenrtal noisesare the
shot noise and the thermal noise. For a spacemission like LISA [3], the main issues
were the long optical links, the drag-free operation and the rejection of the lasers
frequency noise. This paper aims to point and briey discussthe physics underlying

someof the technical challengesof this extreme metrology.

2 Gravitational Waves

2.1 GW emission

Gravitational waves (GW) are a consequenceof Einstein's General Relativity (GR)
as electromagneticwavescomefrom Maxwell's Electrodynamics. In the framework of
Special Relativit y, in a systemof coordinatesx , an electromagneticwave is described
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(in vacuum) by the vector eld A (x ) (4-potential) obeying the Maxwell equations.
The wave propagatesat velocity c, is transverseand hastwo polarization componerts.
In GR, the gravitational state of spacetimeis assaiated to its geometry through the
metric tensor g (x ) obeying the Einstein equations. In the caseof a gravitational
wave far from its source,in a freely falling referencesystem, one can write:

g (tx) = +h (tx) 1)

where diag(1; 1; 1; 1) is the Minkowski tensor of the locally at badk-
ground spacetime (freely falling frame), and h  a very small dimensionlesstensor
eld represening the GW amplitude. It can be shown that h  can be eventually
reducedto only two independert functions h, ;h de ning the polarization state of
the wave. Gravitational waves are emitted by distributions of matter/energy hav-
ing a time dependert quadrupole momert. In the transverse-tracelesgjauge, at the
rst level of approximation, only the spacecomponerts are signi cant and have an
expressionanalogousto a retarded potential [4]:

hitn) = 1@k =" @

(r  x2) wherethe symbol TT refersto the projection on the transverseplane of the
symmetric tracelessquadrupole tensor ( t) de ned by the volume integral:

Z
]
ik(t) = (t;x) x'x 3 ik x? d®x

where is the density of matter. Further levels of approximation have been deeply
investigated[5], but the preceding\quadrup ole formula" givesan order of magnitude.
One immediately notes the extreme weaknessof the coupling coe cien t G=¢* which
is the causeof all technological challengesencourtered on the way to GW astronomy.
Only astrophysical everts involving stars or black holesin nearly relativistic velocity
regime can causeamplitudes of GW larger than 10 2° in the neighborhood of the
Earth. The most promising candidatesare the nal inspiralling of compact binaries.
The frequencydomain of the wavesis determined by the massef the componerts of
the binary. Stellar classbinaries can end at 1 kHz whereasMassive Black Holes can
end at a small fraction of a Hz. The obsenation instruments must change according
to the addresseddomain of frequency Existing instruments have been designedfor
a sensitivity of about 10 2° at the middle of the bandwidth, which seemedthe best
feasibleat the time when the preliminar R&D studies ended.

2.2 Physical signature of a GW

Being a perturbation of the geometry of spacetime,one can expect GW to produce
distortions in somemetrology experiments. We brie y recall the existenceof narrow
band solid antennas, then focus on optical experimerts.

2.2.1 GW and cortin uous media

The rst experiment proposedby Weber [6] restedon the ideathat a GW could induce
stressesin solids, and that on a suitably isolated solid resonator, weakly dissipative
for acoustic waves,one could detect with sometransducer systemthe resonancesc-
curring when the GW signal overlapsits acousticalbandwidth. This ideais supported
by a generalrelativistic extension of the linear elasticity theory [7]. A result is the
modi ed tensor elastodynamic equation:

1 1
Ej 5[@@ ik + @@ jk] = > Hi (3
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Where E;; (resp. j ) is the classicalstrain (rep. stress)tensor, and the density.
If we take the origin of coordinates at the certer of mass,and if we assumea GW
wavelength much larger than the size of the resonator, this can be regarded as a
derivativ e of the following vector elastodynamic equation:

J @ * = % HY x! @)

where u is the displacemen vector. The GW amplitude appearsthus as a driving
internal (of tidal type) force acting on the resonator. After the cortroversial but
negative results of Weber, seweral groups neverthelessbuilt hugely improved versions
of the Weber antenna. These instruments called \bar antennas" have beenbuilt in
seweral courtries [8],[9], and evenlarger resonatorshaving sphericalshapesare planned
[10]. As any resonator, bars have a very short bandwidth (up to a few tens of Hz),
sothat reconstructing a waveform after a detected GW event is problematic. This is
why we focus on optical experiments which are intrinsically wideband.

2.2.2 GW and light

A more direct physical e ect of GW is to modulate the light distancesbetweenfreely
falling test masses.n vacuum, light is expectedto propagate along a null geadesic,
which meansthat the invariant elemen of spacetimeds® g dx dx is identically
zero along any optical path. with the expression(1) of the metric tensor, one can
suspect that the e ectiv e optical paths of photons will be perturb ed.

Detectors of size much smaller than the GW wavelength The expected frequencies
of GW events for obvious reasonsare much lower (at most a few kHz) than optical

frequencies.In this regime, the only e ect of a GW on light is to perturb the ight

time of photons betweentwo test masseglight distances).Considera light path lying

in the (x;y) plane, either along the x (north) or the y (west) axis. Consider on the

other hand a GW propagating along a direction of unit vector w.

o . 1
sin cos
w = @sin sin A (5)
cos

If hy;h arethe two polarization componerts of the wave, the e ect of the GW is to
create a phasemodulation on the two beams:

north (1) = 2L hs (t)(cos® cog  sin?> ) h (t)cos sin2 (6)

west(t) = 2L hs (t)(cos® sin>  cog )+ h (t)cos sin2 (7)

In an interferometric con guration, where the obsenable is a di erential phase,this

gives:
(n=2LEn (t)%COSZ h (t)cos sin2 (®)

where it can be seenthat the interferometer acts like a transducer, corverting the
gravitational signalinto a phaseand evertually into an electrical signal through some
photo detector.

Detectors of sizecomparableto the GW wavelength In the caseof very long range
optical paths (e.g.5 Mkm in the caseof LISA), onemust take into accourt the action
of the GW during light propagation. If a light beam of xed frequency is emitted
from spacecraft A and detected at spacecraftB, the nominal distance AB being L
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and n the unit vector from A to B, the physical e ect detected at B is a frequency
modulation. Let w be again the propagation unit vector of the GW, and let us de ne
two more unit vectors mutually orthogonal in the transverseplane:

@" :i@
@'’ sin @

then the two directional functions
()= #n)?2 (tn)? o () = 2#n)(tn)
then the function
H(@) = he(t) «(; )+ h () 9)

Now the obsenable is a relative frequency modulation, analogousto a Doppler shift
[11] given by:

(1) _ H(@{ wxg) H({t wxa L)
s 2(1 w:n) (10)

where X5 and xg are the positions of the two spacecraft. This is often called a
\t wo pulses" responsebecausea short GW pulse would have this double e ect on a
phasemeterat B.

3 Ground baseddetectors

3.1 General principles
3.1.1 Interferometers

A Michelsoninterferometer involvesa splitter sharing a laserlight into two secondary
beamsthat reconbine on it after a re ection on far mirrors, generating interferences
on a photodetector. Such a device generatesa phase quantum (shot) noise due to
the quantum nature of light detection and characterized by the white power spectral
density (PSD)
2~!
S(f) = —
) = 5
where 2 c=! isthe laserwavelengthand P, its power. The quantum e ciency of
the photodetector hasbeentaken equalto 1. If accordingto (8), the di erential phase
induced by the GW is at most (single and optimal polarization, normal incidence):

(= 2Enw

the result is that the ultimate, shot-noiselimited sensitivity of a simple Michelson
having two orthogonal arms of length L is given by the white linear spectral density
(LSD):

=y

St — L 11
h 4L P (1)
It is easilyseenthat evenwith large parameters(L = 3km, P_. = 20W), the result (

410 %

Hz 172) is far from the requiremerts. It is seenaswell that increasingthese already

big parametersis not so easy Solutions have been proposedyearsago by R. Drever

[12].
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Figure 1: Fabry-Perot cavity

3.1.2 Resonarn Fabry-Perot cavities

The leading ideais to usethe properties of resonart cavities rstly for increasingthe
e ectiv e lengths of the arms, and secondlyfor increasingthe e ectiv e power reacing
the splitter. Consider a resonart (Fabry-Perot) cavity of length L, having an input
mirror of re ectivit y r;, an end mirror of re ectivit y r, (see Fig.1). If a wave of
amplitude Ay, arrivesat the input My mirror, it is partially transmitted by M; and
partially re ected, the transmitted part propagatesto My, is re ected, propagates
back to M1 whereit is partially transmitted and partially re ected. The mirrors have
someweakrelative losses sothat their transmissiont and re ection r coe cien ts are
related by the relative power balancer? + t> = 1 p. Moreover, there must bea =2
phaselag betweenthe re ected part and the transmitted part, sothat t and r being
real numbers, we useir asthe re ection andt asthe transmission operator. operator.
One can write therefore the steady state equation, assuming B as the intracativy
amplitude :

B = t1An rire®tB (12)

where is the wavelengthand k 2 = . On the other hand, the re ected amplitude
is the sum of the directly re ected wave and the onepatrtially transmitted from inside
the cavity :

Aret = Ir1Ajp +irt,B

all this put together givesthe global re ectance of the cavity :

_rit (1 pyroefkt

R = Awr=iAi T+ rer e2kl
Eq.(12) hasthe obvious solution
B = 1+ rlrzeZikL Ain

which makes clear that a resonanceoccurs, giving a peak of stored power when the
round trip phase2kL is an odd multiple of . Insteadofrj;r,; L, a newsetof relevant
parametersare:

The nesse F given by

Pp_—_—
r1ro
1 rqrp ( )

The freespectral range  or frequencygap betweentwo successie resonances:

c

= (14)

The linewidth de ned by:
= =F (15)
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One can show that in sud a cavity tuned at resonance:

The re ectance of the cavity asa whole is:
Ro =1
where the coupling coe cient is
= pF= (16)

p p1+ p2 beingthe total relativelight power lossof the cavity (thermalization,
di raction...).

The phasechange of the re ected wave on a very tiny displacemen L of the
end mirror is
8F
= — L
If we compareto the phasechangedue to the samedisplacemen without input
mirror (with only the end mirror)

we seethat the cavity hasan e ect equivalent to S = 2F = round trips. For a
nesse of 50, as currently planned, the result is equivalent, in terms of h to an
arm of length L¢ 100 km.

If we compute the power Pgoreq Stored at resonancewe obtain aslong as 1:

2F
Pstored = — Pinc

where Pj,c is the power reaching the input mirror. Parameter S = 2F= is
called surtension coe cien t. It is equalto the e ective number of round trips in
the cavity.

3.1.3 Recycling interferometers

Theseinteresting properties of resonart cavities are the basisof all optical GW anten-

nas.On Fig.2, one can seethe principles of Virgo (for instance). It can be shown that

the optimal sensitivity of a shot noiselimited interferometer is reached when the ex-
tinction of the outgoing beam(to photodetector) is a maximum. The whole Michelson
section (the two arms plus the splitter) act therefore as a virtual mirror, and adding

one more mirror (the recycler) builds a new cavity, called the recycling cavity: one
may imagine that the light almost totally re ected by the Michelsonre-erters the in-

terferometer. In other words, the recycler carriesout an impedancematching between
the laser and the Michelson. Starting from a 20 W laser, a rst resonanceincreases
to 1 kW the power reaching the splitter. After splitting, 500 W are fed into the long

cavities, and the power stored in theseis about 15 kW. The nesse of the arm cavities

was xed at F =50, increasingthe e ectiv e length of the arms by a factor of about 30
giving 90 e ectiv e km, and the surtensioncoe cien t of the recycling cavity at S = 50.

The total gain factor with respect to a simple Michelsonis better than 200according
to (11), giving a LSD of h equivalert to shot noiseof about 210 22 Hz 12, consisten

with the requiremerts. This spectral density is not white any more however, because
the transfer function from GW to detected phase falls to zero when the GW fre-

guency is larger than the linewidth of the long cavities (or when the GW wavelength

becomesshorter than the e ectiv e lengths of the arms aswell). The complete LSD of

h equivalent to shot noiseis:

r—
2~ 1P

1=2 _ e TT A= )2
S0) = gep Py Lval=) 17)



Vol. IX, 2006 Instrumen ts for Gravitational Wave Astronomy on Ground and in Space 97

North Cavity
r%?rcrg?“ng splitter rr|1r|]Prgtr end mirror

Photodetector

12m

Figure 2: Sketch of a recycling Fabry-Perot interferometer

where one seesthe e ect of F for increasingthe arm length, and of S for increasing
the laser power. Shot noiseis not however the only fundamental limit to that kind of
metrology.

3.2 The insulation challenge

There is no way to distinguish GW action on the spacebetweenmirrors and spurious
motion of these. At the level of about 10 2°m:Hz 172, the causesof spurious motion
are a number. In particular, there is no hope to reach the fundamertal limits without
a very e cien t insulation system.

3.2.1 Seismicinsulation

The mirrors are suspendedby thin wires in order to be almost free in the horizontal
plane for small motions (approximation of a free fall). All optical antennas have
therefore a more or lesssophisticated ltering system. The complexity of the Iter
dependson the xed \wall" frequencyi.e. the lower frequencybound. For a wall at 50
Hz, classicalacoustic lters asthe LIGO's work. For pushing back the wall to 10 Hz,
a more complex system was devisedfor Virgo. It is well known that the oscillations
y of a pendulum are related to those x of its suspensionpoint by a transfer function
(TF) of the form

wWf) _ 1

xf) 1 f2=f2

wheref g is the resonancefrequency There is thus an attenuation factor of f 2=f 2 for
frequenciesmuch larger than the resonance The idea of a so-called\sup erattenuator"
was to construct a chain of n pendulums able to oscillate with very low resonance
frequenciesalong all degreesof freedom (vertical and horizontal). The global TF is
approximately the product of all elemenary TFs, or (fo=f)2" assuming compara-
ble resonancefrequencies.The pendulums are essetially heavy masses( 100 kg)
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Figure 3: Superattenuator deweloped at Pisa

suspendedby 1m long wires giving a resonanceat about 0.5 Hz for the horizontal mo-
tion, and cortaining steelbladeswhosebending sti ness hasbeenreducedby magnets
(negative spring) for the vertical motion. A global attenuation factor of about 10 4
at 10 Hz is obtained this way. Seeon Fig.3 the details of a superattenuator.

3.2.2 Vacuum

Suppressingthe refraction index uctuations dueto air pressure uctuations requires
operating in an ultravacuum. The residual hydrogen pressuremust be lower than 10 °
mbar and 10 '* mbar for hydrocarbons. All the optical systemand the suspensions
must therefore be installed in a high quality vacuum system. The steel pipelines
containing the cavities have 1.2 m diameter and 3 km long. This represers an area
of more than 20,000m?. An important and successfuitem in the R&D program was
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Figure 4: Global view of Virgo at Cascina(Italy)

to nd the thermal treatment of stainlesssteel able to suppressthe outgassingrate
at the required level in order to avoid operating with a continuous pumping. The
external aspect of ground baseddetectorsis determined by this huge vacuum system
(seethe example of Virgo on Fig.4).

3.3 Fighting the thermal noise

The secondfundamental limit in the sensitivity comesfrom the fact that the optical
system essetially readsthe distance betweenthe re ecting surfacesof two mirrors
(in eadh cavity). It is thus clear that any spurious motion of these surfacescompetes
with the gravitational signal. Once eliminated unessetial causesof motion (sound
waves, seismicvibrations...) by the insulation system, it remains sourcesof motion
in the thermal random excitation inside all material elemens of the system holding
the mirrors. As seenabove, the ltering chain suspending the mirrors is a seriesof
harmonic oscillators coupledwith the mirror's motions. The mirrors themseles, that
arethick (10 cm) and wide (35 cm diameter) silica cylinders may be consideredassolid
resonatorsand have elastodynamic modesdisturbing their shapesand resulting in an
apparert displacemen. The resulting noisein the readout system is called thermal
noise. Three di erent sectorsof thermal noise can be distinguished:

The thermal excitation of the pendulum chain suspending the mirror holder.
The corresponding spectral density xes the wall frequencyat 10 Hz

The thermal excitation of the wires holding the mirrors from the last pendulum
stage.The resonance®f thesewires are called\violin modes". Theseresonances
can be sharpenedby using high Q materials and weldings. The presert trend is
to use monolithic silica suspensions.

The internal modes of the mirrors substrates give a PSD of noise with a low
frequencytail dominating all noisesin the 100 Hz region.

The region of 100 Hz being very intersting from the astrophysics point of view, a
number of e orts have beenspent for nding ways of reducing the mirrors thermal
noise. This is why we put a special emphasison this particular sector of past and
current R&D e orts. Let us discussthe proposedideas.
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3.3.1 Cooling

The PSD of thermal noiseis proportional to the tempgrature T, so that cooling is
an obvious good idea. But the LSD is proportional to = T sothat in order to gain 1
order of magnitude in sensitivity, one must reach cryogenictemperatures. SomeR&D
has beencarried out by a Japaneseteam [13] in the LCGT project.

3.3.2 New materials

The PSD of thermal noise of any oscillator depends also on its mechanical quality
factor. The quality factor of a compound system is determined by the intrinsic me-
chanical dissipation rate in the usedmaterials but alsoby the way they are assenbled.
In the presert situation, for instancein Virgo, the mirrors are suspendedby thin steel
wires. More speci cally it hasbeenshown [14] that sofar asthe internal thermal the
low frequencytail of the PSD of displacemen equivalert to thermal noiseis:

s(i) = 2Ty (18
where kg is the Boltzmann constart, a lossangle (inverseof a quality factor) and
U the strain energystored in the solid substrate under a pressuredistribution having
the prole of the readout optical beam and normalized to 1 N resulting force. The
secondparameter to play with is the lossangle . It seemsthat it is dicult to have
loss angleslessthan 10 © with synthetic silica. This is why it has been proposedto
use sapphire instead. Unfortunately sapphire has bad optical properties, so that it
could not be usedfor transmitting mirrors.

3.3.3 Alternativ e Beam geometries

The third parameter on which to act is U, which leadsto look for beam pro les

that decreasehat (virtual) mirror strain. In the current situation, the optical beams
circulating in the interferometers are the gaussianbeamsemitted by standard lasers
in which optical power is focusedon a small spot at the certer of the mirror. A way
of calculating U has beenfound in [15] when total axisymmetry is assumed.A rst

approximation, valid if the hot spot radius is small comparedto the mirror size,and a
GaussianTEM oo mode of parameter w, having thus an intensity pro le of the form :

I(r) = exp 2r%=w?
is simply, regarding the mirror substrate asan semi-in nite medium :

1 2
V= P
where Y is the Young modulus of the substrate and its Poissonratio. This makes
clearthat it is desirableto increaseparameter w. For larger valuesof w, the assump-
tion of a semi-in nite medium cannot be kept, and the dimensionsof the (cylindrical)
substrate, its radius a and its thicknessh must enter the model. For summarizing the
result, U is the sum of two contributions :

U= U+ U

that can be computed separately Some notation must be recalled. The J (x) are
the ordinary Besselfunctions and f ; k 2 N g the discrete family of all non-zero

solutions of J;( ) = 0. Let us note xi kh=a and o exp( 2xk). If now the
intensity distribution in the readout beamis I (r), we can de ne its Fourier-Bessel
coe cien ts as: Z
2 i3 k=g d
Pk = 1(r)Jo( kr=a)rdr
J5CK) o
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and an auxiliary parameter as

N
k k
P 02( ) (19)
k>0 k
Finally, Uy can be expressedasthe following series:
1 2 X 2 2 1 2 + 4
Up = J5( k)P % Q<Xk2 (20)
aYy ko (1 a)? doxg
k>0
and U, using19as:
" #
a2 h * h 2 5
U= 5FY  a + 12 3 +72(1 ) (21)

At this point, all the thermal noise PSD amounts to compute the beam-pro le coef-
cients px. For a TEM oo mode as above :

2

o) _ 1 kW
N = ex

Pico J2( ) P a2

A way of obtaining a more homogeneouslydistributed light power by using spe-
cial mirrors such that the cavity eigenmalesare\at top" beamshasbeenproposed
[1€)). If we adopt a simple model in which the intensity is assumedconstart on a disk
of radius b< a and zero outside, the corresponding pro le coe cien ts px are:

_ 2aJi( «b=9
Pk:f lat I2( ) ng( )

For instance,with ab= 11.3cm, for a Virgo mirror (a= 17.5cm, h = 10cm) a gain
factor of about 3 could be achieved in the LSD with respect to the presert situation
[17] . This kind of optical modes are however obtained in a Fabry-Perot cavity by
using non spherical mirrors. Some numerical and experimental R&D studies have
been carried out [18] to test the operation of such cavity from the point of view of
optical stability under small misalignmerts.

Recerily it has beenproposed[19] to use high order TEM modes,to obtain a
more homogeneougower distribution. These modesat the sametime allow a better
noisereduction and keepa sphericalwavefront. The pro le coe cien ts for a Laguerre-
Gaussmode LG, are:

oW = L g W
Kim I§( ) 8a2 " 8a? mrn Tga?

wherethe L, (x) are the Laguerre polynomials. For instance a LG§35) mode with w =
3.5cm usedasa readout beamfor a mirror of diameter 2a = 35 cm and thicknessh =
10 cm (Virgo parameters) could achieve a gain of about 5 in sensitivity with respect
to the presert situation in Virgo, without signi cant increasein di raction lossesAn
important point is that this allows to keepspherical mirrors.

3.4 Issuesin Optical technology

3.4.1 Tednology

The shot-noiselimited sensitivity of 210 22Hz 2 that has beenshawn above the-

oretically feasiblerests on a good re ectance of the Michelson subsystem,i.e. a re-
ectance allowing to get the required surtensionS 50 in the recycling cavity. It is
easily seenthat the maximum S is:

Smax = 1 P
™ T 1@ pd mrd P
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where pr; ps are the lossesat the recycling mirror and at the splitter respectively,
whereas is the coupling rate of the cavities de ned above (16). These lossesare
dominated by the coupling rate (by a factor comparableto the nesse), sothat a
rough estimate of the maximum gain is:

p 1 1

= n - [a

S = p= = —
max I"2 ~ 4pF:

Forhaving S 50with F = 50, the overall lossesmust therefore be lessthan 300ppm.

Theselossesnvolve not only thermalization of light, but also scattering (roughnessof
the re ecting surfaces),di raction (aberration) and misalignmerts, sothat this gure

of 300 ppm is demanding. Scattering lossesscaleas 1= 2. A special synthetic silica
has beendeveloped specially for Virgo & LIGO in order to make very low absorption
substrates, a speci ¢ polishing protocole has been de ned with a manufacturer for
obtaining superpolished surfaces.Then the polished surface becomesre ecting after

a coating processin which stadks of dielectric layers with alternativ e low and high

refractive indices are deposited. The wavelength of 1:064 m is the best found
compromiseallowing powerful light sources(Nd:YAG lasers)and low scattering losses
(< 1 ppm). This coating processwas rst developed for very small highly re ecting

mirrors involvedfor instancein lasergyros. Extension to large surfaces( 35cm) was
a challenge. A speci c facility has beenbuilt at the IPN-Ly on, able to processlarge
diameter samplesin a clean ervironment [20].

3.4.2 Simulation

It was and still is dicult to assessthe optical requiremerts without a numerical
modelization of the interferometer. This is why a special code has been developed
[21]. The main point is to represen light propagation from a given plane to a next
one at a nite distance L. In the paraxial approximation of wave optics, if we call
A(X; y) the wave complexamplitude at abscissaz = 0, coordinates (X; y) being de ned
in the transverseplane and B (x; y) the di racted amplitude at z = L is obtained from
the Fresnelintegral, provided the di raction anglesare not to wide (paraxial) :
z

B(x;y) = RzKL(X x%y Yy AX%yY dxOdy® (22)

where the function K| (x;y) is the diraction kernel ( is the wavelength and k
2 =)
X2 + y2

2L

(22) being a cornvolution product, it can be expressedunder the form of a Fourier
transform. If the Fourier coordinates conjugate from (x; y) are denoted by (p;q), we
have :

KL(xy) = II_— exp ik

B(p;d) = Ki(p;id A(p;9)
The Fourier transform K| (propagator) has an explicit expression:

PP+
2k

Ki(p;q) = exp iL

The point is that reduced to Fourier transforms, the propagation problem can be
treated via Fast Fourier Transform algorithms which allows very e cien t codes.The
way of propagating a wave amplitude is thus

take the 2D-FFT of A(X;y)

multiply by the propagator (it has beencomputed oncefor all)
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Figure 5: Nominal (theoretical) spectral sensitivity of Virgo

take the reciprocal 2D-FFT and get B(X; y).

This method is especially e cien t in the caseof resonart cavities. For instance, con-
sider the equation (12) for intracavity amplitude Ai.(x;y) inside a cavity from an
incoming amplitude Aj, (X;y). It can be generalizedas:

Aic = Muzrans Ain + M1ref P Mo er iP A (23)

where the linear operator P refersto the sequencedetailed above and the M. ref -trans
to phaseplates equivalent to the mirrors properties (geometry of the surface,trans-
mission chart). An explicit algebraic solution formally exist but provides no realistic
computation scheme. A realistic method is to take an initial guessfor Aj. (for in-
stancethe theoretical mode assumingperfect mirrors) and iterating (23) until a given
accuracy is met. This is the basic principle of DarkF, a code dewveloped within the
Virgo collaboration after [21]. This method allows to treat imperfect beamsand im-
perfect mirrors. It is possibleto import in the code measuredmapsfor all mirrors and
give tilt angles,detunings in order to ched the performancesof the resulting virtual
interferometer versusthe nominal estimations.

3.5 Planned spectral sensitivity

Owing to the precedingdiscussion,the overall spectral sensitivity is an envelope, re-
sulting at low frequency (< 50 hz) from the pendulum thermal noise,in the interme-
diate range around 100 Hz from the mirrors internal thermal noise,and in the upper
part of the spectrum from shot noise. At the resonanceof the suspensionwires, thin

peaks appear. The foreseensensitivity curve, after reduction of non-essetial noises
has the shape summarizedon Fig.5.

3.6 Frequency Stabilization

Frequency uctuations of the sourcelaser result in a speci ¢ noise on the detection
channel. If the random process (t) denotesthesefrequency uctuations, the corre-
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sponding phase uctuations on the dark fringe are

d2L

() =77 ® (24)
where L is the mean length of the arms and d their di erence. For a simple short
Michelson interferometer, it is easyto carefully tune the arm lengths to obtain an
arbitrarily low level of noise.For a long baselineinterferometer with resonan cavities,
the e ectivelengthL, = (2F=) L dependsnot only onthe geometricallength L of
the arms, but alsoon the nessesof the cavities. These nessesdependin turn on the
re ection coe cien ts of the mirrors, sothat the noiselevel is eventually determined
by the ability of technology to produce mirrors with very closere ectivities, allowing
to make as symmetrical cavities as possible.We have seenthat the phaseshot noise
LSD is r
1=2 2~!
S0 = SP.

We canrewrite (24) in terms of LSD, by askingthe frequency uctuations to produce
a phasenoiselower than the shot noise:

_ r
st F 24

<
L 4FL F SP,

where F represents the di erence betweenthe nessesof the North and West cav-
ities. With the samevaluesas above, assumingSP_. 1 kW reading the splitter, a
mean cavity nesseof S 50, this is:

10 8 12>

s < = HzHz

with a symmetry rate of 1% for the nesse, we obtain a requiremert of
S < 10 6 Hz:Hz 12

This very strong requiremert is satis ed by at least two stagesof frequency cortrol.

A rst stageis a serwo loop using error signalsby comparisonof the laser frequency
with a referencepassiwe, very stable resonart cavity (long term stabilization). A sec-
ond stage is a sernwo loop on the common mode of the two long arms (short term

stabilization). The result is one the most stable oscillators in the present metrology
status. Obtaining at the sametime an output power of about 20W is obtained via
the injection technique, in which the stabilized laserlight ernters a powerful slave laser
whosemode is locked on the master wave.

3.7 Data Analysis

The order of magnitude of the sensitivity makeslikely a very poor signalto noiseratio

at least in the present generation of antennas. This is why special signal processing
techniques have been developed for extracting GW signature from the dominant in-

strumental noise badkground (or foreground ?). Expected signalsare:

short bursts (a few ms) possibly produced by supernova or exotic cosmicstring
everts

permanert wavesemitted by fast pulsars having somequadrupolar momert

chirps emitted during the inspiral/merging/ringdo wn processof binary coales-
cence
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Figure 6: Coalescencesignal for two black holesof equal mass(30 solar masses)

For the detection of binary black hole (BBH) coalescencethe common strategy of all

groupsis to usethe matched ltering technique. It is possibleto accurately describe
the inspiral phaseeither by using the Parametrized Post Newtonian approac [5] or
the E ectiv e One Body method [22], or by numerical simulations. The result provides
families of templates (each corresponding to a point in the parameter space). An

example can be seenon Fig.6 for a two 30 solar massesBBH. The signal is assumed
to enter the detection band at the date at which its frequency is 20 Hz. The total

duration is lessthan 2s. Detection amounts to look for a correlation peak between
the interferometer output and a bank of templates.

3.8 Presernt status

The two american LIGO instruments at Hanford (WA) and Livingston (LA) are
already operating at their nominal sensitivity. The size of the LIGO antennas is 4
km. At the Hanford site, one more antenna is installed in the samevacuum pipe, with

2 km size.The French-ltalian Virgo at Cascina(ltaly) of size3 km comesat the end of
its commissioningphase.The Virgo sensitivity is already comparableto the american
antennas at high frequency (seeFig.7). A German-British antenna GEOG600 of size
600 m is operating since 2002near Hannover. Its sensitivity remains lessthan larger
antennas(seefFig.8), but alternativ e optical designscould allow to reach a comparable
sensitivity at the price of a reduced bandwidth. A Japaneseantenna of size 300 m,

TAMA [24] is operating since2003,the best sensitivity beingabout 10 21Hz =2 (see
Fig.9).

4 The LISA mission

LISA is the presen status of a very old idea initiated in the sewerties and aiming
to receive and analyze very low frequency GW from sourcesinvolving massiwe black
holes. There is on Earth a \wall" at a few Hz that forbids, due to direct direct
Newtonian attraction of test mirrors by ground motions, going to lower frequencies.
The solution is therefore in space.LISA is an ambitious ESA/NASA joint mission
which consistsin three spacecraftforming a triangle of 5 Mkm a side, in orbit around
the Sun 50 Mkm behind the Earth. The three spacecraftare optically linked by six
Nd:YAG laser beams.The GW signature is read on the six Doppler data o ws (beat
note of the incoming light against the local oscillator). LISA is expectedto y in
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Figure 9: TAMA3O00 typical sensitivity (after[24])

2014if the project passesa review in 2008 against a few others fundamenrtal physics
missions,and if the technological demonstrator LISA-P ath nder is successful.

4.1 Orbital con guration

The stability of a large triangular formation on heliocertric orbits is not trivial. It
can be shown (e.g. [25]) that it is possible by combining slightly elliptical, slightly
inclined orbits. More speci cally, let L be the inter-spacecraftdistance (L 510°m)
and R the radius (R 1:510''m) of the almost circular terrestrial orbit. Let usde ne
the small parameter = L=2R  1=60. We can chosesimultaneously for the orbit of
spacecraft#l an inclination angle of with respectto ecliptic, and an eccertricit y of
e. The right choiceis :

and e 1+

4 2
+ 1
3

it

arctan ——p—
1+ = 3

In barycertric coordinates (centered on the Sun with (x;y) axesin the ecliptic and
xed with respectto far stars), the motion of spacecraft#1 hasthe parametric form:

8

< X = R(coskE; e)cos
y = R 1 € sinE; (25)
z = R(cose; e€)sin

where E4(t) is the so-calledeccenric anomaly implicitly de ned by

E, esinE; = t

where 2 =(1 year). The orbits of spacecraft#2 and 3 are obtained by

Shifting by 120 degreesthe eccerric anomaly, so that

Ei esinE; = t (i 1)% (i=123)
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60 deg

Figure 10: Solid: Orbit of spacecraft#1. Dashed:Earth's orbit (ecliptic)

Rotating the semi-mgor axeshby 120 degreesin the (x;y) plane, so that the
motions of all spacecraftare parametrized by::

8
< Xj = Xj COS j Vi sin
Y, = Xj sin j + Yy CcOS (26)
Zi = z
where ; (i 1) 2 =3,andwherethe (Xi;Vyi;z); i = 1;2;3 are parametrized

according (25) with the E;.

The result is that the three spacecraftare located in a plane making an angle of 60
degreeswith respect to ecliptic, with mutual distancesconstart at rst order in

making a triangle rotating around its masscerter with a 1 year period (seeFig.10).

\At rst orderin " meansthat a more accurate evaluation shows a deformation of

the triangle, and inter-spacecraftdistancesvariable by about 100,000km. It is possible
to reducethis \ exing" to lessthan 50,000km by slightly increasingthe 60 degrees
angle [26].

4.2 Drag free operation

At the level of L=L 10 %, meaninga L 510 ?m, it is clear that per-
turbations causedby solar winds must be strongly rejected. It is therefore planned
to operate LISA under the drag free regime. This meansthat the spacecraft pro-
tecting shell is served on an internal referencemassby a capacitor readout system.
The free falling referencemassplus the readout system form an accelerometer.This
kind of accelerometerhas been imagined and successfully ied by the french ON-
ERA on sewral spacemissions[27], but here the targetted readout noise is about
310 ®m:s 2Hz ' in a frequencyrange from 10 4 Hz to 10 * Hz. The model rel-
evant for LISA has been developed following analogous principles. Controlling the
spacecraft position with respect to the test mass requires controlled forces. These
forces are applied by micro-thrusters. Two systemsare being proposedand will be
tested in the \LISA PAth nder" demonstration mission.
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Figure 11: Notations for the LISA geometry

4.3 Data ow

In avery simplied scheme,the LISA readout systeminvolvessix phasemeters,eath

delivering its own data ow. If we call C;i(t) (i = 1,;2; 3) the instantaneousfrequencies

aboard the three spacecraft, the apparert Doppler measuremet on board spacecraft

#1 for light coming from spacecraft#2 is (counterclockwise) accordingto (10):
(1) H(t w:ixi) H({t wiXxy Lj) .

Vi, = A =
! o1 2(1 w:nj)

+ Cy(t) Co(t Lg)+ si(t)

(see Fig.11) s;(t) accourts for the shot noise generated by the detection process
on board spacecraft#1. We take into accourt the fact that the triangle may be not
equilateral, sothat we haveto dealwith three di erent lengthsL; i = 1;2; 3. The data
ows V,; V3 can be obtained by cyclic permutation of the indices. For the clockwise
links, we get

(27)

(1) H(t w:ixxz L3) H(t w:xj)
UZ = 7 = +
U2 2(1+ w:n3)

(28)

+ Cl(t Lg) Cz(t) + Sz(t)

The data ows Us; U; are obtained by cyclic permutation of indices.

It seemsthat the signal (10 22), due to the huge asymmetry between the
optical path of the long link (5 Mkm) and the local path (1 m) is largely dominated
by the frequencynoisesof the lasers(the C;, 10 3 Hz 172 under closedstabilization
loop). Fortunately, the number of data o ws allows some redundancy leading to a
dramatic reduction of the noise.

4.4 Time Delay Interferometry

We can de ne three delay operators D; via their action on any function of time f :

(Dif)(t) = f(t L)
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If we considerthe part of the Doppler data due to laser noise,we can write:

U1 = D2C3 C1
Uz = D3C1 Cz
Us = D1C, GCs3
Vl = C]_ D3C2 (29)
V2 = Cg D 1C3
V3 = C3 D2C1

It has beenremarked that some combinations of the U;;V; give an identically zero
result, and can be regarded as noise canceling. Use of such noise canceling combina-
tions was proposedby M. Tinto [28] and called \Time Delay Interferometry" (TDI).
The algebraic structure of TDI has beenfound and explained in [11]. The simplest
exampleis found by consideringthe C; U; and the V; asvectors C, U, V and the
delay operators D; asthe componerts of a vector operator D. The sumU + V has
the algebraic signature of a curl:

Uu+Vv = D C

It is now clear that the \div ergence"of U + V s identically zero, so that

x@ x@
D:(U+V) =0 ) DiU; + DiVi = 0
i=1 i=1
Each noise canceling (\silent") combination y can thus be represenied by a 6-uple
Y = (pi;g) of polynomials in the formal variables D;, acting on the data 6-uple
U= (M;U):

x3
y = hyjui = (piVi + gU)

i=1
The basisof TDI is the set S of all silent Ys. It has beenshowvn [1]] that S hasthe
algebraic structure of a rst module of syzygieson the ring of formal polynomials.
This meansthat any elemen of S can be obtained by a linear combination whose
coe cien ts are polynomialsin Dj, of generatorsof S. A generatingpart of S hasbeen
found by [28], containing :

= (p;q) = (D1;D2;D3;D1;D2;D3)
with the new silent 6-uple :
= (1, D3; D1D3; 1; D1Dy; D)

plus its two successie circular permutations ( of indices and of locations in the sub-
3-uples):

(D1D32; 1; D1; D3; 1; D2D3)

(D2; D2D3; 1, D1D3; Dy; 1)

Any combination of ; ; applied to the data 6-uple U is thus laser noise free. It
can be shown that the samecombination is still sensitiveto GW. Generator (often
called \symmetric Sagnac") strongly attenuates the GW signals at low frequency
There is no hope however to suppressthe shot noise nor the noise coming from the
accelerometerreadout system, becausethose are purely local noises(not transmitted
to other spacecraftwith somedelay). The global sensitivity curve for a typical TDI
combination (\Mic helson") is shawvn on Fig.12. It assumesone year integration time
for a permanert source,with a signal to residual noiseratio of 5, and an averageon
the angular coordinates of the source.In reality, the situation is more complexbecause
there are six lasers,not three, and the propagation times betweentwo spacecraftare
not reciprocal, due for instance to the Sagnace ect in rotating frames,and are even
variable in time due to the exing e ect. But the precedingmethod remains valid in
principle, up to improvemerns [29],[30].
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Figure 12: Mean spectral sensitivity of LISA for the \Mic helson" TDI combination

4.5 Data analysis

Owing to the low frequency domain of sensitivity, the sampling frequency may be
taken at a fraction of a Hz, sothat the ow of data down to Earth is consistert with
the bandwidth of the microwave link. A preprocessingby TDI generatorsis neces-
sary, which implies a good knowledgeof the instantaneousinter-spacecraftdistances.
Depending on the kind of sourceto be studied, se\eral strategiesmay be developed.

A major point is the existenceof a foreground of GW noise generated by the
population of galactic compact binaries (involving neutron stars, white dwarfs, black
holes) whose orbital frequencies(times 2) fall within the detection band of LISA.
The GW amplitude resulting from all these monochromatic sourcesis analogousto
a stochastic badkground. These objects are a huge number (e.g.  10® white dwarf
binaries, see[31]), All of theseproduce a so-calledconfusionnoisethe spectral density
of which is dominant at very low frequency (from 0.1 to 1 mHz). For detecting a
particular binary, it is possibleto nd optimal combinations of the generators[32]
and even combinations giving a zero result, allowing to selectively suppressknown
sources[33],[32] for a \coronographic" operation of LISA.

The signalsgeneratedby or around black holesare of two types.

Stellar classobjects orbiting supermassiw black holeshave complexinspiralling
tra jectories ending by a capture. The modelsfor such events are called Extreme
Mass Ratio Inspirals (EMRI). The GW emitted during EMRI have a complex
frequencystructure [34]. Thesemodels depend on a number of parametersmak-
ing di cult a matched ltering approach. Moreover, situations may happen in
which seweral bodies are involved resulting in a perturb ed processescapingthe
\simple" model. Time-Frequency methods basedon wavelet transforms seema
relevant tool.

Supermassiwe Binary Black Holes (SMBBH) are expected to inspiral on a long
time period. The nal phasecould be obsened during seweral yearsof LISA op-
eration. A matched ltering approac is possible,and Time-Frequency methods
as well.
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Figure 13: Orbital ewolution of LISA after \LISA Code"

4.6 Simulators

The closestdate of launch of the mission being 2014,the various algorithms building
the Data Analysis System must be dewveloped and tested with synthetic data. Two
data simulators have beencoded in the United Statesand onein France:

Synthetic LISA at the Jet Propulsion Laboratory (Pasadena,California) [35]
The LISA Simulator at Montana U. [36]

LISACode by LISA-France (APC, Obsenatoire de la Cote d'Azur) [37] (see
Fig.13)

The simulators compute the orbital motion (26) of each spacecraftand the correspond-
ing transfer function (27,28) for the GW signals.The GW amplitudes for seweral kind
of sourcesand angular locations are read from les and the result is givenin terms of
TDI generators.

5 Conclusion

The rst generationof ground GW antennasis now beginning to deliver sciencedata.
Tedhnological improvemerts will probably be neededto achieve a better sensitivity
which could improve the rate of detected everts. Ideas already exist for improving
the laser power and for reducing the thermal noise,which were the main obstaclesto
overcome.The fate of the large spaceantenna LISA will depend on the willing of the
Relativistic Astrophysics community to continue the international cooperation that
beganso long ago.
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